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REFACE 


Le juge: Accusé, vous tacherez d’être bref. 
L’accusé: Je tâcherai d’étre clair. 


—G. CourTELInE 


This book is the child of an unborn parent. Some years ago the senior 
author began the preparation of a Colloquium volume on algebraic geom- 
etry, and he was then faced with the difficult task of incorporating in that 
volume the vast amount of purely, algebraic material which is needed in 
abstract algebraic geometry. The original plan was to insert, from time 
to time, algebraic digressions in which concepts and results from commu- 
tative algebra were to be developed in full as and when they were needed. 
However, it soon. became apparent that such a parenthetical treatment of 
the purely algebraic topics, covering a wide range of commutative algebra, 
would, impose artificial bounds on the manner, depth, and degree of gener- 
ality with which these topics could be treated. As is well known, abstract 
algebraic geometry has been recently not only the main field of applications 
of commutative algebra but also the principal incentive of new research in 
commutative algebra. To approach the underlying algebra only in a 
strictly utilitarian, auxiliary, and parenthetical manner, to stop short of 
going further afield where the applications of algebra to algebraic geometry 
stop and the general algebraic theories inspired by geometry begin, im- 
pressed us increasingly as being a program scientifically too narrow and 
psychologically frustrating, not to mention the distracting effect that re- 
@eated algebraic digressions would inevitably have had on the reader, 

' vis-a-vis the central algebro-geometric theme. Thus the idea of a separate 
book on commutative algebra was born, and the present book —of which 
this is the first of two volumes—is a realization of this idea, come to 
fruition at a time when its parent—a treatise on abstract algebraic geom- 
etry—has still to see the light of the day. 

In the last twenty years commutative algebra has undergone an inten- 
sive development. However, to the best of our knowledge, no systematic 
account of this subject has been published in book form since the appear- 
ance in 1935 of the valuable Ergebnisse monograph Idealtheorie of 
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W. Krull. As to that monograph, it has exercised a great influence on 
research in the intervening years, but the condensed and sketchy character 
of the exposition (which was due to limitation of space in the Ergebnisse 
monographs) made it more valuable to the expert than to the student 
wishing to- study the subject. In the present book we endeavor to give 
a systematic and we may even say —leisurely account of commutative 
algebra, including some of the more recent developments in this field, 
without pretending, however, to give an encyclopedic account of the subject 
matter. We have preferred to write a self-contained book which could 
be used in a basic graduate course of modern algebra. It is also with an 
eye to the student that we have tried to give full and detailed explanations 
in the proofs, and we feel that we owe no apology to the mature mathema- 
tician, who can skip the details that are not necessary for him. We have 
even found that the policy of trading empty space for clarity and explicit- 
ness of the proofs has saved us, the authors, from a number of erroneous 
conclusions at the more advanced stages of the book. We have also tried, 
this time with an eye to both the student and the mature mathematician, 
to give a many-sided treatment of our topics, not hesitating to offer several 
proofs of one and the same result when we thought that something might 
be learned, as to methods, from each of the proofs. 

The algebro-geometric origin and motivation of the book will become 
more evident in the second volume (which will deal with valuation theory, 
polynomial and power series rings, and local algebra; more will be said of 
that volume in its preface) than they are in this first volume. Here we 
develop the elements of commutative algebra which we deem to be of 
general and basic character. In chapter I we develop the introductory 
notions concerning groups, rings, fields, polynomial rings, and vector spaces. 
All this, except perhaps a somewhat detailed discussion of quotient rings 
with respect to multiplicative systems, is material which is usually given in 
an intermediate algebra course and is often briefly reviewed in the begin- 
ning of an advanced graduate course. The exposition of field theory 
given in chapter II is fairly complete and follows essentially the lines of 
standard modern accounts of the subject. However, as could be expected 
from algebraic geometers, we also stress treatment of transcendental ex- 
tensions, especially of the notions of separability and linear disjointness (the 
latter being due to A. Weil). The study of maximally algebraic subfields 
and regular extensions has been postponed, however, to Volume II (chap- 
ter VII), since that study is so closely related to the question of ground 
field extension in polynomial rings. 
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Chapter ITI contains classical material about ideals and modules in 
arbitrary commutative rings. Direct sum decompositions are studied in 
detail. The last two sections deal respectively with tensor products of 
rings and free joins of integral domains. Here we introduce the notion 
of quasi-linear disjointness, and prove some results about free joins of inte- 
gral domains which we could not readily locate in the literature. 

With chapter IV, devoted to noetherian rings, we enter commutative 
algebra proper. After a preliminary section on the Hilbert basis theorem 
and a side trip to the rings satisfying the descending chain condition, the 
first part of the chapter is devoted mostly to the notion of a primary repre- 
sentation of an ideal and to applications of that notion. We then give a 
detailed study of quotient rings (as generalized by Chevalley and Uzkov). 
The end of the chapter contains miscellaneous complements, the most im- 
portant of which is Krull’s theory of prime ideal chains in noetherian rings. 
An appendix generalizes some properties of the primary representation to 
the case of noetherian modules. 

Chapter V begins with a study of integral dependence (a subject which 
is nowadays an essential prerequisite for almost everything in commutative 
algebra) and includes the so-called “going-up” and “‘going-down” the- 
orems of Cohen-Seidenberg and the normalization theorem. (Other varia- 
tions of that theorem will be found in Volume II, in the chapter on poly- 
nomial and power series rings.) With Matusita we then define a Dedekind 
domain as an integral domain in which every ideal is a product of prime 
ideals and derive from that definition the usual characterization of Dede- 
kind domains and their properties. An important place is given to the 
study of finite algebraic field extensions of the quotient field of a Dedekind 
domain, and the degree formula Leif. = n is derived under the usual (and 
necessary) finiteness assumptions concerning the integral closure of the 
given Dedekind domain in the extension field. This study finds its natural 
refinement in the Hilbert ramification theory (sections 9 and 10) and in 
the properties of the different and discriminant (section 11). The chap- 
ter closes with some classical number-theoretic applications and a generali- 
zation of the theorem of Kummer. The properties of Dedekind domains 
give us a natural opportunity of introducing the notion of a valuation (at 
least in the discrete case) but the reader will observe that this notion is 
introduced by us quite casually and parenthetically, and that the language 
of valuations is not used in this chapter. We have done that deliberately, 
for we wished to emphasize the by now well-known fact that while ideals 
and valuations cover substantially the same ground in the classical case 
(which, from a geometric point of view, is the case of dimension 1), the 
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domain in which valuations become really significant belongs to the theory 
of function fields of dimension greater than 1. 

The preparation of the first volume of this book began as a collaboration 
between the senior author and our former pupi and friend, the late Irving 
S. Cohen. We extend a grateful thought to the memory of this gifted 
young mathematician. 

We wish to acknowledge many improvements in this book which are 
due to John Tate and Jean-Pierre Serre. We also wish to thank heartily 
Mr. T. Knapp who has carefully read the manuscript and the galley proofs 
and whose constructive criticisms have been most helpful. 

Thanks are also due to the Harvard Foundation for Advanced Research 
whose grant to the senior author was used for typing part of the manu- 
script. Last but not least, we wish to extend our thanks to the D. Van 
Nostrand Company for having generously cooperated with our wishes in 


the course of the printing of the book.* 
Oscar ZARISKI 


PIERRE SAMUEL 


Cambridge, Massachusetts 
C'hamalières, France 


* The work on this volume was supported in part by a research project at Harvard 
University, sponsored by the Office of Ordnance Research, United States Army, under 
Contract DA-19-020sORD-3 100. 
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I. INTRODUCTORY CONCEPTS 


§ 1. Binary operations. Let G be an arbitrary set of elements 
a, h, c.. By a binary operation in G is meant a rule which associates 
with each ordered pair (a, b) of elements of G a unique element c of the 
same set G. A binary operation can therefore be thought of as a single- 
valued function whose domain is the set of all ordered pairs (a, b) of 
elements of G and whose range is either G itself or some subset of G. 
We point out explicitly that if a and b are distinct elements of G, then 
the elements of G which are associated with the ordered pairs (a, b) and 
(b, a) may very well be distinct. 

In group theory, and in algebra generally, it is customary to ‘denote 
by a-b or ab the element which is associated with (a, b) under a given 
binary operation. The element c = ab is then called the product of a 
and b, and the binary operation itself is called multiplication. When the 
term “multiplication” is used for a binary operation, it carries with it 
the implication that “if a € G (read: a is an element of G) and be G, 
then also ab E G.” We shall often express this property by saying that 
G ts closed under the given multiplication. 

Let G be a set on which there is given a binary operation, which we 
write as multiplication. The operation is said to be associative if 
(ab)c = a(bc) for any three elements a, b, c of G. Two elements a and b 
of G are said to commute if ab = ba, and the operation is said to be 
commutative if any two elements of G commute. 

We assume henceforth that the operation in question is associative. 
It is then a simple matter to defiae inductively the powers of an element 
of G and to prove the usual rules of exponents. Namely, if a € G and 
if n is a positive integer, we define al = a; if n > l, a” = a"-'a. We 
then have for any positive integers m and n: 


(1) ad = ant"; 

(2) 4 = a™, 

For fixed m, one can proceed by induction on n, observing that these 
1 
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rules hold by definition for n = 1. Moreover, if a and b are two 
elements of G which commute, then so do any powers of a and b, and 
(3) (ab) = arb”. 

An identity element in G is an element e in G such that ea = ae = a 
for all a in G. If G has an identity e, then it has no other. For if e’ is 
also an identity, then e = ee’ =. Moreover, we can now define a? to 
be e, and the foregoing three rules trivially hold for arbitrary non- 
negative exponents. 

We now assume that G has an identity e. If ae G, an inverse of a is 
an element a’ in G such that a'a = aa’ = e. If a“ is also an inverse of 
a, then a” = a"e = a = (a"a)a’ = ea’ = a’. Thus the inverse of 
a (if it exists at all) is unique. If a possesses an inverse a’, then negative 
powers of a can also bè defined. Namely, we observe that 


am = a™tlg' 


for all non-negative m, and we take this as an inductive definition for 
negative m. Thus a = a™"+!forallm. The rule (1) above is then true 
for any fixed m (positive or negative), provided n = 1; it can be proved 
for arbitrary positive n by induction from — 1 to n and for negative 
n by induction from n + 1 to n. Since, therefore, aa" = e = a e, 
we observe that a™ has * as inverse, so that (av) is defined for every n. 
Rule (2) can now be proved by the two inductions used for (1). From 
the definition we have that a 1 = a’, and we shall always use a-t for the 
inverse of a (if it exists). If a and b both have inverses, then so does ab, 
and (ab) = bia. If, moreover, a and b commute, then so do any 
powers of a and b, and (3) holds for arbitrary n. 

The product of n elements a1, , a, of G is inductively defined as 
follows: 


n n n=l 
J] a = a if n = 1; T a; = (T e)a, if 1 > 1. 


181 
This product will be denoted also by a1. .. From the associativity 
of multiplication in G, we can prove the following general associative 
law, which states that the value of a product is independent of the 
grouping of the factors: 
Let no, ni, , n, be integers such that 0 = 10 C ni .. 4, =n. 


Then l 
I(T.) = Uy 41. 


This is clear for n = 1; hence we assume it proved for n 1 and 


92 „ 


prove it for n factors. The formula being trivial for r = 1, we may 
assume 7 œ> 1. Then 


HA. 
(II 4) H II a0) .] (by definition 


j=i \kony_i+1 h=ny_i+1 
tT n my—1 

= {Tl 6. II. % 1 a ha (by associativity) 
i j- il 1+1 


a; Ts (by definition and induction hypothesis) 


a; ‘by definition). 
121 
This computation is valid unless n, 1 = n — 1; the modification neces- 
sary in this case is left to the reader. 


If all a; = a, then nt a; = a", and (1) and (2) are 3 (for 


positive exponents) of the general associative law. 


§ 2. Groups 


DEFINITION. A set G which is closed under a given multiplication 
is called a GROUP if the following conditions (GROUP AXIOMS) are satisfied: 


G,. The set G is not empty. 
G, Ifa, b, c eG, then (ab)c = a(bc) (ASSOCIATIVE LAW). 
G,. There exists in G an element e such that 


(1) For any element a in G, ea = a. 
(2) For any element a in G there exists an element a' in G such 
that a'a = e. | 


In view of axiom G, and the general associativity law proved above, 
we can write the product of any (finite) member of elements of G without 
inserting parentheses. 

We proceed to show that e is an identity in G, and that for every element a 
has an inverse. If a is given, then by G, (2), there exists an a’ such that 
a'a = e, and there exists an a” such that aa“ =e. Then aa’ = e(aa’) 
= (a"a')(aa’) = a (a“ = ae, = e; this, together with a'a = e, 
shows that a’ is an inverse of a, provided that e is an identity. But this 
is immediate, for ea = a by G, (I), and ae = ada a) = (aa’)a = ea = a. 
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Since e is an identity in G and a’ an inverse of a, it follows that both are 
uniquely determined. As mentioned in the preceding section, the 
inverse of a will be denoted by a1. 

If a and b are elements of a group G, then each of the equations ax = b, 
xa = b, has one and only one solution. Consider, for instance, the 
equation ax = b. Multiplication on the left by a! yields x = a—¥ as 
the only possible solution, and direct substitution shows that a 15 is 
indeed a solution. Similarly it can be seen that x = ba-! is the only 
solution of the equation xa = b. 

An immediate consequence of the uniqueness of the solution of each 
of the above equations is the (right or left) cancellation law: if ax = ax' 
or tf xa = x'a, then x = x’. 

The solvability of bath equations ax = b, xa = b is equivalent, in the 
presence of G, and G,, to axiom G,. For if we assume the solvability of 
the foregoing equations and if we assume furthermore G, and G,, then 
we can prove G, as follows: 

We fix an element c in G and we denote by e a solution of the equation 
xc = c. If now a is any element of G, let b be a solution of the equation 
cx =a. We will have then ea = e(cb) = (ec)b = cb =a, which 
establishes G, (1). As to G, (2), it is an immediate consequence of the 
solvability of the equation xa = e. 

In practice, when testing a given set G against the group axioms, it is 
sometimes the case that the solvability of the equations ax = b, xa = b 
follows more or less directly from the nature of the given binary opera- 
tioninG. The task of proving that G is a group can therefore sometimes 
be simplified by using the solvability condition just stated, rather than 
axiom G;. 

A group which contains only a finite number of elements is called a 
finite group. By the order of a finite group is meant the number of 
elements in the group. 

It may happen that a group G consists entirely of elements of the 
form a", where a is a fixed element of G, and n is an arbitrary integer, 

= O. If this is the case, G is called a cyclic group, and the element a is 
said to generate G. 


§ 3. Subgroups. Given two groups G and H, denote by - and o the 
group operations in G and in H respectively. We say that H is a sub- 
group of Gif (1) H i is a subset of G and (2) a-b = ao b for any pair of 
elements a, b in H. 

Let H be a subgroup of G and let e and e’ be the identity elements of 
G and H respectively. We have ee = = e and e. e = e, 
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Hence e’-e’ = e, and therefore, by the cancellation law which holds 
in G, e = e. We thus see that the identity element of a group G belongs 
to any subgroup H of G (and is necessarily also the identity of H). 

If H is a subgroup of G we shall not use different symbols (such as 

and o) to denote the group operations in G and H respectively. Both 
operations will be denoted by the same symbol, say, or o. 

Given a group G and a non-empty subset H, of G, there is a very 
simple criterion for H, to be the set of elements of a subgroup of G. 
Namely, we have the following necessary and sufficient condition: if 
a, b e H, then ab- E H,. This condition is obviously necessary. On 
the other hand, if this condition is satisfied, then we have in the first 
place that H, contains the identity e of G (if a is any element of the non- 
empty set Ho, then e = ad · a1 e Ho). It follows that if ae Ho, then 
also a-1e€H,(a-1=e- a € Ho), and if a,beH, then a-b = 
4. (5 1) 1 E Ho. Thus H, is indeed a group H with respect to i 
group operation in G, and "this group H is a subgroup of G. 

Let G be an arbitrary group and let H be a subgroup of G. If a is 
any element of G, we denote by Ha the set of elements of G which 
are of the form ha, h € H, and we call this set a right coset of H. Ina 
similar fashion, we can define left cosets aH of H. If multiplication in 
G is commutative (§ 1), then any right coset is also a left coset: Ha and 
aH are identical sets. 

Let Ha and Hb be two right cosets of H in G, and suppose that these 
two cosets have an element c in common: c = h,a = h,b; h, k, e H. 
Then 6 = Rx ina, and for any element k of H we have lib 
(hh,~*h,)a € Ha (since H is a subgroup of G and hence hh hi € H). 
Thus Hb C Ha; and similarly we can show that HaC Hb. Therefore 
Ha = Hb. 

It follows that two right cosets Ha and Hb are either disjoint (that is, 
have no elements in common) or coincide. A similar result holds for 
left cosets. Note that a € Ha, for H contains the identity of G. Hence 
every element of G belongs to some right (or left) coset. 

H is said to be a normal (or invariant) subgroup of G if Ha = aH for 
every a in G. An equivalent property is the following: for every a in G 
and every h in H, the element a n belongs to H. 

Suppose now that G is a finite group of order n, and let m be the order 
of H. Every right coset Ha of H contains then precisely m elements (if 
* hae H and h, Æ hy, then kia Æ h,a). Since every element of G 
belongs to one and only one right coset, it follows that m must be a 
divisor of » and that n/m is the number of right cosets of H. We have 
therefore proved that if G is a finite group, then the order m of any 
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subgroup H of G divides the order nof G. The quotient n/m is called the 
index of H in G. 

If a is an arbitrary element of a group G, the elements a", m any 
integer Z O, clearly form a subgroup H of G. We call H the cyclic 
subgroup generated by the element a. If this subgroup H is finite, say of 
order m, then m is called the order of the element a; otherwise, a is said 
to be of infinite order. i 

Let a be an element of G, of finite order m. There exist then pairs 
of distinct integers n, n’ such that a” = a” (otherwise the cyclic group 
generated by a would be infinite). From a" = a” follows . = 1, 
whence there exist positive integers v such that a” = 1. Let n be the 
smallest of these integers- Then l, a, ad, , al-! are distinct ele- 
ments, while if n is any integer and if, say, n = qu + n, OSN <p, 
then 
(1) a" = aet" = (ar) a" = a". 

It follows that the cyclic group generated by a consists precisely of the 
u elements l, a, al, , a-, and hence p = m. Thus the order of a 
is also the smallest positive integer m such that a" = 1. 

From (1) it follows that a” = 1 if and only if n’ = 0, that is, if and 
only if n is a multiple of m(= p). 

It is clear that if G is a finite group, then every element a of G has 
finite order, and that the order of a divides the order of G. 


§ 4. Abelian groups. Let G be a set with an associative multiplica- 
tion. As defined in § 1, the multiplication is said to be commutative if 
ab == ba for any elements a, b in G. In such a case it is permissible to 
change freely the order of the factors in a product a,a,:--a,. That 
is to say, we have the general commutative law, which can be formally 
stated as follows: 

Let ꝙ be a permutation of the integers (I, 2, , , n}. Then 


LI a= I] 45h · 
The proof is by induction and may be left to the reader. 

A group G in which the group operation is commutative is said to be 
commutative or abelian. The group operation is then often written 
additively; that is, we write a + b instead of ab and Ta, instead of IIa, 
The element a + b is called the sum of a and b. The identity element 
is denoted by 0 (zero) and the inverse of a by — a. Correspondingly 
one writes na instead of , and the rules for exponents take the form 


(1) ma + na = (m + n)a, 
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(2) m(na) = (mn)a, 

(3) n(a + b) = na + nb, 

(4) — (na) = (— n)a. 

The last equation is a paraphrase of the statement (in the multiplicative 
notation) that the inverse of a” is a~". The equation xa = b, which in 
the abelian case is equivalent to the equation ax = b, assumes then the 
form x + a =b. Its unique solution b + (— a) is denoted by b — a 
and is called the difference-of b and a. The binary operation which 
associates with the ordered pair (a, b) the difference b — a is called 
subtraction. 


§ 5. Rings 

DEFINITION. A set R in which two binary operations, + (addition) 
and - (multiplication), are given is called a RING if the following conditions 
(RING AXIOMS) are satisfied: 

R,. R is an abelian group with respect to addition. 

R, If a, ö, ce R, then a(bc) = (ab)c. 

R, Ifa,b,ceR, then a(b + c) = ab + ac and (b + cla = ba + ca 

(distributive laws). 

In conformity with the additive notation for abelian groups (§ 9 the 
identity element of R (regarded as an additive group) is denoted by O, 
and the (additive) inverse of an element a is denoted by — a. Therefore 
the following relations hold in any ring R: 


O Ta = aT O = a, 
a ＋ (— a) = (— a) ＋T a O, 
— (-a) Sa,. 
a+(b+c)=(a+ d)+ e, 
a+b=b4 a. 
The abelian group which, according to the ring axiom R,, any ring R 
forms with respect to addition is called the additive group of the ring. 
A ring R is called commutative if multiplication is commutative in 
R: ab = ba for any elements a, b in R. 
The distributive laws hold also for subtraction: 
(1) a(b — c) = ab — ac; (6 - ca = ba ca. 
To prove, for instance, the first of these two relations, we have to show 
that a(b — c) + ac = ab. This, however, follows directly from the 
first distributive law R,, since (6 - c) + c = b. 
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For b = c, relations (1) yield the following important property of the 
element 0: 
(2) aĵ = 0a = O, 
for all a in R. If we put in (1) b. = O we find 
a(— c) — ac; (— cja = ca, 


and if in the first of these relations we replace a by — a we obtain 
(— a)(— c) = ( ac = ( ac), whence 
(3) (— a)(— ) = ac. 

An element a of R is called a left (or right) zero divisor if there exists 
in R an element b different from zero such that ab = 0 (or ba = 0). By 
(2) the element 0 is always both a left and right zero divisor whenever R 
contains elements different from zero. However, it is convenient to 
regard 0 as a zero divisor also in the trivial case of a ring R which consists 
only of the element zero (nullring). By a proper zero divisor is meant a 
zero divisor which is different from 0. Hence a ring R has proper zero 
divisors if and only if it is possible to have in R a relation ab = 0 with 
both a and b different from zero. In the sequel we shall call R a ring 
without zero divisors if R has no proper zero divisors. An element of R 
which is not a zero divisor will be called a regular element. In particu- 
lar, the element 0 is not a regular element. 


§6. Rings with identity. If there exists in the ring R an element 
which is an identity with respect to multiplication, then, by a remark 
made in § 1, this element is uniquely determined. Jf R is not a nullring, 
we shall refer to this element as the identity of the ring and we shall 
denote it by the symbol 1. In such a ring, multiplicative inverses are 
referred to simply as inverses. Hence an inverse of a is an element a’ 
such that aʻa = 1 and aa’ = 1; it is unique according to § 1 and will be 
denoted by a~?. 

The element 1 is its own inverse. Similarly it follows from (3) that 
— | is its own inverse. 

The elements 0 and 1 are distinct elements of R. For we have agreed 
that R is not a nullring, and if a * 0, then a0 = 0 and al = a # O, 
whence 0 * 1. From this it follows that the element O has no inverse, 
since for any element a in R we have a0 = 02 = 0 1. Consequently 
a ring (which is not a nullring) is definitely not a group with respect to 
multiplication. 

An element of R is called a unit if it has an inverse. The elements 1 
and — 1 are units, The ring of integers is the simplest example of a 
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commutative ring in which 1 and — 1 are the only units. If aand b are 
units, we have a la = aa = 1 and (b-ia- Hab = ab(b—a—}) = 1, 
and this shows that also a 1 and ab are units. It follows that in a ring 
R with identity the units form a group with respect to multiplication. 

If an element a has an inverse a1, then from ab = 0 follows 
a lab = O, 1b = 0, that is, b = 0. Therefore a is not a left zero divisor. 
Similarly it can be shown that a is not a right zero divisor. Thus no 
unit in R ts a zero divisor. 

A commutative ring with identity and having no proper zero divisors is 
called an integral domain. 


§7. Powers and multiples. If R is an arbitrary ring and a € R, 
then a” is defined for all positive integers n, in accordance with § 1, and, 
moreover, relations (1) and (2) of that section are valid. If R is com- 
mutative, (3) also holds. If R has an element 1, then the definition in 
§ 1 gives a? = 1, and if in addition a! exists, then a” is defined for all 
integers m, and (1) and (2) are Walid for arbitrary powers. In the 
commutative case, if a and b have inverses, then (3) holds for any 
integer n. 

Since R is a group with respect to addition, the multiples na are defined 
for any integer n and any a in R. In addition to the rules for multiples 
given in § 4 we have the rules 


(1) n(ab) = (na)b = a(nb). 
These follow from the general distributive laws 


b> a; = > ba,, (Èa) => a,b, 
i=l iml jm 181 
which in turn are easily proved by induction. 

We point out that the associative law of multiplication has nothing to 
do with (1) above or with (2) of 5 4, nor have the distributive laws 
anything to do with (1) and (3) of §4. More generally, we note that 
the symbol na should not be regarded as the product of n and a. Not only 
would such an interpretation of the symbol na be ill-founded (na was 
defined as the sum of n elements, all equal to a), but it would also be 
meaningless, since the integer n is in general not even an element of R. 
However, if R has an identity, then using the distributive law R,—or 
simply (1) above—we can write: 


na = la + la T. la (n times) = (IT 14. la = (nl)a, 


and this time na is therefore indeed a product, namely, the product of 
nl and a. But also in this case the factor 21 (which is an element of R) 
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should not be confused offhand with the integer n, just as the element 1 
of R is not to be identified with the integer 1. We shall see in a later 
chapter (II, §4) under what conditions and in what sense is the identifica- 
tion ‘‘n-1 = n” permissible. 

In this book we shall study exclusively the theory of COMMUTATIVE rings. 
Since no other rings will be considered, a “ring” will mean from now 
on a “commutative ring.” 


§8. Fields 


DEFINITION. A ring F is called a FiELD if the following conditions 
(FIELD AXIOMS) are. satisfied : 


Fi. F has at least two elements. 
F,. F has an identity.- 
F,. Every element of F different from zero has an inverse. 


The three field axioms can be replaced by a single axiom: the elements of 
F which are different from zero form a group with respect to multiplication. 
This group shall be referred to as the multiplicative group of F. 

In a field, every element different from 0 is a unit. Therefore a field 
has no proper zero divisors (§ 6) and is an integral domain (in view of 
F,). 

If we apply the general group-theoretic considerations of § 2 to the 
multiplicative group of F, especially the considerations concerning the 
equation ax = b, we see that given any two elements a and 6 of F, both 
different from zero, it is possible to divide b by a, that is, form the 
quotient b/a. This quotient is the unique solution of the equation 
ax = b. We observe, however, that also if b = 0, but a * 0, then the 
resulting equation ax = () still has a unique solution x = 0, since a is 
not a zero divisor. For this reason we define: O/a = 0 (a * 0). Hence 
division by any element a different from zero is always permissible in a 
field. On the, other hand, if a = 0, then there results an equation 
0-x = b which either has no solution (if b * 0; whence 5/0 does not 
exist) or is satisfied by every element of F (if b = 0; whence 0/0 is 
indeterminate.) 

The ring of natural integers is an example of an integral domain that 
is not a field. Examples of fields: (a) the set of all rational numbers; 
(b) the set of all real numbers; (c) the set of all complex numbers. 


§9. Subrings and subfields. A ring R’ is called a subring of R if 
(a) R' is a subset of R and (b) the ring operations + and . in N are 
the same as those induced in the set R’ by the corresponding ring 
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operations + and - in R. It follows that a subring R’ of R. regarded 
as an additive group, must be in the first place a subgroup of the additive 
group of R. Hence R' must be a non-empty set and it must satisfy the 
following condition (§ 3): 


(a) If a, be R’, then a — be R’. 
Furthermore, R’ must be closed under the given multiplication in R: 
(b) If a, b e R, then ab e R. 
Conditions (a) and (b) (together with the trivial condition that R’ be a 
non-empty set) are also sufficient to make R’ a subring of R (the associa- 
tive, commutative, and distributive laws automatically hold in R’ 
because they hold in R). 


If R has an identity 1 and if this element 1 also belongs to R’, then 
1 is, of course, the identity of R'. In this case, we shall call R’ a 
unitary subring of R (or R a unitary overring of R'.) However, it may 
well happen that while R has arf identity, R’ does not (for example: 
R = ring of integers, R = ring of even integers). Less trivial possi- 
bilities are the following: (a) both R and R’ have an identity, but the 
identity of R does not belong to R’; (b) R’ has an identity but R does not 
(see Example 2 below). In both cases (a) and (b) the identity of R' is 
necessarily a zero divisor of R. For let 1’ denote the identity of R’ and 
let us assume that 1’ is not an identity of R. There exists then in R an 
element a such that 1'a = ba. We have 1’'b=(1'-1]')a=l'a= b, 
hat is, 1‘a = 1’6, or 1'(a — b) = 0. Since a # b, it follows that 1’ is 
a zero divisor in R. 

By a subfield of a field F we mean any subset F” of F which is a field 
with respect to the given field operations (+ and .) in F. From the 
remarks just made concerning rings with identity it follows that the 
element 1 of F is necessarily the identity of F’. This also follows from 
the fact that the multiplicative group of F’ must be a subgroup of the 
multiplicative group of F. This last condition, together with the 
condition that F’ be a subgroup of the additive group of F, characterizes 
the concept of a subfield. Hence (§ 3) F is a subfield of F if and only 
if the following two conditions are satisfied: (a) if a, be F, then 
a — be F'; (b) if a, b e F and b & O, then ab-! € F. 

ExAMTLES. (1) If a and b are distinct elements of a field F, we may 
define a new addition O and a new multiplication © in F as follows: 
xOy=xty—a, xOy=at (x — ay — 4% — a). (In geo- 
metric terms: we change the origin and the scale.) It is easily seen that 
the elements of F form a field also with respect to these new operations. 
We denote this new field by F. It is clear that a subset of F which is a 
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subring of F’ will not in general be a subring of F. Note that a and 5 
are respectively the zero and the identity of F. 

(2) Let A and B be two rings and let R be the set of all ordered pairs 
(a, b), where a e A and be B. If we define addition and multiplication 
in R by setting (a, b) + (a', b’) = (a + a, b + b’), (a, b): (b, b') = 
(aa“ bb’), then R is a ring, and the subset R' of R consisting of the 
elements (a, 0) is a subring of R. If A has an identity, say, e,, then 
(ea, O) is the identity of R'. The ring R has an identity if and only if 
both A and B have identities e and eg, and in that case (e4, eg) is the 
identity of R. In the present example the identities of R and R’ are 
therefore necessarily distinet: 


§10. Transformations and mappings. We shall use the symbol 
C for set inclusion. Thus, if S and S’ are sets, then S’ C S shall mean 
that S’ is a subset of S. If S’C S, and S’ # S, we shall say that S” is 
a proper subset of S and we shall write S’ < S. 

Let S and S be arbitrary sets of elements. By a transformation of S 
into & we mean a rule which associates with every element a of S some 
subset of $. This subset, which may be empty, will be denoted by aT. 
If ã is an element of aT, we say that d corresponds to a (under the given 
transformation 7), or that d is a transform of a, or that a is a T-image 
of a. It may be that to certain (or even all) elements of S there corre- 
spond no elements of S. 

If A is an arbitrary non-empty subset of S, the union of all T-images 
of all elements of A shall be referred to as the transform of A (under T) 
and shall be denoted by AT. We have AT = Ua, ae A, where the 
symbol U indicates set- tlicoretic addition (union of sets) and where a 
varies in A. We make the convention that if A is empty, then the 
symbol AT stands for the empty set. We say that T is a transformation 
of S onto & if ST = S 

Let T be a transformation of S into &, and let S’ be a subset of S. 
Then T induces in a natural way a transformation T” of &' into S: if 
a € S', we define a1 = aT. T'is called the restriction of T to &. 

If T is a transformation of S into & and 7" is a transformation of S 
into some other set S’, then the product of T and T is the transformation 
of S into S’ which associates with every element a of S the subset 
(aT) T' of S'. This transformation shall be denoted by TT. Thus, 
by definition, (TT) = (aT) T', and it follows that we have for any 
subset A of S: A(TT’) = (AT)T’. If S,, S,, S,, S. are sets and 
T. (i = 1, 2, 3) is a transformation of S, into S, then clearly (7,7,)T, 
= T,(T;75). 


§11 GROUP HOMOMORPHISMS | 13 


For a transformation T of S into &, the inverse transformation TI of 
S into & is defined as follows: If d e &, then d7—? is the set of all elements 
of S having d as T-image; that is, ae dT -I if and only if de aT. 
Clearly T is the inverse of T-1. 

A transformation T of S into & will be called a mapping of S into & if it 
is everywhere defined on S and is single-valued, that is, if for every 
element a of S, the set aT contains one and only one element. This 
element will also be denoted-by aT. As with transformations in general, 
a mapping T of S into & is said to be a mapping onto Sif ST = S. A 
mapping of S into S is univalent if aT = bT implies a = b for any a and 
bin S. A mapping of S into & will be called one to one—in symbols, 
(1, 1)—if it is both onto and univalent. It is clear that, T being a 
mapping of S into 8, T-? is a mapping of & into S if and only if T is 
one to one; and in that case, also 7 1 is one to one. 

The identity mapping I of a set S is defined by al = a for all a in S. 
If S and & are two sets, I and I their respective identity mappings, then 
a transformation T of S into & is 4 one to one mapping of S if and only 
if there exists a transformation 7 of & into S such that TT = J, TT = I; 
and in that case T = T-1. 

If T is a mapping of S into &, and 7’ a mapping of & into a set S’, 
then the product transformation TT’ of S into S’ is itself a mapping. 

A mapping of S into & is, in fact, a single-valued function f on S to &, 
since it associates with each element of S a unique element of S. We 
shall frequently use the functional notation f(a) to denote the element of 
S which corresponds to an element a of S. If f is a mapping from S 
into &, and g a mapping from & into S’, we shall write, in the usual way, 
g(f(a)) for the element of S’ corresponding to a under the product of the 
mappings f and g. 

A mapping T of a set S into a set S’ is sometimes denoted by a notation 
of the type a — E(a), where Ha) is a formula giving the value of the 
image aT of any element a of S. 


§11. Group homomorphisms. From the foregoing general set- 
theoretic definitions we now pass to the case in which the given sets are 
groups. In this case one is interested in mappings of a particular type. 
Let G and G be two arbitrary groups. We use the multiplicative 
notation for the group operation in each group. By a homomorphism, or 

ic mapping, of G into (or onto) G we mean a mapping T of G 
into (or onto) G which satisfies the following condition: if a and b are 
any two elements of G, then 

(ab) T = (aTXbT). 
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Thus a homomorphism of a group G into another group G is a mapping 
characterized by the condition that the image of a product ts the product 
of the images: if to a there corresponds d and to b there corresponds 
b (a, 5E G; å, beG), then to the product ab there corresponds the 
product 4b, that is, we have ab = db. 

If both groups G, G are abelian and if the group operation in both 
groups is written additively, then the foregoing homomorphism condition 
(ab) T = (a) (T) becomes 


(a +6)T = aT T. 


A univalent homomorphic mapping of G into (or onto) G is called an 
isomorphism, or an isomorphic mapping, of G into (or onto) G. It is 
clear that an isomorphism of G onto G is a homomorphism of G into G 
which is at the same time a one-to-one mapping. 

Given two groups G, G, we say that G is a homomorphic or tsomorphic 
image (or map) of G according as there exists a homomorphism or an 
isomorphism of G onto G. If T is an isomorphism of G onto G, then 
it is clear that T1 is an isomorphism of G onto G. Hence if G is 
an isomorphic image of G, then also G is an isomorphic image of G. 
We say then that G and G are isomorphic groups. In particular, a 
homomorphism of a group G into itself is called an endomorphism 
of G; and an isomorphism of G onto itself is called an automorphism 
of G. 

If T is a homomorphism of G into G and if T’ is a homomorphism of 
G into a group G, then TT” is a homomorphism of G into G’. If both 
T and T’ are homomorphisms onto, then also TT” is a homomorphism 
onto (of G onto G’). It follows that a homomorphic image of a homo- 
morphic image of a group G is itself a homomorphic image of G. 

If T is a homomorphism of a group G into a group G, we mean by 
the kernel of T the set of all elements of G which are mapped into the 
identity element of G. 

THEOREM I. If T is a homomorphism of a group G into a group G and 
if e and & denote respectively the identity elements of G and of G, then 
eT =ë. Fae O and if aT d, then aT = d-. The set GT is a 
subgroup of G, and the kernel H of T is a normal subgroup of G. 

PROOF. From ee = e follows (eT)(e7) = eT, and on the other hand 
we have &eT) = eT. Hence (eT eT) = Ae), and since the cancel- 
lation law holds in any group, it follows that eT = ë. 

From aa 1 = e follows (aT) (a T) = eT = E, whence a T = @-}, 
where d = aT. 

If d= aT and 5 = bT are any two elements of GT (a, ö & G), 
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then 4(5)-} = (aT)(bT)-"! = (aT)(b-!T) = (ab- i) T, and therefore 
a(b)-1eGT. This shows that GT is a subgroup of G (§ 4). 

The kernel of T is a non-empty subset of G, since eT = ë, hence 
ee H. If a, ö e H, that is, aT = bT = ë, then (ab-) T = (aT\(bT)-' 
= ë, hence ab-! E H, and this shows that H is a subgroup of G. If a 
is any element of the kernel H and if x is any element of G, we have 
(x lar) T = (xT)-\(aT)(xT) = &, and therefore x-1ax e H. This shows 
that H is a normal subgroup of G. 

The following theorem is used very frequently in testing whether a 
given group homomorphism is an isomorphism: 

THEOREM 2. A homomorphism T of a group G into a group G is an 
tsomorphism if and only if the kernel H of T contains only the identity e 
of G. 

PROOF. In the first place it is obvious that if T is an isomorphism— 
hence a univalent mapping—then e is the only element of G which is 
mapped into the identity element ? of G. Conversely, let us assume 
that the kernel H of T contains only the identity e of G and let a and b be 
elements of G having the same T-image: aT = bT. Then (ab-) 7 
aT. (OT) 1 = &, ab- € H, ab- = e, a = b, and hence T is a univalent 
mapping, that is, T is an isomorphism. 

As was stated in Theorem 1, the kernel of any homomorphism of a 
group G is a normal subgroup of G. Now, conversely, let H be a given 
invariant subgroup of G. The right cosets of H and G coincide then 
with the left cosets of H, and we can define multiplication of cosets as 
follows: Ha: Hb = Hab(a, b € G). The product Ha. Hb depends only 
on the cosets Ha, Hb and not on the choice of representatives a and b of 
these cosets. For if Ha’ = Ha and Hh = Hb, we have a’ = h,a and 
b' = h,b, where h, and h, are elements of H, and hence Ha’- Hb = 
Hh,-ah,-b HII · ab = Hab, where h, = aha EH. One sees 
immediately that with respect to this definition of multiplication of 
cosets, the cosets of H form a group, the coset H being the identity of 
that group, and that the mapping a - Ha is a homomorphism of G onto 
the group of H-cosets, with kernel H. The group of cosets of the 
normal subgroup H is called the factor group, or the quotient group, of G 
with respect to H, and is denoted by GJH. The mapping a —> Ha is 
called the canonical or natural homomorphism of G onto G/H. 

The following situation occurs frequently in applications: we are 
given a group G, a set G in which a binary operation (multiplication) is 
defined, and a mapping T of G onto G which has the usual homo- 
morphism property (ab) T = (aTXbT). We may express these 
conditions by saying that the set G is a homomorphic image of the group G. 
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is commutative, so is G. 

PROOF. We first prove the associative law in G. Let d, b, & be 
arbitrary elements of G; they are images of certain elements a, b, c of G, 
since T maps G onto G. We have (ab)c = abe). We have [(ab)c]T = 
(ab) TleT = [(aT\(bT)|cT = (ab)é. In a similar fashion we find that 
[a(be)]T = abc), and hence (ab)é = a(bé). One shows then, as in the 
proof of Theorem 1, that G has an identity, namely, eT, where e is the 
identity of G, and that every element ũ of & has an inverse, namely, if 
ā = aT, then d-! = (a-) T. Thus G is a group. The second asser- 
tion of the lemma is obvious. 

Another situation which occurs frequently in connection with group 
homomorphisms is the following: 

We are given two groups G and G and a transformation T of G into G. 
It is also given that 


(A) for any element a in G the set aT is non-empty; 
(B) if de aT and be dT, then ab € (ab) T. 


It is not given a priori that T is a mapping (that is, single-valued). Were 
this given too, then it would follow at once that T is a homomorphism of 
Ginto G. The following lemma reduces the test of single-valuedness 
of T to the test of single-valuedness of T at the identity element e of G. 

Lemma 2. Let T be a transformation of a group G into a group G such 
that conditions (A) and (B) are satisfied. If the set eT contains only one 
element (e denoting the identity of G), then T ts a mapping, hence a homo- 
morphism, of G into G. 

PROOF. We have, by condition (B), eT-eT e (e-e)T = eT; hence eT 
is the identity ë of G. Let a be any element of G and let us fix an 
element b in (a- ) T. If @ is any element in aT, we have, by (B), 
ab c (aa-1)T = eT = é, that is, db = ë. This shows that aT consists of 
the single element 5 1. Q.E.D. 


§12. Ring homomorphisms. A mapping T of a ring R into a 
ring R is called a ring homomorphism, or simply a homomorphism, or a 
homomorphic mapping, if T satisfies the following conditions: 

(1) (a + YT = aT + bT, 

(2) (ab)T = (, 

for any pair of elements a and $ in R. Condition (1) signifies that T is 
a homomorphism of the additive group of N into the additive group of 
R. Condition (2) is the analogue of (1) for multiplication. 
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A ring homomorphism which is a univalent mapping is called an 

If T is a homomorphism or isomorphism of R onto R, then we say that 
R is respectively a homomorphic or isomorphic image of R. If R is an 
isomorphic image of R, then also R is an isomorphic image of R (in 
virtue of the mapping T-1), and the two rings R, R are said to be 
isomorphic rings, or R is said to be isomorphic with R. 

We use the standard notation 


R R 


to indicate that R is a homomorphic image of R (that is, that there exists 
a homomorphism of R onto N) and we write 


T:R~R 


to indicate that a given mapping T or R onto R is a homomorphism. 
The corresponding notation for isomorphic rings is 


RR, 
T:R R. 


The same notation is used also in group theory for group homo- 
morphism and group isomorphisms respectively. 

An isomorphic mapping of a ring R (or of a group) onto itself is called 
an automorphism. In an automorphism T:R = R the two rings (or 
groups) R, R coincide (not merely as sets but also as rings, or groups). 

By the kernel of a homomorphism T of a ring R into a ring R we mean 
the set of elements a in R such that aT = 0, where 0 denotes the zero 
element of R. 

THEOREM 3. If T is a homomorphism of a ring R into a ring R, then 

(a) OT = 0 and (— a)T = — (aT), for any element a in R; 

(b) RT is a subring of R; 

(c) the kernel N of T ts a subring of R; 

(d) if R has an identity element 1 and if RT is not a nullring, then 
17 is the identity element of RT, and if 4 l exists, then aT is 
the inverse of aT in the ring RT. 


PROOF 

(a) This follows from Theorem 1 of § 11 as applied to the additive 
group of R. 

(b) If 4,5¢ RT. then d = aT, b = bT, where a, ö E R, and db = 
(ab) e RT. Hence RT is closed under multiplication. Since, by 
Theorem 1, RT is a subgroup of the additive group of R, it follows (§ 9) 
that RT is a subring of R. 
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The proof of (c) and (d) is equally straightforward and is left to the 
reader. 

Corottary. Jf T is a homomorphism of R onto R and if R has an 
identity element 1, then also R has an identity element (provided R is not 
a nullring) and this element is 1T. 

It has already been pointed out that the kernel N of the homo- 
morphism F contains at least the element 0 of R. From Theorem 2 of 
§ 11, as applied to the additive group of R, it follows that a homo- 
morphism T of a ring R into a ring R is an isomorphism if and only if the 
kernel N of T contains unly the element O of R. 

We have shown in the proof.of Theorem 3 that the kernel N is closed 
under multiplication. Actually N has the following much stronger 
property: If one of the factors a, b of a product ab belongs to N, then the 
product itself belongs to N. For if, say, a e N, then (ab) T= (aT)(bT7) 
= 0(67) = 0, hence ab € N, as asserted. This property of the kernel 
N is fundamental in the formulation of the concept of an ideal, and we 
shall return to it in chapter III. 

From a formal algebraic standpoint, isomorphic rings are not essenti- 
ally distinct rings, because it is clear that an isomorphic mapping of 
a ring R preserves the algebraic properties of R (that is, those pro- 
perties of R which can be formally expressed in terms of the ring 
operations + and .). Thus, for instance, an isomorphic image of an 
integral domain or of a field is again respectively an integral domain or 
a field. 

On the other hand, a homomorphism which is not an isomorphism 
may affect some algebraic properties of a ring. For instance, a homo- 
morphic image of an integral domain need not be an integral domain, 
and a ring which is not an integral domain may have an integral domain 
as a homomorphic image, (see III, § 9). 

The situation for groups, which is covered by Lemma 1 of the 
preceding section, arises also for rings and leads to a similar lemma. 
Assume that we have a ring R, a set N in which two binary operations 
+ and - are defined, and a mapping T of R onto R having the usual 
homomorphism properties: (a + ) T = aT + bT, (ab)T = aT · b. 
We express these conditions by saying that the set R is a homomorphic 
image of the ring R. 

LEMMA. A homomorphic image of a ring is again a ring. 

The proof is similar to that of Lemma 1 of the preceding section and 
may be left to the reader. 

As to Lemma 2 of the preceding section, it is automatirallv annlicahle 
to rings when we regard rings as additive groups. 
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COROLLARY. An isomorphic image of an integral domain or of a field 
is again respectively an integral domain or a field. 

If T is a homomorphism of a ring R into a ring R and if R, is a subring 
of R, then the restriction To of T to Ry is a homomorphism of R, into 
R. If T is an isomorphism, then also the induced homomorphism T, 
of R, is an isomorphism (but not conversely). 

An important special case is the following: R, is a common subring of 
R and R, and the induced homomorphism of R, is the identity (that is, 
the automorphism T, of R, defined by aT, a, for all a in Ro). In this 
case we say that T is a relative homomorphism of R over Rp, or briefly: T 
is an Ry-homomorphism (or an Ro- isomorplusm, if T is an isomorphism). 
For instance, the automorphism of a + ib— a — ib of the field of 
complex numbers (a, b real) is a relative automorphism over the field of 
real numbers. 

If R, is a common subring of two rings R and R, we say that R is an 
Ro-homomorphic image of R if there exists an R,-homomorphism of R 
onto R; and that Ris an R,-isomorphic image of R (or that R and R are 
R,-tsomorphic) if there exists an R,-isomorphism of R onto R. 

If T is a homomorphism of a ring R into a ring R and 7, is a homo- 
morphism of a subring R, or R into the same ring R, we shall say that T 
is an extension of 71 if Ti is the restriction of T to R,. If only R, R, R, 
and 71 are given, then we say that 7, can be extended to a homomor- 
phism of R (into N) if there exists a homomorphism T of R into R such 
that T is an extension of 71. 


§13. Identification of rings. As an application of the concept of 
isomorphism extension, we shall now discuss a certain standard pro- 
cedure of ring identification which is frequently used in algebra. 

Given two rings R and S’ we say that R can be imbedded in & if there 
exists a ring S which contains the ring R as a subring (§ 9) and which is 
isomorphic with S’. It is clear that if R can be imbedded in S’, then 8 
must contain a subring which is an isomorphic image of R. We shall 
prove now that this condition is also sufficient. We give the sufficiency 
condition in the following sharp formulation: 

Lemma. If Rand & are rings and if To is a given isomorphism of R 
onto a subring R' of S', then there exists a ring S which contains R as a 
subring and which is such that T, can be extended to an isomorphism T of 
S onto S. 

PROOF. We shall first assume that R and S’ have no elements in 
common. We replace in S’ every element 7’ of R’ by the corresponding 
element 7 T. of R. The result is a set S which is the union of the two 
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disjoint sets S’ — R and R, where 8 — R denotes the set of elements of 
S' which are not in R (the complement of R in 8). We extend the one 
to one mapping 7, of R onto R’ to a one to one mapping T of S onto & 
in the following obvious fashion: aT = aT), if a ER; aT =a if 
aéS—R. The mapping T is indeed one to one since S’ — R and R 
are disjoint. We now define addition ® and multiplication © in S as 
follows: if a, b € S, then a ® b = (aT + T) TI a © b = (a- öT) TI. 
With this definition of the ring operations in S it follows directly from 
Lemma 1 of § 12 that S is a ring and that T is an isomorphism of S onto &. 
Since T, is an isomorphism of R onto R’ and T coincides with T, on R, 
it follows from the very definition of the ring operations in S that if 
a, b e R, then a ® b = a + band a © b = a-b, where + and - refer to 
the ring operations in R. Hence the ring R is a subring of S. Moreover, 
T is, by definition, an extension of To. 

This completes the proof if R and S’ are disjoint. In case R and S’ 
have elements in common, we first replace S’ by an isomorphic ring 81, 
which is disjoint from R. For this purpose, we make use of the follow- 
ing elementary fact from set theory: If S’ and R are arbitrary sets, there 
exists a set S’, and a mapping H of S’ onto S’, such that S”, is disjoint 
from R and H is one to one. By means of H the ring operations can be 
carried over from S’ to S’, (as they were in the preceding paragraph 
from S’ to S by means of 7), S’, becomes a ring, and H becomes an 
isomorphism of S’ on S’,. If Ri = RH, then R’, is a subring of 81 
and T,H defines an isomorphism of R onto RI. Since S’, and R are 
disjoint we may apply the present lemma and obtain a ring S containing 
R and an isomorphism 7, of S onto S’, which coincides with T,H on R. 
Then 7,H — is an isomorphism of S onto S’ which coincides with Te 
on R. The lemma is thereby proved. 

A typical situation which will occur frequently in this book and in 
which we shall tacitly make use of the foregoing lemma is the following: 
R will be a ring (as a rule, a field) which is fixed throughout the discus- 
sion, while S’ may be any ring of a certain class of rings, but in each ring 
S' there will be a subring R’ isomorphic with R. Since we shall not be 
concerned with the particular nature of the elements of S’ but only 
with S” regarded as an abstract ring, we are free to replace S’. by an 
isomorphic ring S containing the fixed ring R as a subring, according 
to the scheme indicated in the above lemma. Actually we shall seldom 
carry out explicitly this cumbersome substitution of S for S’. We 
shall, as a rule, simply say that we identify R with our fixed ring R, 
and we shall, therefore, without further ado regard R as a subring 
of &. ) 
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§ 14. Unique factorization domains. We first give some defini- 
tions concerning divisibility concepts in an arbitrary (commutative) ring 
R with identity. The zero element of R is excluded from the considerations 
which follow below. 

If a and b are elements of R, we say that b divides a (or b is a divisor of 
a) and that a is divisible by b (or a is a multiple of b) if there exists in R 
an element c such that a = be. Notation: b|a, or a = 0 (mod b). It is 
clear that the units of R are those and only those elements of R which 
are divisors of 1. 

If a = be and «e is a unit, then a and b are called associate elements, or 
simply associates. We have then that b = ae~}, and hence not only 
does b divide a but also a divides b. Conversely, if a and b are elements 
of R such that bla and ab, and if R is an integral domain, then a and b are 
associates. For we have a = bc and b = ac’, whence a = acc, cc =1, 
that is, c is a unit. 

A unit e divides any element a of R: a = e E la. The associates of 
an element a and the units in R are referred to as improper divisors of a. 

An element a is called irreducible if it is not a unit and if every divisor 
of a is improper. 

DEFINITION. An integral domain R is a UNIQUE FACTORIZATION 
DOMAIN (or briefly, a UFD) tf it satisfies the following conditions: 


UF I. Every non-unit of R is a finite product of irreducible factors. 
UF2. The foregoing factorization is unique to within order and unit 
factors. 


More explicitly, UF2 means the following: If a = pip: Pm = 
41/2 9% Where p; and 9, are irreducible, then m =n, and on 
renumbering the 9, we have that p; and q; are associates, i = 1, 2, „ m. 

Examples of unique factorization domains: (a) the ring of integers; 
(b) euclidean domains (see § 15, Theorem 5); (c) the ring of polynomials 
in any number of indeterminates, with coefficients in a field (see § 17, 
Theorem 10). 

THEOREM 4. For integral domains R satisfying UF1, condition UF2 
is equivalent to the following condition: 

UF3. If pts an irreducible element in R and if p divides a product ab 
then p divides at least one of the factors a, b. 

PROOF. Let ab = pc and let 


a = IT P's b= I2’; c= Il Tk 


be factorizations of a, b, and c into irreducible factors(UF1). We have 
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differs from one of the factors p';, p”; by a unit factor, and this proves 
UF 3. 

Conversely, assume that R satisfies conditions UF I and UF3. Since 
UF is obvious for factorizations of irreducible elements, we shall 
assume that UF2 holds for any element of R which can be factored into 
s irreducible factors and we shall prove then that UF2 holds for any 
element a which can be factored into s + 1 irreducible factors. Let 


(1) a= Ils, = 1 


be two factorizations of a into irreducible factors, one of which involves 
exactly s + 1 factors. We have that pi divides the product of the 9’,, 
and hence, by UF3, p, must divide one of the elements p’,, Pz, , p’,- 
Let, say, p, divide p’,. Since p’, is irreducible, it follows that pi and p’, 
are associates. Then p’, = epi, where e is a unit, and after cancellation 
of the common factor p,, (1) yields 


(2) IT 2: = IIe 


On the left there is a product of s irreducible factors. Hence by our 
assumption, the two factorizations in (2) differ only in the order of the 
factors and by unit factors. Since we have already shown that p’, 
differs from p, by a unit factor, everything is proved. 

In a unique factorization domain any pair of elements a,b has a 
greatest common divisor (GCD), that is, an element d, denoted by (a, b), 
which is defined as follows: (1) d is a common divisor of a and b; (2) if c 
is a common divisor of a and b, then c divides d. The GCD of a and b 
is uniquely determined to within an arbitrary unit factor. The proofs 
of existence and uniqueness of (a, b) are straightforward and can be left to 
the reader. 

If (a, b) = 1, the elements a and b are said to be relatively prime. The 
following are important but straightforward properties of relatively 
prime elements: 


(1) If (a, b) = 1 and b divides a product ac, then b divides c. 
(2) If (a, b) = 1 and tf alc and b\c, then abjc. 


§ 15. Euclidean domains. An important class of unique factoriza- 
tion domains is given by the so-called euclidean domains or rings admit- 
ting a division algorithm. These rings are defined as follows: 
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DEFINITION. A euclidean domain E is an integral domain in which 
with every element a there is associated a definite integer g(a), provided the 
function ꝙ satisfies the following conditions: 


El. If ö divides a, then o(b) S ta). 
E2. For each pair of elements a, b in E, b * O, there exist elements q 
and r in E such that a = bq + r and g(r) < 5). 


The ring of integers is a euclidean ring if we set for every integer n: 
An) = |n| = absolute value of n. Then for any two integers a and b 
the ordinary division algorithm yields integers q (quotient) and r 
(remainder) satisfying E2. Similarly the ring FLX] of polynomials in 
one indeterminate X, with coefficients in a field F (see § 17, Theorem 9, 
Corollary 3) is a euclidean ring if for any polynomial f(X) in FIX] we 
set: (f) = degree of f if f * O; 00) = — 1. 

We proceed to derive a number of consequences from the conditions 
El and E2. 

a. If b O, then (0) < (b). For if in E2 the element a is the 
element zero, then r = — bg. If r were different from zero, then we 
would have b|r and hence, by El, 9(5) < g(r), in contradiction with E2. 
Hence r = 0 and 9(0) C), as asserted. We note that the function 
v1 = p — 9(0) also satisfies conditions El and E2. This new nor- 
malized function is such that y,(0) = O and i) > O ifa #0. This 
normalization of the function g can therefore always be assumed ab 
initio, if desired, but it plays no particular role in the proofs given below. 
As a matter of fact, we could have phrased the definition of euclidean 
rings in such a way as to leave out the element 0 altogether. Namely, 
it would have been sufficient to assume that ꝙ is defined only for elements 
a different from zero, provided the requirement g(r) C) in E2 had 
been replaced by the alternative: either r = 0 or g(r) < db). 

b. Fa and b are associates, then a) = . This follows directly 
from El. 

c. Fa divides b and (b) = g(a), then a and b are associates. Under 
the assumption (b) = g(a), condition E2 yields: g(r) < g(a). On the 
other hand, if 7 were different from zero then from r = a — bg and ajb it 
would follow that a divides r, whence g(a) S g(r), a contradiction. 
Hence r = O, that is, also b divides a, and therefore a and b are associ- 
ates. 


* In this condition the elements a and b are automatically different from zero, 
since the divisibility concepts introduced in the preceding section have been 
restricted to elements different from zero. 
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d. If « is a unit, then (e) = 1), and conversely. The direct 
statement follows from b. and the converse from c. 

THEOREM 5. A euclidean domain ts a unique factorization domain. 

Proor. We shall show that a euclidean domain E satisfies UF1 and 
UF3 (see § 14, Theorem 4). 


VERIFICATION OF UF 1. Let a be an arbitrary non-unit. Then UF1 
is vacuously true for a if g(a) = 1) (since this equality is in fact im- 
possible if a is a non- unit). Hence we can use induction with respect to 
the value of g(a). We shall therefore assume that UF 1 is satisfied for 
all elements a’ such that g(a’) < g(a) and we proceed to show that UF1 
is then satisfied also for the given element a. If a is irreducible, there is 
nothing to prove. In the contrary case we have a = bc, where neither 
b nor c is an associate of a. It follows then from El and c that 9(b) < 
g(a) and c c) < g(a). Therefore, by our induction hypothesis, both 
b and ¢ are finite products of irreducible factors, and consequently also 
a is such a product. 

VERIFICATION OF UF3. We shall first prove the following lemma: 

LEMMA. Any two elements a, b of E(a,b Æ 0) have a GCD d, 
and d is a linear combination of a and b, that is, d = aa + Bb, a € E, 
BEE. 

Let J denote the set of all elements of E which are linear combinations, 
Aa + Bb of a and b (A, BEE). Among the elements of J other than 
zero we select an element d for which d) is minimum. We have 
d = «a + fb(«, R € E), and on the other hand, by E2, we can find 
elements s and t in E such that a = ds + t, g(t) < o(d). We have then 
t = a — ds = a(l — as) + b(— Bs) Sand g(t) < g(d). Consequently, 
t = O, that is, d divides a. Similarly it can be shown that d divides b, 
and hence d is a common divisor of a and b. Moreover, since d is of the 
form aa + Bb, every common divisor of a and 6 is also a divisor of d. 
Hence d is a GCD of a and 5. Q.E.D. 

The verification of UF3 is now immediate. For let an irreducible 
element p of E divide a product ab, and let us assume that p does 
not divide a. Then the GCD of p and a is 1, and hence, by the 
lemma, we can write 1 = œa + fp. Hence b = b. 1 = «ab + ßbp, 
and since p|ab it follows that p|b. This completes the proof of the 
theorem. 


§ 16. Polynomials in one indeterminate. Given a ring R, we 
shall consider sequences 


f= {ap 41 42, 3. a, SR, 


§ 16 POLYNOMIALS IN ONE INDETERMINATE 25 


—— — ee — . 


such that all but a finite number of the a, are zero. Let S denote the set 
of all such sequences. If f, ge S, 
g = {bo, br bz, ), 
then we define: 
(1) f +g = {ao + 50, 41 + 6% ag + 52, ), 
(2) Jg = {aobo 4061 + 4160, 4002 + 4151 + 4b... } = (c, 
where 
(3) c= žab, k = O, 1, 2, 
14 / = 
It is immediately seen that with these definitions of addition and multi- 
plication the set S becomes a ring. The elements of this ring S will be 


called polynomials over R or polynomials with coefficients in R. 

The zero element of S is the sequence (0, 0, O,. , and we have 
— f = {—ay,—4, -a, . 
If R has an identity 1, then also S has an identity 1“, namely, 1’ = 
{1,0,0,---}. The converse is also true, as can be seen by writing 
{a, 0, O,. . . 1“ = (a, 0, O. ), ae R (complete the proof). 

If f = {a;} is a non-zero polynomial (that is, if not all a; are zero) 
and if z is the greatest integer such that a, * O(m = 0), then u is called 
the degree of f. The degree of f will be denoted by . We do not assign 
any degree to the zero polynomial. If df = n, then ag, i, <, a, will 
be called the coefficients of f, and a, will be called the leading coefficient 
of f. If R has an identity and a, = 1, then the polynomial f will be 
called monic. 

It is clear that if of S dg, then ( + g) < cy, with equality if 
of < dg. If ef == n and dg = m, then it follows directly from (3) that 
Cnn = dib, and cp = O if x Inn. Hence either a,b,, Æ O, in 
which case fg =Æ 0, o( fg) = m + n, and the leading coefficient of fg is 
abm; or a,0, = 0, and then either fg = O or f) m+n. The 
first alternative (that is, ah, * 0) certainly holds if one of a, and 5, is 
not a zero divisor, in particular if either (1) R has an identity and one of 
f and g is monic or (2) if R is an integral domain. 

The natural mapping a (a, O, O,. ] is an isomorphism of R 
onto a subring R of S. Hence R can be imbedded in S. However, 
rather than replace S by some unspecified isomorphic ring S’ which 
contains R as a subring (see § 13), we prefer in the present case to deal 
with the ring S itself, since our concrete definition of a polynomial as a 
sequence is most convenient. It must then be emphasized that we 
cannot regard in all cases our original ring R as a subring of S, since, in 
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the absence of any information about the nature of the elements of R, 
it cannot be excluded that R and S — R’ have common elements, that 
is, that some elements of R are in fact finite sequences of other elements 
of R. To avoid all unnecessary notational complications, we agree from 
now on to replace R by some isomorphic ring for which the above set- 
theoretic difficulty does not arise and to regard therefore R as a subring 
of S. 

Summarizing, we have the following 

THEOREM 6. The polynomials with coefficients in R form a ring S in 
which R can be imbedded as a subring. S has an identity if and only if R 
has an identity; and if that is so, then (1, 0, 0, - - -) is the identity of &, 
where 1 is the identity of R. If f and g are two non-zero polynomials in 
S, then either fg = 0 or (fg) S Of + eg, and we have a fg) = of + og 
if and only if the product a,b, of the leading coefficients of f and g is not 
zero; and if that is so, then a,b is the leading coefficient of fg. If Ris an 
integral domain, so is S, and the units of S arise from the units of R under 
the mapping a — (a, O, O, ). 

If—as will be the case from now on—R is regarded as a subring of S, 
then the element 1 of R is also the identity of S, and if R is an integral 
domain, then the units of R are the only units of S. 

We shall now assume that R has an identity 1 and denote by X the 
polynomial (O, I, O0. ). We find at once that if ae R and m is a 
non-negative integer, then aX™ = {c;}, where c; = 0 if i m, Cm = a. 
It follows that if f = {a,} is a polynomial of degree n, then 


(4) f= ay + aA + aX? +--+ + aX", a, S R, a, Æ O, 


which yields the familiar expression of a polynomial in X”. We shall 
call X an indeterminate and we shall refer to the polynomials in S as 
polynomials in one indeterminate (over R). The ring & itself will be 
denoted by R[X] and will be referred to as a polynomial ring in one 
indeterminate over R. 

The polynomials in one indeterminate, which we have defined so far 
in a purely formal fashion, have an important functional connotation 
which we proceed to elucidate. Let 4 be any unitary overring of R 
and let f = ay + a,X T + , be any polynomial in R[LX]. If 
y € A, we set f(y) = a + ay T + . Then f(y)e 4. We say 
that f(y) is the result of substituting y for X in the expression f(X) of f. 
In particular, we have, then, f(X) = f (taking for 4 the ring RIA] 
itself). 

Jf 4 is a unitary overring of R and if y is a fixed element of 4, the 
mapping f — f(y) is a R-homomorphism of R[X] into 4. This state- 
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ment follows from a comparison of (1), (2), (3) with the easily proved 
formulas 
(5) Day + Cb. = S(a; + b), 
(6) (Ta. y )( C5 %) = cy, where c= wees 
Thus if f(X) and g(X) are two polynomials in X and if we set 
A(X) = f(X) + aX), RX) = (X) X), 


h(y) = f(y) + 00, K % = (y)ell). 


For f fixed, the transformation y — f(y), y € 4, is a mapping of 4 
into itself, that is, a function of 4 to 4. We denote this function by f,. 
Thus with every polynomial f in R[X] and with every ring 4, unitary 
over R, we have associated a function f, on 4 to 4. If 4 is a subring 
of another ring 4,, which is unitary over 4, then f4 =f, on 4. It 
is therefore apparent that any polynomial i in RIA] can be thought of as 
the symbol of a well-defined operation which can be applied to any 
element y of any given ring 4 unitary over R and which, if so applied, 
yields a well-defined function on 4 to 4. This operation is performed 
by substituting y for X in the given polynomial f, or f(X). From 
this point of view the symbol X appears indeed as an indeterminate, 
or variable, which can take values in any ring containing R. 

We point out that for a given ring 4 containing R it may very well 
happen that distinct polynomials in R[ X] give rise to the same function 
on 4. This is equivalent to saying that there may exist a non-zero 
polynomial f such that f(y) = 0 for all y in 4. This will certainly 
happen if 4 = R and R contains only a finite number of elements, say, 
ci, c, „c. For then we may set f = (X — ci) (A — ca) (A — c), 
and obviously f(y) = 0 for all y in R. On the other hand, there 
exist rings 4 containing R such that f, Æ g, whenever f * g. The 
simplest example of such a ring is the ring RLX] itself, for we have 
FA) FY = (A). Any ring S’ containing R which is R-iso- 
morphic with R[X] (see § 12), and a fortiori, any ring 4 which contains 
such a ring S’ as a subring, will share with RIA] the above-mentioned 
property. 

If f= a Ee R, then the function f, is constant: f,(y) = a, for all 
5e 4. For this reason the elements of R regarded as polynomials will 
be called constants. In view of what was said in the preceding para- 
graph, it may well happen that f, is constant even though f¢ R. 
Nevertheless only those polynomials which are in R will be called 
constants, 


then 
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§ 17. Polynomial rings. We consider again a ring 4 unitary over 
R, and we fix an element x in 4. We then have a mapping f — f(x) of 
R[X] into 4 and we have seen that this mapping is a homomorphism. 
If f is a constant, f = ae R, then f(x) = a, whence we are dealing with 
an R-homomorphism of R[X] (§ 12). The image of R[X] under this 
homomorphism is a subring of 4 (Theorem 3, b, § 12). We denote 
this subring by R[x]. This subring of 4 is uniquely determined by R 
and x: it consists of all elements of J which are of the form a0 + dq + 
-< + a,x", u, S R. It can also be characterized as the least subring of 
A containing x and all the elements of R. 

DEFINITION. We shall say that x is algebraic over R if the mapping 
f-> f(x) is a proper homomorphism (that is, not an isomorphism). In 
other words (§ 11, Theorém 2), x is algebraic over R if and only if 
there exists a non-zero polynomial g(X) such that g(x) O. An 
element x of A is said to be transcendental over R if it 1s not algebraic 
over R. 

It follows that if x is transcendental over R, then R[x] and R[X] are 
R-isomorphic rings, the mapping f(X) — f(x) being an R-isomorphism 
of RIA] onto R[x]. 

Since all rings R[x], where x is transcendental over R, are 
k-isomorphic with R[X], it is natural to call all such rings polynomial 
rings. We give therefore the following 

DEFINITION. Let R be a ring with identity and let S’ be a ring unitary 
over R. Then S is called a polynomial ring over R if there exists at least 
one R-isomorphism of RIA] onto S. In other words, S is a polynomial 
ring over R if S contains at least one element x which is transcendental 
over R and which is such that & = R[x]. Any such element x is called a 
generator of S’ over R. 

If S“ is a polynomial ring over R, and x is a generator of S’ over R, 
we shall also say that S’ is a polynomial ring over R in the element x. 
As an example, let R be the field of rational numbers, 4 the field of real 
numbers, m the ratio of circumference to diameter (or any other 
transcendental real number). Then the subring RIA] of 4 is a poly- 
nomial ring over R in the element v. 

From the very definition of polynomial rings it follows that all 
polynomial rings over a given ring R are R-isomorphic. We further 
elaborate this fact in the following 

THEOREM 7. Let S be a polynomial ring over a ring R in an element 
x; let R be a ring with identity, A a unitary overring of R, and y an element 
of 4. If To is a homomorphism of R onto R, then To can be extended in 
one and only one way to a homomorphism T of & onto Rl y] auch that x T = y. 
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Moreover, T will be an isomorphism if and only if To is an isomorphism 
and y is transcendental over R. 

PROOF. We observe that if T exists at all, then we have 


(Ca. x) T = D(a,T)\xT) = Ta, To, a E K, 

so that 7 is uniquely determined. We make use of this formula to 
define T. Since x is transcendental over R, every element of S’ can 
be uniquely expressed in the form >a,x'(a;¢€ R); thus T is single- 
valued. It is surely a mapping of S’ onto R[y], since To is a mapping 
onto R. Obviously aT = aT, for ae R, and xT = y. That T is a 
homomorphism follows from (5) and (6) of § 16, applied to elements of 
R[x] and R[y]. 

Suppose To is an isomorphism and y is transcendental over R. If 
(Ta, xi.) T = O, then I (a, To)) = 0. Since y is transcendental over R, 
each a, To is 0; since 7, is an isomorphism, a, = 0. Thus T is an 
isomorphism. ‘The converse is similarly proved. 

CoRroLLARY. Let & and & be polynomial rings over a ring R in the 
elements x and y respectively. Then there is a unique R-isomorphism of S' 
onto & which maps x into y. 

We now turn to the study of a fixed polynomial ring S in an element 
x over a ring R with identity. The notion of degree and leading 
coefficient of a polynomial is carried over in an obvious fashion from the 
ring RIA] to the given ring S. Thus, if y is any element of S, y # O, 
then y = f(x), where f= f(X) is a uniquely determined non-zero 
polynomial in R[X]. ‘Then the degree and leading coefficient of f will 
be, by definition, the degree and leading coefficient, of the element y 
regarded as a polynomial in x. It must be emphasized that the degree 
and leading coefficient of any given element y of & are not intrinsically 
related to y but depend also on the choice of the generator x. We can, 
however, state the following 

THEOREM 8. Let R be an integral domain and let S be a polynomial 
ring over Rin an element x. Let x’ be a non-zero element of S, of degree 
n > 0 in x (that is, n = degree of * regarded as a polynomial in x) and 
let f(X) be any. polynomial in an indeterminate X, of degree m. Then 
F(x’) ts of degree mn in x. A necessary and sufficient condition that x be a 
generator of S over Ris that x be linear in x (that is, n = 1) and with lead- 
ing coefficient a unit in R. In this case the degree of an element of S relative 
to x’ will be equal its degree relative to x. 

PROOF. Let x’ = g(x) and let a and b denote the leading coefficients 
of g and f respectively. Then the leading term of f(x’) is haxn, whence 
the first statement of the conclusion. If x’ is a generator of S over R, 


30 INTRODUCTORY CONCEPTS Ch. I 


—— — — — 


then x = f(x’) for an appropriate f, hence mn = 1, ba = 1, so that x’ 
has the indicated form. Conversely, if x’ has this form, then x e R{x'], 
hence S = R[x’]. Furthermore, if f(X) is of degree m, f * 0, then 
f(x’) is also of degree m in x (since n = I), and hence f(x’) # 0. Hence 
x’ is a transcendental over R. This completes the proof. 

CoRkol.LA RV. If T is an R-automorphism of a polynomial ring R[x] 
(R an integral domain), then xT = a, + a,x, where a, is a unit in R. 
Conversely, if x = ay + a,x and a, is a unit in R, then there exists a 
unique R-automorphism T of R[x] such that xT = x’. 

The first part of the corollary follows from the fact that under the 
assumptions made we myst have R[x] = R[xT]. The second part 
follows directly from the-present theorem and from the corollary to 
Theorem 7. 

If R has zero divisors, then it is still true that elements x’ of the indi- 
cated form are generators, but the other statements of this theorem need 
not be true. Indeed it is possible that S is a polynomial ring in an 
element x’ whose degree in x is greater than 1. For example, let R be 
a ring with identity, and suppose that R contains an element a * O such 
that a? = 0. Then, if x’ = x + ax?, we have x’ — ax'? = x, whence 
R[x] = R[x]. 

Of particular importance are the polynomial rings over a field. These 
will be seen to be euclidean domains as a result of 

THEOREM 9. Let R be a ring with identity and R[x] a polynomial 
ring over R in x. Let f(x) and g(x) be two polynomials in R[x] of respective 
degrees m and n, let k = max(m — n + 1,0) and let a be the leading 
coefficient of g(x). Then there exist polynomials q(x) and r(x) such that 


a'f (x) = 9(x)g(x) + r(x), 
and r(x) is either of degree less than n or is the zern polynomial. Moreover, 
if a is regular in R, then q(x) and r(x) are uniquely determined. 

PROOF. If m n, then k = 0, and we may take g(x) = 0, r(x) = f(x). 
For m=n—1, k = m — n + 1, and we prove the first part of the 
theorem by induction on m, observing it to be true if m=n— 1. 
Hence let m =n. Then af(x) — bx"—"g(x) has degree at most m — 1, 
where b is the leading coefficient of f. By induction hypothesis there 
exist polynomials q,(x) and 7,(x) such that 


aim Nt af (x) — b *)) = gi(x)g(x) + iG), Or, < n 
or 
r = 0. 


We need now only take g(x) = ba®-"x"—*" + q(x), r(x) = 1,(x). 
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Now suppose a is regular and that we have also a = 9g +71’, 
or’ < n. Then (q — 90g =r'— r. Ifq—q' * 0, then the left side 
has degree at least n, since the leading coefficient of g(x) is regular. But 
this is impossible since r — r) < n. Henceg — g = 0, 1 —7r=0. 

Cokol.LA RV I. Using the notation of the theorem let f(x) be in R[x] 
and ain R. Then f (a) = 0 if and only tf x a is a divisor of f(x) in 
R[x]. 

Since x — a is of degree 1, there exist g(x) € R[x] and b e R such that 
f(x) = q(x)(x — a) + b; then f(a) = b, whence the corollary. 

If X is an indeterminate, an element a of R such that f(a) = 0 will 
be called, as usual, a root of f(X). 

CoroLLARY 2. Let f(X) be in the polynomial ring RIA] in one 
indeterminate, over an integral domain R. If aj, , a, are distinct roots 
of f(X) in R, then (X — aj) (A — a„) divides f(X) in RIA J. If 
FA) = O, the number of roots of f(X) in R is at most equal to the degree of 
f(x). 

The first statement is true for m = 1 hence assume it for m — 1 roots, 
so that f(X) = (X . (X — a- K). Then f(a,) = 
(am — ai) (a, — @_—1)9(@,)- Since there are no zero divisors, 
(a,) = O, so that X — a, divides g(X), whence the first statement of 
the theorem. The second statement follows from considerations of 
degree. 

If R has zero divisors, Corollary 2 need not be true. Indeed a non- 
zero polynomial may have infinitely many roots. For example, suppose 
that an element a of R, different from zero, is an absolute zero-divisor, 
that is, that ab = 0 for all b in R. Then every element of R is a root of 
the polynomial aX, which therefore has infinitely many roots (if R has 
infinitely many elements). 

Another exampie (in which R will have an element 1) is the following: 

Let A and B be two rings with identities e and eg and let R be the 
ring of ordered pairs (a, b) defined in Example 2 of §9. If we set 
a = (ei, 0), every element of the form (0, ö), be B is a root of the 
polynomial aX, which therefore has infinitely many roots if we take for 
B an infinite ring. 

CoROLLARY 3. A polynomial ring F[x] over a field F is a euclidean 
domain. Every polynomial of positive degree can be factored in the form 


a II. f(x), where ac F and f(x) is a monic irreducible polynomial; 


this factorization is unique except for order. 
If f(x) S Fx], let f) = , if f Æ O; let g(0) = 1. Condition 
El of the definition of euclidean domain (§ 15) is clearly satisfied; 
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condition E2 follows from the theorem. Hence F [x] is a unique 
factorization domain. Since every polynomial in F[x] has a monic 
associate and since associates can differ only by a non-zero factor in 
F, the remainder of the corollary follows. 

Since a field is trivially a unique factorization domain, the following 
theorem, which is of the greatest importance, may be regarded as a 
partial generalization of the preceding corollary. 

THEOREM 10. If R is a unique factorization domain, then so is any 
polynomial ring over R in one transcendental. 

PROOF. Throughout this proof one should bear in mind the various 
assertions of Theorem 6 of § 16. 

We call a polynomial primitive if its coefficients have no common 
divisors (other than units). We then observe that it is possible to write 
any (non-zero) polynomial f(x) of RX] in the form f(x) = cfı(x), where 
c € R, and f,(x) is primitive: namely, let c equal a GCD of the coeffi- 
cients of f(x). Any element c satisfying the stated condition is necessarily 
a GCD of the coefficients of f(x) and hence is determined to within a 
unit factor. The factor c is called the content of f(x) and is denoted by 
J). We observe that f(x) is primitive if and only if c(f) is a unit in R. 

We can now prove that every element of R[x] factors into irreducible 
ones. It is clear that an element of R is irreducible (or a unit) in R[x] 
if and only if it is irreducible (or a unit) in R. From this it follows 
(since R is a UFD) that every polynomial of R[x] of degree zero factors 
into irreducibles. Suppose f(x) has positive degree n and that factoriza- 
tion has been proved for polynomials of lower degree. We write 
f(x) = cf;(x), where c = ) e R and f,(x) is primitive, and we need 
only prove that /,(x) is a product of irreducibles. If f,(x) is irreducible, 
there is nothing to prove. Otherwise, /,(x) = g(x)h(x), where g(x), 
h(x) S R[x], and neither is a constant since f,(x) is primitive. Hence 
both have degree less than n, therefore they factor into irreducible 
polynomials, by induction assumption, and hence so does Fi(x). 

We complete the proof by verifying UF3: If p(x), f(x), g(x) E R[x], p(x) 
irreducible, and p(x) divides f{x)g(x), then p(x) divides either f(x) or g(x). 
The proof must be separated into two cases, depending on whether the 
degree of p(x) is zero or positive, and each case is covered by one of the 
following two lemmas. 

Lemma 1. (Lemma oF Gauss) Jf f(x), g(x) E RIA], then c( fg) = 
c(f)e(g). In particular, the product of two primitive polynomials is 
primitive. 

PROOF. IIc = (J), d = c(g), then f(x) = cf,(x), g(x) = dg,(x), and 
Ji and g, are primitive. Since fg = (cd) fig, we need only prove that 
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Figi is primitive — that is, it is enough to prove the second assertion of 
the lemma. If /,g, is not primitive, let p be an irreducible element of 
R which divides all the coefficients of f,g,. If f,(x) Taxi, g(x) = 
Tb, xi, as, b; € R, let a,, b, be the first coefficients of f, and g, respectively 
which are not divisible by p (these exist since f, and g, are primitive). 


The coefficient of & . in f,(x)g,(x) is 
as + 4. 1571 + a,b, + 4.151 + 22 


Since R is a unique factorization domain, p does not divide q, ö,. 
Since it divides all terms of the above sum which precede and follow 
a,b, it does not divide the sum itself, a contradiction. Hence fi(x)g i) 
is primitive, as asserted. 

LEMMA 2. If g(x) divides H (x), where b e R and g(x) is primitive, then 
g(x) divides f(x). 

PROOF. We have bf(x) = g(x)h(x), where h(x) € R[x]. By Lemma 1, 
b-c(f) = e(g)-c(h) = c(h). Thus b divides c(h) and hence also h(x), so 
that p(x) divides f(x). 3 

We can now prove UF3 for R[x]. Suppose, then, that p(x) divides 
f(x)g(x), where p(x) is irreducible. If the degree of p(x) is zero, so that 
p(x) = p ER, then p divides c(fg) = c(f)c(g), hence (say) p/e(f) (by 
UF3 in R), so that p/f(x). l 

If, on the other hand, the degree of p(x) is positive, we proceed as 
foilows. Suppose p(x) does not divide f(x); then we show that it divides 
g(x). Consider* the set M of all polynomials A(x)p(x) + B(x)f(x), 
where A(x), B(x) S R[x]. Among all the non-zero polynomials of M, 
let g(x) be one of least degree, and let a be its leading coefficient. 
According to Theorem 9, there exists a non-negative integer k and 
polynomials k(x) and r(x), such that a*f = gh + r, where either r = 0 
or r< dg. Since pe M, p = Ap + Bf, hence r = atf — ọh = 
(— Ah)p + (a* — Bh)f, so that re M. Hence ôr < dp is impossible, 
and so r = O, af = gh. We write g(x) = cy,(x), where c = c(¢) and 
gı is primitive. By Lemma 2, 9g, divides f. Similarly g, divides p. 
Since p is irreducible and does not divide f(x), it follows that gy, is a 
unit in R[x], hence is in R. Hence ꝙ e R; that is, the set M contains a 
constant ꝙ Æ O. From ꝙ = Ap + Bf we obtain gg = Apg + Bfg, so 
that p divides gg. Since p is irreducible and of positive degree, it is 
primitive, and so Lemma 2 implies that p(x) divides g(x). 

This completes the proof of Theorem 10. We shall use the two above 
lemmas on various other occasions. 


* It will be noticed that this proof is very much like that of the Lemma of 
§ 15 (p. 27), the modifications being due to the fact that our ring R[x] is not 
euclidean but is “nearly so” (in virtue of Theorem 9). 
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§ 18. Polynomials in several indeterminates. In § 16 we have 
defined polynomials in one indeterminate over a given ring R and have 
seen that each such polynomial can be expressed in the usual form 
Ta, A. By a polynomial in n indeterminates we have in mind a finite sum 


Ta, er Xi l AX, in, 
where the i, are non-negative integers and a; . . . E R, and we seek to 


formalize this concept. We observe that a polynomial is determined 
when its coefficients a; ...; are known, that is, when to each ordered 
n-tuple (ij. , i,) of non-negative integers is assigned an element 
a; ...; Of R. This, in effect, will be our definition. 

Let J be the set of non-negative integers, J, the set of ordered n-tuples 
(i) = (ij, , i) of elements of J, that is, each element of J, is a 
sequence of n non-negative integers. If (J) = (Ji, Ji is in I,, we 
define (i) + (j) = (i + ji eee + jn): 

DEFINITION. Let R be a ring with identity, n a positive integer. A 
polynomial over R in n indeterminates is a mapping f of I,, into R such that 
(t)f = 0 for all but a finite number of n-tuples (i). If and g are two such 
polynomials, define h = f + g and k = f.g by 

(i)h = (i)f + (Dg, 
(% > 0e. 
+) =O) 

If n = l, we have mappings of J into R—that is, in effect, sequences 
of elements of R. Thus the present definition is consistent with that of 


§ 16. 
If S denotes the set of all polynomials over R in n indeterminates it 
is easily seen that S is a ring. For each element a in R we define a 
polynomial f, by 
(i =a if (i) = (0. , 0), 
(1 = O otherwise. 


It is immediate that fọ is the zero of S and that, moreover, S has an 
identity, which is given by f, (1 being the identity of R). It is readily 


verified that 
J + 2 = Jars Sats = Saws 


so that the mapping a — f, is an isomorphism of R onto the subring of 
S consisting of all f. We shall replace each f, by the corresponding 
a, so that henceforth we consider S to contain R as a subring. 

If v is a fixed integer between 1 and n, let (j) denote the n-tuple 
which has the integer 1 in the v-th place and the integer 0 elsewhere. 
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We define X, to be the element of S which assigns the identity element 
of R to the a-tuple (;) and the zero of R to every other n-tuple. If 
a E R, and ii, ia, , i, are non-negative integers, then it is easily seen 
that aX,'.X,'.--- X,in is the element of S which associates a with the 
n-tuple (i) (ii, iz, „ i,) and O with every other one. Thus every 
element f of S is a sum of a finite number of special polynomials of the 
form 


(1) a MA Aa, 
called monomials, and f is the zero element of & if and only if all the 
coefficients a) are zero. Here i, iz, in are any non-negative 


integers ane a; is any element of R. The ring S will be denoted by 
RIA Ii. „ A, ]. 

By the degree of the monomial (1) we mean the sum of the exponents 
ii ＋ 12 4. ＋ . By the degree of of any non-zero polynomial f we 
mean the maximum of the degrees of the monomials of which f is the 
sum. If all the monomials in this sum have the same degree, then f is 
said to be homogeneous or to be a form. If F and g are forms, then fg is 
clearly either zero or a form of degree cf + ĉg. 

A polynomial f of degree m can be expressed uniquely in the form 


f= fo tfi tthe 
where each f; is either zero or a form of degree i, and fa * 0. From this 
it is clear that if f, g e S and fg * 0, then o( fg) S of + ĉg. 

We may now state 

THxOREM 11. Let R be a ring with identity. The polynomials in n 
indeterminates with coefficients in R form a ring S which is unitary over R. 
If f and g are non-zero polynomials in S, then either fg = 0 or c( fg) S of 
+ ôg. If Ris an integral domain, then so is S and then g) = of + og. 

PROOF. All has been proved but the last statement. Suppose, then, 
that f and g are non-zero polynomials in S of respective degrees p and q. 
We write 


Fo Ti tfo &=Sot sit tgo 

5% * O, g. #9, 
where f; and g, are either zero or forms of degrees i and j respectively. 
Now 

p+e 
fg = 2 hw = 2 Si 

= i +y=xk 
Since A, is either zero or a form of degree x, the last statement of the 
theorem is proved if we show that hy 4% = Jog, is not zero. In other 
words it is sufficient to show that S is an integral domain. 
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For this purpose we order the monomials of a given degree v lexico- 
graphically: XA. A, << XXa A, in if i<j, where 
s is the least integer (1 < s < n) such that i, æ j. With respect to 
this ordering, and for v = p, let aA ih. A, be the first of the 
monomials which actually occur in f,(a * 0). Similarly, let 
bX PXP: > A, be the first monomial of degree g which actually 
occurs in g, (b * 0). Then it is immediately seen that 

abX i, XE. S.. . X, an fn 
is the first monomial in the product * and since ab ¥ 0 it follows 
that fpg, >£ 0. 

Often theorems on polynomials in n indeterminates are proved by 
induction with respect to n. We shall now put in evidence this induc- 
tive aspect of polynomial rings. 

Consider the set S of those polynomials f in RIA, Az, „ A,] in 
which the indeterminate X, does not occur at all, or—as we shall say— 
which are independent of X,. By these polynomials we mean those 
mappings f of J, into R which satisfy the following condition: 
(ii, iz i) = 0 if i 0. It is clear that these mappings f in 8 
are in (1, 1) correspondence with the mappings of J,_, into R, for any 
such mapping fi is uniquely determined by its effect on the n-tuples of 
the form (1,2 ia, „ i 1, O). We can therefore identify the poly- 
nomials f in R[X,, Az, , A, l. which are independent of A,, with 
corresponding polynomials in RI[AI, Xz, „A, Il. It is im- 
mediately seen that the ring operations in S = R[X,, Az, , A, 
and S, = R[X,, Az, „ A, i] are consistent with this identification. 
Hence we can (and shall) regard RIA, Xa, „A, i] as a subring of 
R[X,, Az, „ A,]. We now assert that this latter ring & is a polynomial 
ring in X, over the ring S, in the sense of the definition of § 17. For in 
the first place, every subring of S which contains S, aud X, contains all 
the monomials aX iA. A, ia and hence contains S. In the second 
3 it is obvious that X, is a transcendental over Si. Hence 

Sil A=. 

gee this last fact, and from Theorem 6 of § 16, we can conclude by 
induction that S is an integral domain if R is. 

Much of the discussion of § 16 and § 17 can be extended to the case of 
polynomials in n indeterminates. 

Polynomials in RIA, . „ A,] can be construed as functions of n 
variables.” Let 4 be any ring unitary over R and let xi. , x, be 
elements of 4. If 


f= Ca, K... A, i 
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is any polynomial in S, we define 


(2) (xi, „ Xn) = DQ yy Kia. 


Then f(x, * , ,) is in 4 and is called the result of substituting x, for 

15 „ x, for X, in f. In particular, according to this definition, 
F(X i» +--+, Xn) is f itself. 

For x1. , x, fixed, F f(x, , x,) is an R-homomorphism of 
RX., „ A,] into 4. The image in 4 of RIA I, , X,] will be 
denoted by RIx Ii, , X.. It is a subring of 4 and consists of all 
elements of the form (2); it may also be described as the smallest 
subring of 4 containing x4, , æ, and R. 

DEFINITION 1. The elements xi, „ x, will be called ALGEBRAICALLY 
DEPENDENT OVER R if the mapping f — f (xi, , x,) is a proper homo- 
morphism. Otherwise they will be called ALGEBRAICALLY INDEPENDENT 
OVER R. 

Thus, x}, , x, are algebraically dependent over R if and only if 
there exists a non-zero polynomial g(X) such that g(x) = 0. 

DEFINITION 2. Let R be a ring with identity and S' a ring unitary over 
R. Then & is called a polynomial ring over R if there exist elements 
xi, , in S’ which are algebraically independent over R and such that 
S’ = RIxi, , x.]. Any such set {x,,-- „ x,} will be called a generat- 
ing set. More specifically we say that & is a polynomial ring over R in 
xh „ u. 

Thus S’ is a polynomial ring over R if and only if there is an R- 
isomorphism of RAI, , X,] onto S’ for some n. In particular 
R[X „ A, is itself a polynomial ring under this definition. Before 
proving the analogue of Theorem 7 of § 17, we first state the following 
lemma. 

Lemma. Let R be a ring with identity, S a unitary overring, 
& „ x, elements of S', with n>1. Let RI = R[x,,---,x,_,]- 


Then S is a polynomial ring over R in xi, , x, if and only if Ri is a 
polynomial ring over R in xi, „ 4 i and S is a polynomial ring over 
R, in x, 


This lemma is essentially a restatement of the inductive property of 
polynomial rings in n indeterminates, given earlier in this section. The 
proof may be left to the reader. 

THEOREM 12. Let S be a polynomial ring over a ring R in the elements 
* Xp let R be a ring with an identity and A a unitary overring of 
R; let „ , Y, be elements of 4. If T, is a homomorphism of R onto 
R, then To can be extended in one and only one way to a homomorphism T 
of S onto Rlyi, , Hal such that x;T = yi, i = 1, „, n. Moreover, T 
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will be an isomorphism if and only if To is an isomorphism and 515 sIn 
are algebraically independent over R. 
In view of the lemma, this theorem follows from Theorem 7 of § 17. 
CoroLLARY I. Let S' and S be polynomial rings over R in xi, . „ x, 
and in Yı, ` ** , Yn respectively. Then there is a unique R-isomorphism T 
of S’ onto & such that xT = y, i = 1,--- „n. 


CoroLLaRY 2. Let S be a polynomial ring over R in xi, , x,, and let 
{his kz, „ ] be a permutation of the integers (I, 2, „n. Then 
there is a unique R-automorphism T of S such that x,T = x, i= l, n. 


Tueorem 13. Jf R isa UFD and S is a polynomial ring over R in 
n elements, then S is also a unique factorization domain. 

This follows by induction from the lemma and Theorem 10 of § 17. 

THEOREM 14. Let R be an integral domain, and (Ai. „ X,) a 
non-zero polynomial over R in n indeterminates. Let Q be a subset of R 
containing infinitely many elements. Then there exist elements aj, „ 4% 
in Q such that (aj, , a,) Æ 0. 

PROOF. This is true for n = 1, by Corollary 2 to Theorem 9 of § 17. 
Assuming it true for n — 1 indeterminates, let us write (Xi, „ X,) 


= Š JAX . „A, -i) A,, where f(X., mms A. —1) e R[X,, ae: „A. Il. 


and H(Ai. „ A, -i) * O. By induction hypothesis, there exist 
a, „ 4% 16 O such that %. 4,1) * O. Since flai, „ apo 
A.) # 0, the quoted corollary guarantees the existence of an a, € O such 
that f(@,,°--:,4,_1, a,) Æ 0. 

From this theorem it follows that if R has infinitely many elements and 
if fla, , 4,) = 0 for all a1. , a, e R, then (Ai. , X,) =0. 
On the other hand, this is obviously not true if R has but a finite number 
of elements, as was pointed out toward the end of § 16 in the case n = 1. 

We now turn to the study of a fixed polynomial ring S over R in n 
elements x;, ` , * The notion of the degree of a polynomial in & is 
carried over in an obvious fashion from the ring RIA, , X, J. As in 
the case n = 1, we point out that the degree of a polynomial f in S 
depends on the particular generating elements xi. . , x, and not 
merely on the ring S. Indeed, if n > 1, the degree of f may actually be 
different if a different set of indeterminates is used, even if R is an 
integral domain (or even a field; see § 17, Theorem 8). For example, 
let n = 2, and let y, = x, yp = x, + x,?. Then & is clearly also a 
polynomial ring in y,, Y, but the degree of y, is two as a polynomial in 
x1, X2, We shall not attempt to determine all sets of elements y, . , Ym 
with respect to which & is a polynomial ring over R. However, we do 
show that the number of indeterminates is invariant: 
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THEOREM 15. Let S be a polynomial ring in elements xi, , , X,) over 
a ring R, and let 'y,,-+- , Ym be elements of S such that S = R[y,,---, Yal. 
Then m Sn, and equality holds in case S is a polynomial ring in 
51 „9. 

PROOF: Since y, € R[x; „ x,], we may write y, = b; + y';, where 
y'; is a polynomial in x,, , x, without constant term, and b, E R. 
Now S = RUY i. „ ul, and 51, , Y'm are algebraically indepen- 
dent over R if and only if v1, „ 5% are. Hence it is sufficient to prove 
the theorem with the /, replacing the y,; in other words, we may assume 
b, = . Then we have 


(3) Y; bye tH + 5% , + B., j = 1, 2. „ m, 
where 5,1, , 5% E R; and B, is a sum of monomials in x), - , x, of 


degree two or greater. Since x, € RIYIi, „ Yml, 

(4) Xi = Aig ＋ 4,11 P ＋ Simm + A., „ 
where 4,9, 4,1, „ Aim E R, and A; is a sum of monomials in 51, „5 
of degree two or greater. Substituting in (4) the expressions for the y, 
from (3) we have 


Xx; = dio +> ( 5 aba) + 
terms in &i. , x, of degree = 2, 1 1, 2, „n. 
Since x1, , X, are algebraically independent over R, ao = 0, and 
(5) $ aby = 1 or 0 according asi = k or i R; i,k = I, 2, „ n. 
= 


If, now, we assume m < n, then each of the determinants 


411 . Ay, 0 . 0 . 
eee 
i 0 -0 

0 ---0 


has value zero. On the other hand, in view of (5), the multiplication 
rule for determinants implies that the product of these two determinants 
is 1. This contradiction shows that m E n. The second statement is 
now obvious. 


* See II, §12, Theorem 25, for another proof of this theorem using the concept 
of the degree of transcendence. 
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It is possible to define also polynomials in infinitely many indeter- 
minates. If the number of indeterminates is to be countable, we may 
simply construct a sequence 

R[X,] © RIX; Ai S C RIX, A, „ A, IS., 
where each ring of this sequence is considered a subring of its successor 
in the manner described earlier. The set-theoretic union of these rings, 
which can be made into a ring in an obvious way, may be called a poly- 
nomial ring in the sequence of indeterminates XI, A:, „A, 
We could use transfinite induction to obtain an uncountable number of 
indeterminates. 

It is better, however, to proceed by analogy with the procedure for n 
variables. To construct à polynomial ring whose indeterminates shall 
be in (1, 1) correspondence with the elements of a given set E, we let Iz 
be the collection of all systems (i) = (ia), where q E E, i, is a non- 
negative integer which is zero for almost all « in E, that is, J, is the 
collection of all mappings 

(i): c i. 
of E into J such that i,. 0 for all but a finite number of ain E. (Thus 
in case E consists of the integers 1, 2, , n, (i) becomes essentially 
an ordered n-tuple and J; = I,). If (j) = (j.) we define (i) + (j) = 
(1, T Ja). 

If R is a given ring with identity, let S be the set of all mappings f of Ix 
into R such that (i)f = 0 for all but a finite number of (i) in Iz. If 
fe Sand geS, let h = f + g and k = fg be defined by 


(%% = (i)f + (Dg 
k= > [SGE]. 
(9) +07’) = (i) 


It is easily seen that S is a ring and that R can be identified with a 
subring of S in an obvious way. 

If £ is a fixed element of E, let (j) denote that mapping of E into J 
such that under jo, 8 —> 1, and a 0 for a #8. We may say that 
(jf) = (J.)) has the integer 0 in every place but the B-th, where it has 
the integer 1. We then define X, to be that element of S which assigns 
the identity of R to (j) and the zero of R to every other member of Iz. 
If B „ B, are distinct members of E, consider the subset J’ of Iz 
consisting of those (i) such that 7, = 0 unless a is one of Bi. „ B,; I’ 
is in (1, 1) correspondence with J, in an obvious fashion. Now consider 
the set S’ of those f in S such that (i) / = O for (i) not in J’. Such f 
are completely determined by what they assign to the members (i) of J’ 
and are thus seen to be in (1, 1) correspondence with the members of 
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the ring of polynomials over R in n indeterminates. This correspond- 
ence is easily seen to be an isomorphism. This can be shown by direct 
verification. Another method starts with the observation that the 
elements of S’ are finite sums of terms of the form 

aXg* >- Xp hn, 
where a E R and h, , h, are non-negative integers, so that 
(6) S’ = RIA „ X.. 
Now it can readily be checked that A, , Az, are algebraically 
independent over R, so that S’ is indeed isomorphic to the ring of 
polynomials over R in n variables. 

If f is any fixed polynomial in S, then (i) = 0 for all but a finite 
number of (i) in Iz. For each such (i), all but a finite number of i, are 
0. Taking all (i) such that (i) f * O, and for each such (i) all æ in E 
such that i, 0, we get a finite number of elements 81, „ B, of E. 
Then it is seen that f is in the ring (6). Thus it may be said that every 
single f in S is really a polynomial in only a finite number of variables, 
and that S is the union of all its subrings of the type of (6). 

In view of the observation just made, many properties of ordinary 
polynomial rings can be extended to the case of polynomial rings in 
infinitely many variables. For example, concepts like degree and 
homogeneity can be defined, and theorems analogous to Theorem 11, 12 
and 13 can be proved. 


§19. Quotient fields and total quotient rings. Let K be a field 
and let R be a ring contained in K. We assume that R is not the null- 
ring. The intersection of all the subfields of K which contain R is again 
a subfield of K containing R. This field, which we shall denote by F, 
is therefore the smallest subfield of K which contains R (it is not to be 
excluded that F coincides with R). If a, be Rand b * O, then a, b e F 
since R c F, and also a/b e F, since F is a field. Hence F contains all 
the quotients of elements of R. On the other hand, the following 
relations 


a cad be 

(1) 5 * a ba 
ae ac 

2) 5 4 ba’ 
b\-! d 

(3) 60 =F 

(4) a = abjb, 
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hold for any elements a, b, c, d of K, provided b x£ O and d x0. If we 
take these elements to be in R and we use the assumption that R is a 
ring, not the nullring, we conclude at once that the set of all quotients a/b, 
such that a, be R, b Æ 0, is already a subfield of K containing R, and 
therefore coincides with F. We shall refer to F as the quotient field of R 
in K. 

Now suppose that a ring R has been given in advance. One may, 
then, inquire whether R can be at all imbedded in some field K. If R 
is not the nullring, an obvious necessary condition is that R have no 
proper zero divisors. We shall see in a moment that this condition is also 
sufficient. If, then, we assume that R has no proper zero divisors, there 
will exist fields K containing R as a subring. In each such field K, 
the given ring will have a quotient field F. We shall see that the 
various fields F thus obtained are all R-tsomorphic. Any one of these 
R-isomorphic fields may then be referred to as a quotient field of R. 
(See the definition given below.) 

Actually, we shall not confine the discussion to rings which are free 
from proper zero divisors, but shall prove analogous results for a much 
wider class of rings. Let, first, R be an arbitrary ring, not the nullring. 
We have agreed in § 5 (p. 8) to refer to an element of R which is not a 
zero divisor as a regular element of R. Let K bea ring with identity 
containing R asasubring. Naturally, no zero divisor of R can have an 
inverse in K. If b is a regular element of R, b may have an inverse in K. 
If b does have an inverse in K, then K contains also the quotients a/b, 
where a is any element of R. We shall assume that R contains at least 
one regular element which has an inverse in K. Under this assumption, 
the ring K will contain all the quotients a/b such that a, b e R and b is 
invertible in K. Let F denote the set of all these quotients. From 
the fact that R contains at least one invertible element of K, it follows 
that F contains R [see (4)]. Furthermore, since the product of invertible 
elements of K is invertible, and since relations (1) to (3) hold for any 
elements a, b, c, d of K, provided b and d are units in K, we conclude at 
once that F is a ring (since R is a ring). We call this ring F the quotient 
ring of Rin K. 

We note the following properties of F: 

(a) F has an identity. 

For if b is an element of R which is invertible in K and 1 is the 
identity of K, then 1 = b/b e F. 

(b) R is a subring of F. 

(c) If an element of R has an inverse in K, that inverse is in F. 

For if b e R and b € K, then b-! = bjb? c F. 
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(d) Every element of F is of the form ajb, where a, h & R, and b is 
regular in R. 

We are thus led to make the following 

DEFINITION. If Rts a ring which contains at least one regular element, 
then a total quotient ring of R is any ring F satisfying the above conditions 
(a), (b), (d), and the following condition (c), which is stronger than (c): 


(c“) Every regular element of R has an inverse in F. 


Before proceeding to the theorems on the uniqueness (to within R- 
isomorphism) and the existence of a total quotient ring of R, we list 
below, as corollaries, a number of consequences of the above definition. 
It is always assumed that R has at least one regular element. In the 
following corollaries F denotes a total quotient ring of R. The letters 
a, b, c. . stand for elements of R, and any element of R which occurs 
in a denominator is assumed to be a regular element of R. 

COROLLARY 1. An element a}b of F is regular in F if and only tf a is 
regular in R. Every regular element of F has an inverse in F. IN PAR- 
TICULAR, IF R HAS NO PROPER ZERO DIVISORS, THEN F Is A FIELD. 

For if a/b is regular in F, then it is obvious that a is regular in R, and 
therefore bja e F. The rest of the proof is obvious. 

For rings R without proper zero divisors we shall therefore use the 
term ‘‘ quotient field” instead of total quotient ring.” 

COROLLARY 2. If R has an identity and if every regular element of R 
has an inverse in R, then F = R. In particular, a total quotient ring of 
any ring R is always tts own total quotient ring. 

The first part of this corollary is an immediate consequence of the 
definition of total quotient rings. The second part follows from 
Corollary 1. 

Coro.iary 3. If K is any ring which satisfies conditions (a), (b) and 
(c’) (with F replaced by K), then the quotient ring Fi of Rin K is a total 
quotient ring of R, and Fi is the smallest subring of K which satisfies con- 
ditions (a), (b) and (c) (with F replaced by Fi). Furthermore, Fi is the only 
subring of K which is a total quotient ring of R (in view of condition (d)). 

We now proceed to the two basic theorems on the uniqueness and the 
existence of the total quotient ring of R. 

THEOREM 16. Let R and R' be two isomorphic rings, each containing 
at least one regular element, let To be an isomorphism of R onto R., and let 
F and F be respective total quotient rings. Then To can be extended in a 
unique manner to an isomorphism T of F onto F. 

PROOF. Suppose a/b E F, where a and b are in R, and b is regular in 
R; thus bT, is regular in R’, since To is an isomorphism. If T exists at 
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all, then from a = a/) we conclude aT, = aT = bT-(a/b)T = 
bT,-(a/6)T, so that 


a 470 
i (5)? = r. 
Thus T is uniquely determined by 75, if it exists at all. We prove its 
existence by defining it according to this formula. 

By this formula, T is not defined, a priori, as a mapping (that is, as a 
single-valued transformation) because an element of F may have several 
representations of the form a/b. However, (5) does define T as a 
transformation of F into F“, and it is easily verified that the conditions (A) 
and (B) referred to in Lemma 2 of § 11, are satisfied. Moreover, if 
a/b = 0, then a = 0, aT, = 0, and hence (a/b)T = O. It follows, 
therefore, by Lemma 2, that T is a homomorphism of F into F’. Since 
To is a mapping onto R’ and since F” is a total quotient ring of R’, we 
conclude that T maps F onto F’. If b is regular in R and a is any 
element of R, then a = ab/b, so that aT = (ab)T,/bT, = aTy-bT/bT g 
= aT so that T is an extension of Ty. Finally, if (a/b)T = 0, then 
47% To = 0, aT, = 0, hence a = 0 (for To is an isomorphism), and 
a/b = O; since only the zero of F maps into the zero of F’, T is an 
isomorphism (§11, Theorem 2). This completes the proof of the 
theorem. 

THEOREM 17. Jf R is a ring containing at least one regular element, 
then R possesses a total quotient ring, which is unique to within isomorphisms 
over R. 

PROOF. The uniqueness follows from the preceding theorem; for if 
F and F’ are two total quotient rings of R, apply the theorem with 70 
equal to the identity automorphism of R. 

We now proceed to the existence proof by constructing a total quotient 
ring of R. For this purpose we consider ordered pairs (a, b) of 
elements a, 6 of R, in which the element b is regular; such pairs will 
be called permissible. In the sequel, only permissible pairs will be 
considered. 

We shail say that two (permissible) pairs (a, b) and (c, d) are equiva- 
lent—and we shall write (a, b) = (c, d)—if ad = cb. In particular, 
(a, b) = (ac, bc) for any permissible pair (a, b) and any regular element 
cin R. It is obvious that the relation = is reflexive and symmetric; 
that is, (a, b) = (a, b), and if (a, b) = (c, d), then (c, d) = (a, b). This 
relation is also transitive; that is, if (a, b) = (c, d), and if (c, d) = (e, f), 
then (a, b) = (e, f). Namely, we have by assumption that ad = cb and 
cf = ed. Multiplying the first relation by f and the second by b, we find 
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adf = cbf, cfb = edb, whence afd = ebd. Since d is not a zero divisor, 
af = eb, that is, (a, b) = (e, f). 

It follows that the permissible pairs fall into mutually exclusive 
equivalence classes, each class consisting of equivalent pairs, with non- 
equivalent pairs belonging to different classes. We denote by {a, b} the 
equivalence class which contains a given permissible pair (a, b) and we 
then have: 

{a, b} = {c, d} if and only if ad = cb. 

Let F’ denote the set of all equivalence clases {a, b}. Addition and 

multiplication in F’ are defined as follows: 


{a, b} + {c, d} = {ad + cb, bd} 

{a, b}-{c, d} = {ac, bd}. 
Since b and d are regular, so is bd, so that the right sides of these two 
formulas are meaningful. We must show that the equivalence classes 
{ad +- cb, bd} and {ac, bd} depend only on the classes {a, b}, {c, d}, and 
not on the particular pairs used to represent them. Let, then, (a, b) = 
(ai, 51) and (c, d) S (ci, di). From ab, — a,b = cd) — cd = O it 
follows that 


(ad + cb)b,d, — (a,d, + c,b,)bd = (ab, — a,b)dd, + (cd, — c,d)bb, = 0, 


and hence (ad + cb, bd) = (a,d, + ibi, b,d,), as asserted. Similarly, 
(ac, bd) = (a,¢,, b,d;). 

With these definitions of addition and multiplication in F“ it is a 
straightforward matter to verify the commutative Jaws, the associative 
laws, and the distributive law. 

Let b, be a fixed regular element of R. We then see that 0’ = {0, bo} 
is the zero element of F’, moreover {c, d} = 0’ if and only if c = O. If 
{a, b} e F’, then {a, b} + {—a, b} = O'. It is thus proved that F’ is a 
ring. Clearly 1’ = {bo, bo} is the identity of F’; moreover {c,d} = 1’ 
if and only if c = d. 

It is easily verified that the set R’ of elements of the form (abo, bo}, 
where a is arbitrary in R, is a subring of F’ and that the mapping 

To: a (abo, bo} 
is an isomorphism of Ron R'. We assert that F’ is a total quotient ring 
of R. We must, then, verify conditions (c’) and (d) of the definition. 
For (c), let (abo, 50) be regular in R'; then clearly a is regular in R, so 
that the ordered pair (bo, boa) is permissible, and (bo, bya} is the inverse 
of (abe, 500. For (d), let (a, b} be arbitrary in F“; then 


{a, b) = (abo, bo} {bo bby} = {abo, bo}/{bbo, bo}. 
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We thus have: F is. a total quotient ring of R’, and 7, is an isomor- 
phism of R onto R'. By the Lemma of § 13 (p. 19), there exists a ring 
F containing R such that To can be extended to an isomorphism of F 
onto F“. This obviously implies that F is a total quotient ring of R, 
and the proof is thus complete. 


§20. Quotient rings with respect to multiplicative systems. 
Let R bearing. A multiplicative system (abbreviation: m.s.) in R is a 
non-empty subset M of R which does not contain the zero of R and 
which is closed under multiplication—that is, if m, € M, m, € M, then 
mimz E M. Let us make the additional requirement that all the elements 
of Mare regular in R. Thus R contains regular elements and hence has 
a total quotient ring F. Since M is closed under multiplication, the set 
of all quotients am, where a € R, m e M, is a subring of F containing R. 
It will be denoted by Ry, and will be called the quotient ring of R with 
respect to the system M. Note the following extreme cases. 

(1) R has an identity, and M is the set of all units of R. In this 
case Ry, = R. 

(2) M is the set of all regular elements of R. Then Ry = F. 

Let S be an arbitrary set of regular elements of R. The set of all 
finite products of elements of S is a m.s. M. We shall say that this 
system M is generated by S; it is the least m.s. containing S. The proof 
of the following statement is straightforward and may be left to the 
reader: if M, and M, are two m.s. in R (both consisting only of regular 
elements) and tf M is the m.s. in R generated by the union M, U Mg, then 
Ry, ts the least subring of F which contains the rings Ry iid Rum, 

We note that M consists of the elements of Mi, the elements of M, 
and the products m,m,(m, S M,, i = 1,2). We also note that, quite 
generally, the least subring of a ring F which contains two given subrings 
Ri and R, of F consists of the elements of RI, R, and all finite sums 

Tab, of products of elements of R, with elements of Ra, € RI, b; E R:). 

For a given m. s. M in R, let M' be the set of all elements of R which 
are units in Ry. It is clear that M’ is a m.s., that every element of M 
is regular in R, and that M is a subset of M. Hence Ry C Ray. On 
the other hand, if b' € M’ and a E R, then a/b’ = a-1/b’ € Ry, since b' 
is a unit in Ry. Hence Ry C Ry, whence Ry = Ry. If Mi is any 
m.s. in R such that Ry = Ry, then the elements of M, are units in Ry, 
and therefore MI CM“. We have therefore shown that M is the 
greatest m.s. in R such that Ry = Ry. 

The m.s. M’ can also be characterized as follows: M ts the set of elements 
of R which divide some element of M. For if 6’ is any element of M’, 
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then 1/6’ € Ry, that is, 1/0 = a/b, where a e R, h € M, and this shows 
that 6’ is a divisor of b. Conversely, if an element b’ of R divides some 
element b of M, say b = ab’, a € R, then b is regular (otherwise b would 
be a zero divisor) and 1/b’ = ajb e R,,; thus 6’ is a unit in R}, and 
hence 5 e M”. 

The following special case is noteworthy: R is an integral domain and 
every element of R which is not a unit is a finite product of irreducible 
elements of R (that is, R satisfies U F., § 14, p. 21). Let S denote the 
set of all irreducible elements of R which divide elements of M. For 
the purposes of the considerations that follow, associate elements will 
not be regarded as distinct elements of S. Let M, be the m.s. generated 
by S. Itis clear that M, is a subset of M’. It may be a proper subset 
of M’, but since every element of M is the associate of some element of 
Mo, it follows that Ry, = Ry. We note that S is uniquely determined 
by M’, since S is also the set of all irreducible elements of R which 
divide elements of M’. Hence & is also uniquely determined by the 
given quotient ring Rọ. On the other hand, given an arbitrary set S 
of irreducible elements of R, S generates a m.s. M, and thus determines 
a quotient ring Ry. We conclude that there is a (I, I) correspondence 
between the quotient rings of R (in F), with respect to multiplicative 
systems in R, and the sets of irreducible elements of R. 

We point out the following consequence: If R is a unique factorization 
domain with quotient field F, then a necessary and sufficient condition that 
R and F be the only quotient rings of R with respect to m.s. in R ts that any 
two irreducible elements of R be associates. For if we exclude the trivial 
case R = F, then the assumption that the set of all quotient rings Ry 
of R contains only two elements (which are then necessarily R and F) is 
equivalent to the assumption that the set of all irreducible elements of 
R contain only two distinct subsets (one of which is the empty set; this 
corresponds to the case Ry, = R). Hence there is only one irreducible 
element p in R (apart from associates of p). 

THEOREM 18. If Mis a m.s. in a ring R and M is a m.s. in the ring 
R = Ry, then Rag is the quotient ring of R with respect to a suitable m.s. in 
R (all the m.s. under consideration are assumed to contain only regular 
elements). 

PROOF. We may assume that M is the maximal m.s. in R with 
respect to which R has the given quotient ring Rg. Then M contains 
all the units of R, and therefore M M. Let M, MMR. Then 
Mi isam.s. in R, M, D M, and we have Ry C Rg. On the other hand, 


let a z of be any element of Ry, where a, a, E R, b, bi e M and 
47/1 
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a,/b,eM. We have a1 = a,/b,-b, E€ M, since b, € M C Mand since M 
is a m.s. Hence ae Mi. Since also be MC M,, it follows that 
a = ab,/a,be Ry. This shows that Ry = Rg. 

EXAMPLE 1. Let J be the ring of integers, and let M be the set of all 
integers which are not divisible by a given prime number p. Then the 
corresponding quotient ring, which we may denote by J,, consists of 
all rational numbers of the form a/b, when a and b are integers and 
b Æ 0(p). The ring J, has only one irreducible element (to within 
associates), namely, p itself, and hence its only quotient ring, other than 
Jp is the entire field of rationals. 

According to general considerations given above, every quotient ring 
of J can be obtained by choosing arbitrarily a (finite or infinite) set S of 
prime numbers and by considering all rational numbers a/b such that all 
prime factors of the denominator b are in S. The ring R thus obtained 
is the quotient ring of J with respect to the m.s. generated in J by S. 
It is easily seen that the prime numbers which do not belong to S are the 
only irreducible elements of R’ (apart from their associates in R’). It 
is a straightforward matter to verify that also R’ is a UF-domain. 

An interesting remark is the following: every ring between the ring of 
integers J and the field of rationals F is a quotient ring of J. For let R 
be a ring between J and F and let M denote the set of all integers b such 
that R' contains an element of the form a/b, (a, ö) = 1. Since 
(a, b) = 1, there exist integers A and u such that Aa + ub = 1. Hence 
if a/b e R, then also 1/ E R', since 1/b = Aa/b + p. From this it 
follows at once that M is a m.s. in J and that R = , as asserted. 

It is clear that the foregoing proof is valid for any euclidean domain 
R. We have then the following result: any ring between a euclidean 
domain R and the quotient field of R is a quotient ring of R with respect to 
some suitable m.s. in R. 

EXAMPLE 2. Let R = k[X] bea polynomial ring in one indeterminate 
over a field k. If a is any element in k, then the polynomials f(X) such 
that f(a) x 0 form a m.s. M, and the corresponding quotient ring Ry, 
consists of all rational functions g(X)/f(X) which have a finite value at 
x= a, 

As in the preceding case of the ring of integers, so also in the present 
case, every ring between the ring k[X] and its quotient field is a quotient 
ring of k[X], since k[X] is a euclidean domain. 

EXAMPLE 3. R is a polynomial ring k[X,, X. „ A,] in n in- 
determinates X., over a field. If G is an arbitrary set of points 
(ai, a, - , a,) in the n-dimensional space over k(a; € k), then the set of 


polynomials (X, X., , X,) such that f(a,, 42, „ 4%) ¥ 0 for all 
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points (a) in G is a m.s. M. The corresponding quotient ring Ry 
consists of all rational functions f(X) which are finite at each point of G. 


§ 21. Vector spaces 


DEFINITION. Let F be a field. A set V is called a vector space over 
F if 

(a) V is a commutative group (the group operation will be written 
additively) and if 

(b) with every ordered pair (a, x) (ae F, xe V) there is associated a 
unique element of V, to be denoted by ax, such that the following relations 
hold for any elements a, b of F and any elements x, y of V: 


(1) a(x + y) = ax + ay; 
(2) (a + b)x = ax + bx; 
(3) (ab)x = a(bx); 

(4) lex = x. 


The elements of a vector space V are sometimes called vectors, the 
best-known example of a vector space being the three-dimensional 
vector space of ordinary geometry. The element ax is sometimes called 
the product of a and x. As in § 5, it is easily proved that a0 = Ox = 0 
(we denote by the same symbol 0 the element zero of F and the element 
zero of Y) and that (— 1)x = — x. Notice also that the relation ax = 0 
implies a = 0 or x = 0: in fact, if a #0, a admits an inverse a1, 
whence x = 1x = (a- la) x = a (ax) = 0. 

Given a vector space V over a field F, a non-empty subset W of V is 
called a subspace, or a vector subspace, of V if the relations x,y c W imply 
x — y E W (whence W is a subgroup of the group V), and if the relations 
ae F, æ E imply axe W. A subspace W of Y is also a vector space 
over F, if we define the product of a € F and x e W to be ax. 

It is clear that any intersection of subspaces of a vector space V is 
itself a subspace. Thus, given any subset X of V, there exists a least 
subspace containing V, namely, the intersection of all subspaces con- 
taining X. This subspace is called the subspace generated, or spanned, 
by X, or the span of X. We shall denote it by s(X). Note that our defi- 
nition of s(X) implies that if X is the empty set then s(X) consists of the 
zero vector only. It is clear that s(X) consists of all the linear combina- 


tions L a;x;, where {x;} is any finite family of elements of X and la, 
11 


any finite family of elements of F. (We adopt the convention that if x. 
is an empty set then zero is a linear combination of the x;.) 
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We shall now put into evidence five properties of the operation s of 
“span,” from which all the other elementary properties of vector space 
may be deduced. This axiomatic treatment has the advantage that it 
also applies to the study of algebraic dependence in field theory (ef. II, 
§ 12). 

THEOREM 19. The operation s is a mapping of the set of all subsets of 
V into itself which has the following properties: 

(S,) If XC Y, then (A) C (Y). 

(Sz) Fx is an element of V and X a subset of V such that x € (A), then 
there exists a finite subset X’ of X such that x (A). 

(Sz) For every subset X of V we have X C s(X). 

(S) For every subset X of V we have s(s(X)) (X). 

(S;) The relations y € (A, x) and y¢s(X) imply x (A, y) (“ex- 
change property). (Here s(X, x) stands for s( XU {x}).) 

PROOF. Properties (S,) and (S,) are evident. Property (S:) follows 
from the fact that every element of (A) is a linear combination of a 
finite number of elements of X. Since the span of a subspace W is W 
itself, (S.) holds. Finally the relation y € (A, x) means that there exist 


elements a, ö, of F and x, of X such that y = ax + > b.x;. We have 
21 
a #0 since y¢s(X). Whence x = a-y — > a~1b,x,, and therefore 
i=] 
x € (A, y). 


From now on we consider a set V with a mapping s of the set of all 
subsets of V into itself which satisfies conditions (S,), (Sa), (Ss), (S.). 
(S,). A subset X of F is called a system of generators of V if s(X) = 
A subset X of V is said to be free if for every x in X, we have x (A — x), 
where X — x denotes the complement of {x} in X. A basis of V is a 
subset X which is at the same time free and a system of generators. 
Note that if X is a free set, every subset of X is free. 

CASE OF VECTOR SPACES. A system X of generators of a vector space 
V is a subset of V such that every element of V is a linear combination 
of elements of X. For X to be a free subset of V it is necessary and 
sufficient that the following condition holds: 


(I) Every relation & a,x, = 0 (a; € F, x; € X) implies that a, = 0 for 
ian} 
every i. 
In fact, if X is free, a relation das a;x; = O, with, say, 41 # 0, 


implies x, - > ar 1a, xz, whence 3 a — x) in contradic- 
i= 
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tion with the hypothesis. Conversely, if (I) holds, a relation 
x S A — x)(x eX) gives a non-trivial linear relation between the 
elements of X, in contradiction with (I). 

The elements of a free subset of a vector space V are said to be 
linearly independent; notice that they must then be all distinct and all 
#0. As a partial converse we notice that, if a vector x is * 0, then the 
subset {x} is free according to (I), since ax = O(a e F) implies a = 0. 

A basis X of V is then a subset of V such that every element X of V 
can be expressed in one and only one way, as a linear combination of 
elements of X (the assertion of uniqueness is an immediate consequence 
of the assumption that & is free). 

We now return to the axiomatic situation. 

THEOREM 20. Let X be a subset of V. The three following assertions 
are equivalent: 


(a) X is a minimal system of generators of V. 
(b) X is a maximal free subset of V. 
(c) X is a basis of V. 


PROOF. We give a cyclic proof. Let us first prove that (a) implies 
(c). We have to prove that X is free. Assume the contrary to be true. 
There exists then an element x in & such that x A — x). Since we 
have X — x C s(X — x) (by (S;)), it follows that X CSA — x), and 
therefore V (A) CA — x)) (by (Si) ((A — x) (by (S.)). 
Thus X — x is a system of generators, in contradiction with the hypo- 
thesis that no proper subset of X is a system of generators. 

We now prove that (c) implies (b). We know that A is free. For 
every x in V, x ¢ X, we have x € (X) since X is a system of generators, 
whence X U {x} cannot be free. Thus no subset of / properly containing 
X can be free, and this proves (b). 

Finally we show that (b) implies (a). Let us first show that X is a 
system of generators. In fact, for every x in V such that x¢X, 
XU {x} is not free, whence we have, either x € s(X), or yes(X — y, x) 
for some y in S. In the second case the hypothesis that X is free 
implies that y¢s(X — y), whence x S (A — y, y) = (A) by (S,). 
Hence in either case we have x € s(X ) for every x ę X, and also for every 
x € X by (S). Therefore (&) = V, and X is a system of generators. 
If X were not a minimal system of generators, there would exist x in X 
such that V (A — x), whence x € s(X — x), in contradiction with the 
fact that X is free. Q.E.D. 

REMARK. In the last part of the proof we have shown that, if X is 
free and if x ¢ (A), then XU {x} is free. 
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THEOREM 21. Let L be a free subset of V, and S a finite system of 
generators of V. There exists a subset S’ of S with the following properties: 
LU S' ts a basis of V and LN S’ is empty. 

PROOF. There exist subsets S” of S such that LU S” is free and 
LNS” is empty (for example, the empty set). Thus, among the 
subsets S” of S such that LU S” is free and LN S” is empty, we may 
choose a maximal one, S’ (for example, one with the greatest possible 
number of elements). We need only to show now that V = (LUS). 
By (S,) this is equivalent to showing that SC s(LU S“), or that, 
for every element x of S such that x ¢ S’, we have xes(LU S’). 
This, however, follows from the fact that the relation x (LUS) 
would imply that LU S‘.U {x} is free, according to the remark made 
above, and this contradicts the maximality of S’. Q.E.D. 

COROLLARY. If V admits a finite system S of generators, it admits a 
basis BC S. 

In fact, we take for L the empty set. 

Theorem 21 and its corollary remain valid if S is not a finite set. 
Namely, if S is any system of generators of V, one uses Zorn’s lemma for 
proving the existence of a maximal subset S’ of S such that LU S' is 
free and L N S’ is empty. We shall discuss the general case in II, § 12, 
in connection with infinite transcendental extensions of fields. 

THEOREM 22. If V admits a finite basis B of n elements then every 
basis B’ of V is finite and has exactly n elements. 

PROOF. Let m be the number of common elements of B and B’. If 
m =n, that is, if BC B’, then B = B' by Theorem 20 (b) and the 
theorem is proved. We shall now assume that m < n and we shall 
proceed by induction from m + 1 to m. Let B = {x,, x2, „ ul. 
We may assume that xi, X2, ` , Xm are the common elements of B and 
B'. The set B — xi cannot be a set of generators of V, by Theorem 
20 (a). Then s(B — x,,,,) Æ V, while s(B’) = V, and this implies that 
B' C S — x43), since s(s(B — Xm4+1)) (B — xi). Let then y 
be an element of B’ which does not belong to (B — x,,,,). By the 
remark made above, the set B, = (B — x,,,,)U{y} is free. From 
ESB — i) and yE s((B— * i), & 1) (= (B) = V) follows by 
the “Exchange property” (S;) that x,,,,¢€5(B,). Hence BC s(B,), 
V = (B) C s(B,), showing that Bi is a system of generators of V. 
Thus Bi is a base of V. Also Bi has n elements, but Bi and B’ have the 
m + 1 elements xi, & ½2. , Xm y in common. Hence, by our induction 
hypothesis, B’ has exactly n elements. 

CASE OF VECTOR SPACES. Let V be a vector space over a field F. 
If V admits a finite system of generators, then V admits a finite basis, 
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and any two bases of V have the same number of elements. This 
number is called the dimension of V over F, and is denoted by : F] or 
by dim(V). A vector space which admits a finite basis is said to be 
fintte-dimensional. If a vector space V does not admit any finite basis, 
we say that V is infinite-dimensional, and we set [V : F] = œ in this 
case. 

We conclude this section by giving some useful results about finite- 
dimensional vector spaces. Given two vector spaces V, W over the 
same field F, we say that a mapping T of V into W is a homomorphism (or 
a linear transformation) if (x + y)T = = xT + yT for every x and y in V, 
and if (ax) T = a(xT) for every x in V and every a in F. Then T is, 
in particular, a homomorphism of the additive group of V into that of 
W (§ 11). It is easily seen, as in Theorem 1 of § 11, that the kernel of 
T is a vector subspace of V, and that the image VT of V is a vector 
subspace of W. A homomorphism of V into W which is univalent 
(that is, whose kernel is (0)) is called an isomorphism of V into W. A 
homomorphism of V into itself is called an endomorphism; an endo- 
morphism of V which is univalent and onto is called an automorphism 
of V. 

THEOREM 23. Let V be a finite-dimensional vector space over a.field 
F, and T a homomorphism of V into another vector space W. Then the 
kernel K of T and the image VT of V are finite-dimensional vector spaces, 
and we have 


I: FI = [K: F] + [VT: F]. 


PROOF. The fact that K is finite-dimensional is included in the 
following lemma: 

Lemma. Let be a finite-dimensional vector space and V’ a subspace 
of V. Then is finite-dimensional. For every basis (xi, , *) = B 
of V’ there exists a basis (xi. „ Xp, 4% 1: „ Xa) Of V which extends B. 
(It follows that if V’ is a proper subspace of V, then dim V’ < dim V.) 

If V’ were not finite-dimensional, then no finite free subset of 
could be maximal (Theorem 20 (b)); we could then construct by induc- 
tion a strictly increasing infinite sequence X, < X; CA. of 
finite free subsets of V’. Their union X is obviously free, both in V’ 
and in V. Then Theorem 21 guarantees the existence of a basis of 
V containing the infinite set X, in contradiction with Theorem 22. 
Thus is finite- dimensional. Then a basis B of is a free subset of 
V, and Theorem 21 proves that it can be included in a basisof V. This 
proves the lemma. 

This being so, let {x,, - „ x} be a basis of K, and let us extend it to 


54 INTRODUCTORY CONCEPTS Ch. I 


a basis (æũ 1. „ *, x 1 „ x of V. We assert that (& iT. „ x. T) 
is a basis of VT. In fact, every element of VT may be written in the 


form (04 = Š ails T)= > a(x,T), since x,T=0 for 
j=p+1 

i = 1. „p. Thus 1 7. „ T] is a system of generators of 

VT. On the other hand, this system is free in . since a relation 


p 
>) a;(x;T) = O implies S 45 x, € K, that is, Sa a,x; = > a,x; for 
121 


111 j=p+1 jmp+1 
suitable elements a, of F. The linear independence of the vectors x,, x, 


implies that a; = 0 for j = p I. „g. This proves that VT: F] 
=q p. Since [V : F] = q and [K: F] = p, Theorem 23 is proved. 

COROLLARY. Let V be a finite-dimensional vector space. For an 
endomorphism T of V to be univalent, it is necessary and sufficient that it 
be onto. 

In fact the assertion that T is univalent means that its kernel K is 
(O), that is, that X: F] O. The assertion that T is onto means that 
VT = V, that is, that VT: F] = [V : F] according to the lemma. 


II. ELEMENTS OF FIELD THEORY 


§ 1. Field extensions. Let k and K be two fields such that & is a 
subfield of K. We say then that K is an extension of k. If xi, æũ 2, 
Xn are fixed elements of K, then K contains the ring k[x,, xz, * , Xal] 
(the least subring of K which contains k and the elements x,, --- , X,; 
see I, § 18, p. 37). This ring is an integral domain (since K is a field). 

If AXi A, „ Xn) and g(X,, Xa °° „ A,) are two polynomials in 
RLX,, A2, , x) and if g(æIN & 2, , x,) x0 [whence, a fortiori, 
(Xi Az, , X,) * 0), then the quotient f(x,, Xa °°, u. / 
g(xi, Xa ` , Xp) belongs to K (since & is a field), and the set of all such 
quotients is a field; in fact, it is the least subfield of K which contains k 
and the elements x, x,,°--,x,- This field, which is merely the 
quotient field in K of the integral domain k[x,, xa, , X,] (I, § 19), 
shall be denoted by A(x,, x,,°°°:, 0 It shall be referred to as the 
field generated over k by x,, xz, , X,, or the field obtained by adjoining 
to k the elements xi, xg, , Xp 

An extension K of k is said to be finitely generated over k, if K = 
R(x, æ&½, , Xp), where the x, are suitable elements of K. We say that 
K is a simple extension of k if K can be obtained from & by the adjunction 
of a single element x. 

If K and K are two extensions of k, we say in accordance with the 
terminology introduced in I, § 12, that the two fields K and K are 
k-isomorphic, or isomorphic over k, or isomorphic extensions of k, if there 
exists a k-isomorphism o of K onto K 


§ 2. Algebraic quantities. Let the field K be an extension of k 
and let x be an element of K which is algebraic over k (I, § 17, p. 28). 
Let f(X) be a polynomial in k[ X] of least degree such that f(x) = 0. 

THEOREM 1. The polynomial f(X) is irreducible over k (that ts, f(X) 
is an irreducible element of k{X]; see I, § 14). If g(X) is any other 
polynomial such that g(x) = O, then f(X) divides g(X) (in RLX)). 

PROOF. Suppose that /(X) = /f,(X)f.(X),f(X) S AUA J. Then 
F(x) fax) = 0, and since K is a field (and hence has no proper zero 
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divisors), either f,(x) = 0 or f,(x) = 0. Let, say, f,(x) = 0. Since 
951 S ôf, and since f(X) is a polynomial of least degree such that 
f(x) = 0, we must have ôf, = af, and hence f, is of degree zero, that is, 
fa is a unit in A[X]. This shows that f(X) is irreducible. 

Let g(X) be a polynomial in k[X] such that g(x) = 0. Since k[X] is 
a euclidean domain (I, § 17, Theorem 9), division by f(X) yields: 
OX) = AN) + r(X), where either (X) = 0 or or < af. Substi- 
tuting x for X we have g(x) = r(x), whence r(x) = 0. Therefore we 
cannot have ôr < ôf, and hence (&) = 0, and f(X) divides (A). 
This completes the proof. 

An immediate consequence is the following 

COROLLARY. There is one and—apart from an arbitrary unit factor 
c * O, c e k—only one irreducible polynomial f(X) in k[.X] such that 
f(x) = 0. There is exactly one such polynomial which is monic. 

The monic irreducible polynomial in k[ X] of which x is a root will be 
called the minimal polynomial of x in RIA], or over k. 

THEOREM 2. If xis algebraic over k, then the field k(x) coincides with 
the ring Axl. Moreover, if the minimal polynomial of x over k is of degree 
n, then any element of k(x) has a unique expression of the form c + 
c 11 1 P. boc ER. 

PROOF. Let f(X) be the minimal polynomial of x over k, and let 


a) be any element of A(x). Since g(x) * 0, f(X) does not divide g(X) 


and hence f(X) and g(X) are relatively prime (since f(X) is irreducible, 
by Theorem 1). Hence 1 is a highest common divisor of f(X) and 
gl), and we have an identity of the form 1 = A(X)f(X) + B(X)g(X), 
where A(X) and B(X) belong to IA]. Substituting x for X, we have 
1 = B(x)p(x), that is, g(x) is a unit in XIX]. This implies that 
h(x)/g(x) e k[x], which proves the first part of the theorem. 

Now let y = g(x) be any element of A(x), where (A) e AUX]. By 
the division algorithm in [X] we find as in the proof of Theorem 1 that 
y = r(x) = cox"! + cx"? +--+ ＋ i, where n is the degree of f, 
and the c, are in k. If 7,(X) is any other polynomial in A[X], of degree 
< n — 1, such that y = 7,(x), then x is a root of the polynomial 
(A) - r,(X), and since this polynomial is either zero or of degree < n 
it must be the zero polynomial. This completes the proof. 

COROLLARY. If x is algebraic over k, then the field k(x), regarded as a 
vector space over k, is of dimension n (see I, § 21), where n is the degree of 
the minimal polynomial of x over k. The elements l, x, l., „ form 
a basis of k(x) over k. 

THEOREM 3. Let K and K be two extensiuns of k and let x and x be 
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elements of K and K respectively which are algebraic over k. If x and x 
have the same minimal polynomial f(X) in k[|X], then there exists a 
k-tsomorphism of k(x) onto k(x’) which carries x into x, and conversely. 

PROOF. Assume that x and x’ are roots of one and the same irreducible 
polynomial (X) in k[X]. By Theorem 2, we obtain a (1, 1) mapping of 
k(x) onto k(x’), if we let correspond to each element cox”! + ci 2 + 
i of k(x) the element cox”! + cix”! +--+ + i of R(x’). 
Let this mapping be denoted by ø. It is clear that o transforms each 
element of k into itself and that xo = x’. So it remains to show that o 
is an isomorphism. It is obvious that (€ + y)o = éo + yo for any & 
and ij in k(x). We now prove that (£7)o = Co- yo. This will complete 
the proof of the direct part of the theorem. Let £ = r(x), n = s(x) and 
én = t(x), where (A), (A) and (X) are polynomials in kX], of 
degrees <n— 1. We have then: go =7(x’), yo = s(x’) and 
(€n)o = t(x’). Since x is a root of r(X)s(X) — t(X), we must have 
r(X)s(X) — (X) = A(X)f(X), where A(X)ek[X] (Theorem I). 
Since also f(x’) = O, it follows that r(x’)s(x’) = t(x’), that is, go · yo = 
(Cho, as asserted. 

Conversely, if there exists a k-isomorphism ø of k(x) onto A(x’) such 
that xo = x’ and if f(X) is the minimal polynomial of x over k, then we 
have f(x)o = 0, and since f(x)o = f(x’) it follows that f(x’) = O. The 
consideration of o~? shows at once that not only f(x’) = O but that f(X) 
is also the minimal polynomial of x’ over k. 

Another proof of the direct part of the theorem is the following: 

For any F(X) in k[X] we set F(x)o = F(x’). Then ø is a trans- 
formation (a priori not necessarily single-valued) of k[x] onto I] which 
satisfies the homomorphism conditions for sums and products. If 
F(x) = 0, then f(X) divides F(X) in kX], and since also f(x’) = 0 
it follows that F(x’) = 0, that is, F(x)o = 0. By Lemma 2 of I, § 11, 
it follows that o is a homomorphism. By the same token also o`! 
is single-valued. Hence a is an isomorphism. 

DEFINITION. Two elements x and y of one and the same extension field 
K of k are conjugate over k tf they are algebraic over k and have the same 
minimal polynomial over k. 

CoRroLLARY. If the minimal polynomial of x over k is of degree n, then 
the number of conjugates of x over kin K is at most n. Moreover, if x and 
y are conjugates, then the fields k(x) and k( y) are isomorphic extensions of k. 

The first part of the corollary follows from the fact that a polynomial 
f(X) in K[X], of degree n, can have at most n roots in K (see, for 
instance, I, § 17, Theorem 9, Corollary 2). The second part of the 
corollary follows from Theorem 3. 
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Theorem 3 shows that if k is a field and f(X) is an irreducible 
polynomial in IX], then there exists—up to k-isomorphisms—at most 
one simple extension k(x) of k such that x is a root of f(X). We prove 
now the following 

THEOREM 3“. If f(X) is a non-constant irreducible polynomial in 
EX], there exists a simple extension k(x) of k such that x is a root of f(X). 

PROOF. It will be sufficient to prove the theorem for monic poly- 
nomials f(X). Let n be the degree of f(X), n 2 1. By Theorem 2, if 
there exists an extension k(x) such that x is a root of f(X), then the 
elements of k(x) are all expressible in the form cor i + cyx? + --: 
+ „i, c; Ek. This suggests the following procedure for a proof of 
our theorem. E 

Consider the subset 4 of IX] consisting of the zero of k[X] and of 
all polynomials in [X] which are of degree < n — 1. This subset 4 
is a subgroup of the additive group of RLX]. It is, however, not closed 
under multiplication in ALX]. We shall make the additive group 4 into 
a field by introducing in 4 a new multiplication, which we shall denote 
by o, and we shall show that the field thus obtained is the field whose 
existence is asserted in the theorem. 

Let o(X), h(X)e 4. To define the new product g(X)oh(X) we 
multiply g) and A(X) in k[X] and we divide the resulting polynomial 
by f(X), getting as remainder a polynomial r(X) which is either zero or 
is of degree < n — 1: 

(1) RX )A(X) = XIX) + X). 
The polynomial r( X) belongs to 4 and is uniquely determined by g(X) 
and A(X) (f(X) being fixed). 

We set 
(2) N) o W(X) = (X). 

It is immediately seen that this multiplication in 4 is associative, com- 
mutative and satisfies the distributive law. For instance, to prove the 
associative law, 

(N) 0 A(X )] o KX) = g(X) 0 A(X) o {X)), 
we show that either product is equal to the remainder (A) obtained by 
dividing (& A) by f(X). Let us show, for instance, that 
` [e(X)o h(X)]o (X) = (A). 

By (1), g) MX) - „(X) is divisible by f(X). Hence g!) h A)) — 
(X) MA) is also divisible by f(X). Since also g)) — A) 
is divisible by f(X), it follows that (A )i.X) — r'(X) is divisible by f(X). 
Since (X) € 4[X], (X) is the remainder of the division of r(.X NA) by 
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f(X), and hence, according to our definition of the multiplication o, we 
have (A) 0 U(X) = r'(X), that is, 
[g A) o h(X)] o UX) = r'(.X). 

Thus we have now 4 defined as a commutative ring. The identity 1 
of KIA] is also the identity of 4. We now prove that A is a field. I. et 
g(X) be any element of 4, different from zero. Since g(X) is of degree 
less than n and f(X) is irreducible, the two polynomials g(X ), f(X) are 
relatively prime. Hence there exist polynomials A(X) and A(X) such 
that A(X )e(X) + A(X)f(X) = 1- In this identity we may assume 
that A(X) is of degree Sn - I, since we may write A(X) = 
BUX) f(X) + hy (A), with ch, < n — 1, and then we find A(X (X) + 
A,(X)f(X) = 1, where A,(X) = A(X) + B(X)g(X). Hence A(X) 
belongs to 4. In the case of the two polynomials g(X ) and A(X) under 
consideration, we find that (1) holds with (X) = — A(X) and (&) = 1, 
and hence 4 is a field. 

If g(X) and A) are elements of 4 such that the (old) product 
g(X)h(X) is a polynomial F(X) of degree < n, then from our definition 
of multiplication in 4 it follows that (A) o A) = F(X). Hence if 
c E€ k and m is any integer < n, then the element cA of 4 is actually the 
circle product co. Xo Y , ofc and m factors X. Since addition 
in 4 is the same as addition in k[X], we conclude that X is a generator of 
A over k. 

At this stage, it will be convenient to denote the element X of k[X], 
when this element is regarded as an element of the field 4, by some 
letter other than X, say, by x. When that is done, then, we can dispense 
with the symbol o, used for multiplication in 4, without introducing any 
ambiguity in our notation. We therefore write g(x)h(x) for g(X ) o A(X). 
Our last conclusion, to the effect that X is a generator of 4 over k, can 
now be expressed, without ambiguity, by writing: 4 = A(x). 

Let now f(X) = X" + f(X), where f(X) has degree S n — 1. We 
have X I. X = f(X) — f(X), hence * . x —f,(x), by 
definition (2). Therefore x" -+ fi(x) = 0, that is, f(x) = O. This 
completes the proof of the theorem. 

CoroLLARY. If k is a field and f(X) = aX" + a,X"-1 +- + am 
a, * O, is an arbitrary non-constant polynomial in k[X], there exists an 
extension field K of k such that f(X) factors completely in linear factors 
in K [A]: 

(3) f(X) = aX - xX K K.), x, e K. 
For n = 1, there is nothing to prove. We use induction with respect 
to n. We fix an irreducible factor A) of f(X) and we consider some 
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simple extension k, = Al xz) of k such that g(x,) = 0. Then f(x,) = 0, 
and therefore f(X) is divisible by X — x, in k,{X]: A) = 
(X — x TAN), f(X) e 2, [X]. Since iA) is of degree n — 1, there 
exists, by our induction hypothesis, an extension K of k, such that 
F(X) = a — x (X — = (A — x,), x, SK, and from this (3) 
follows. 


§3. Algebraic extensions 

DEFINITION 1. If K Dk, then K is an algebraic extension of k if every 
element of K is algebraic over k. Extensions which are not algebraic are 
called transcendental extensions. 

The simplest example of an algebraic extension is the field k(x), x 
algebraic over k. That not only x but every element of this field is 
algebraic over k will follow from the theorem below and from the fact 
that k(x) is a finite dimensional vector space over k (§ 2, Theorem 2, 
Corollary). 

THEOREM 4. If K > k and if the dimension of K (regarded as a vector 
space over k) is finite, say n, then K is an algebraic extension of k, and every 
element x of K satisfies an equation of degree S n over k (whence the 
minimal polynomial of x in k| X] is of degree S n; see § 2, Theorem 1). 

PROOF, l, x, x*,--:, x” are linearly dependent over k. 

DEFINITION 2. The dimension n of K over k is called the degree of K 
over k and is denoted by [K: xl. We set [K: k] = œ if K, regarded as a 
vector space over k, has infinite dimension. If [K: R] is finite, then K is 
said to be a finite extension of k, or also that K/k ts a finite extension. 

CoRolLAR VL. If K is an extension of k and x E K, then x is algebraic 
over k if and only if k(x) is a finite extension of k. In that case, ifn = 
[k(x): k], the minimal polynomial of x in kLX] is uf degree n. 

This follows at once from the preceding theorem and from Theorem 
2 of § 2. 

Let k, K and L be fields such that kC KCL and let [IX: k] = n, 
[L: K] =m. 

THEOREM A. If ci, , , , is a basis of K and EI, E:, „ En 
is a basis of L/ K, then the mn products 


(1) wÊ; i= I, 2, ; = 1, 2, , n, 
form a basis of L{k. 
PROOF. If {is any element of L, then & = 2, A $n Aj Se K. Further- 


more, we have Aj = > 4; Ww; di, Ek. Hence { = 5 > aw 16. This 


im} ja 
shows that L, girded as a vector space over &, is spanned by the mn 
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vectors e,. It remains to show that these mn vectors are linearly 


mdependeni over k. Let > So ci ht, = 0, cek. We set C, = 
181721 


dei cw, Then 2 C, E, = 0, C, € K, and since the é’s form a basis of 


L wak we must have = 0, j = 1, 2. „ m. From > ¢,,w,; = 0 


i=] 
and from the fact that the w’s form a basis of K over k, we conclude that 
all the c;; are zero. This completes the proof. 
An immediate consequence of the-foregoing theorem is the following 
relation: 


(2) [L: k] = [L: K]-[K: k]. 
THEOREM B. If x,, xæũ½2,. „ x, are in an extension field K of k and 
are algebraic over k, then k(x,, & 2, , X,) is an algebraic extension of 


k, of finite degree. 
PROOF. Each x; being algebraic over k, is a fortiori algebraic over 


R(x, Xo °° , X 1). Hence k(x), xz, , k,) is a simple algebraic 
extension of xi, 2, , i- i), and therefore [A (xi, Xa „ K,): 
R(x, Xo, °° „ X, )] = m; = a finite integer Z 1 (by the corollary of 


Theorem 4). It follows then from (2) that [A(x,, x2. „ x,): k] = 
MMe ` mn, and Theorem 4 is applicable. 

CoROLLARV. If K is an extension field of k, the elements of K which are 
algebraic over k form a field. 

THEOREM C. If K ts an algebraic extension of k and L is an algebraic 
extension of K, then L is an algebraic extension of R. 

PROOF. Assume first that the degree [K : k] is finite, and let x be any 
element of L. Since x is algebraic over K, the field K(x) has finite 
degree over K. Hence by (2), K(x) has also finite degree over k, and 
a fortiori k(x) has finite degree over k. This implies that x is algebraic 
over k. In the general case, let X" + 4,X"-1 + --- + A, be some 
polynomial in K[X] which has x as a root (for instance, the minimal 
polynomial of x over K), and let K = k(A,, Ai, „ A,). Then x is 
already algebraic over K’, and since K is finitely generated over k, the 
relative degree K: k] is finite, by Theorem B. The assertion that x is 
algebraic over k now follows from the preceding case. 

CoroLLARY. Let K be an extension field of k and let k, be the subfield 
of K consisting of the elements of K which are algebraic over k (see Corollary 
of Theorem B). Then every element of K which ts algebraic over k, belongs 
to ko. 

We express this property of the field kọ by saying kọ is algebraically 
closed in K. We refer to kg as the algebraic closure of k in K. 
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§ 4. The characteristic of a field. Let x be a field and let e be the 
identity of k. The integral multiples ne of e(n = 0) form a subring E 
of k [in view of the relations (n + m)e = ne + me, (nm)e = ne-me 
(I, § 4)], in fact the least subring of k containing e. 

Let 4 be the quotient field of E in k (I, §19). Any subfield of k 
contains the ring E and hence must also contain the field 4. Hence 4 
is the smallest subfield of k, and is in fact the intersection of all the 
subfields of k. 

DEFINITION 1. A field which does not contain any proper subfields is 
called a prime field. 

It follows from this definition that the above subfield 4 of k is a 
prime field. Since every-subfield of k contains 4, 4 is the only prime 
subfield of k. Thus every field k contains a unique prime field. 

We consider the mapping 


(1) 

of the ring J of integers onto E. This mapping is a homomorphism (in 
view of the relations given above). Two cases are possible: (a) either 
(1) is an isomorphism, or (b) it is a proper homomorphism. 

If (1) is an isomorphism, we say that k has characteristic zero. In 
this case, we have ne * 0 if n Æ 0, and the ring E is an infinite ring, 
isomorphic to the ring J of integers. ‘The quotient field 4 of E ink 
is then isomorphic to the field of rational numbers, the isomorphism 


between the former and the latter being given by „ 1 m e 


(see I, § 19, Theorem 16). It is clear that if a field x is of characteristic 
zero, then every subfield of & is of characteristic zero, and that if one 
subfield of & is of characteristic zero, then & itself is of characteristic zero. 

We also note that — as has just been shown - any prime field of character- 
istic zero is isomorphic to the field of rational numbers. 

We now consider the case in which the homomorphic mapping (1) is 
not an isomorphism. In this case, the kernel N of (1), that is, the set of 
all u such that ze = 0, contains at least one integer n which is different 
from 0 (I, §11, Theorem 2). Since ne = 0 implies — ne = O, the 
kernel contains also positive integers. Let p be the least positive 
integer in N. We have then 


(2) pe = 0 
and 
(3) re * O, if Or pb. 


Since N is a subring of J (I, § 12, Theorem 3, c), & contains also all the 
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multiples mp of p. On the other hand, if n is an arbitrary integer, we 
can write n = gp + r, where 0 Sr < p, and then we find that ne = 
qpe + re = re, since gpe = 0. We have therefare, 

(4) ne re, OSr<p, 

and hence, by (3), ne Æ 0 if nis not divisible by p, for in that case 0 < r. 
The kernel N of the h nomorphsim (1) consists therefore of all the 
multiples of p. 

Since 1e = e O, p is greater than 1. We assert that p is a prime 
number. For if p = nin, then O-= (ninzZ)e = (nie) (ne), and hence 
either nie = 0 or nœ = 0 (since k is a field and has no proper zero 
divisors), that is, either n, or n, is equal to p. The prime number p is 
called the characteristic of the field k. Every field & has therefore a 
well-defined characteristic p which is either zero or a prime number 
(p > 1). 

We continue with the case p # 0. Relation (4) shows that the ring. 
is finite and consists of the elements: 

0, e, 2e, - „(p — Ihe. 
These p elements are distinct, in view of (3). 

The ring E is a field. For let ne be any non-zero element of E. 
Since n is not divisible by p, n and p are relatively prime and hence 
there exist integers m and q such that mn — gp = 1. We have then 
(me) (ne) = (mn)e = (qp)e + e = e, and so ne has the inverse me, which 
proves that E is a field. (Note the similarity of this reasoning to that 
employed in the proof of Theorem 2 in § 2.) 

Let k' be any other field of the same characteristic p Æ O as k, and let 
E“ be the set of integral multiples ne’ of the identity e of x. It is then 
immediately seen that the transformation ne — ne’ is an isomorphic 
mapping of E onto E!. We thus see that if there exist at all fields of a 
given characteristic p * 0, then there also exist prime fields of character- 
istic p, and any two prime fields of the same characteristic p are iso- 
morphic. Using the ring / of integers, we can now construct fields of 
any characteristic p # O. The construction is quite similar to that of 
simple algebraic extensions of a field k, used in the proof of Theorem 
3’in §2. The role of the irreducible polynomial f(X) is now played by 
the prime number p. We denote, namely, by J, the set of integers 
0,1,2,---,p—1. If m and n are any elements of , we define 
addition + and multiplication o in J, as follows: m + n is the remainder 
of the division of m + n by p and mo n is the remainder of the division 
of mn by p. Using arguments similar to those used in the proof of 
Theorem 3’ in § 2, one proves that J, is a field. Since every element of 
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J, is clearly an integral multiple of 1 (that is, we have m = 1 + 1 + 
. 1, m times, for all m such that 1 < m < p — 1), J is a prime 
field. Since f, contains p elements, p is the characteristic of J. 

The following identities hold in any field & of characteristic p: 

(5) pa = 0, 

(6) (b + c) = bP + cb, 

where a, b and c are elements of k. The first of these relations follows 
from pa = p(ea) = (peja. The second relation is obtained by observing 
that since p is a prime number, all the binomial coefficients of (a + 0, 
except the first and the last, are divisible by p. Hence applying (5), we 
have (b + c)? = b? + (+ I) c. If p ¥ 2, p is odd and (6) follows. If 
p = 2, we have (b — c)? = b? + c?, but this time we have c? = — c? 
since 2c? = 0. 

The identity (6) leads to an important consequence. Let k be a field 
of characteristic p different from zero and let us denote by k? the set of 
all elements of k which are of the form ab, aek. By (6), the set k? is 
closed under addition and subtraction. Since we also have for any b 
and c in k: bec? = (bc)? and—if c * 0—b?/c? = (b/c), k? is also closed 
under multiplication and division. Hence k? is a subfield of k. We 
consider the mapping 
(7) Xx A, x e R. 

Clearly, we have xy = x. h This, in conjunction with (6), implies 
that the mapping (7) is a homomorphism. Since x? = 0 implies x = 0, 
it follows that (7) is an isomorphism of k onto k?. 

DEFINITION 2. A field k is called perfect if it is either of characteristic 
zero or is of characteristic p , O and coincides with its subfield xb. 

It follows that if k is of characteristic p x 0, it is perfect if and only 
if for every element x in k there exists another element y in k such 
that x = . This element y is uniquely determined by x, since (7) is 
one to one. This element y is denoted by Væ. 

If k is of characteristic p # O and is not perfect, there exist elements 
in k which are not p-th powers of elements of k. If x is such an element, 
there we agree to indicate this property of x by the notation: x & k. 

An example of a perfect field of characteristic p is the prime field J,. 
To see this, we shall prove a more general result. 

DEFINITION 3. A Galois field ts a field containing only a finite number 
of elements. 

It is clear that the characteristic of a Galois field must be different 
from zero, for any field of characteristic zero contains the (infinite) field 
of rational numbers. 
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Now suppose that & is a Galois field and let p be the characteristic 
of k. Since (7) is an isomorphism of k onto ke, the two fields have the 
same (finite) number of elements. Since k? C k, it follows that k = ks. 
We have thus proved 

THEOREM 5. Every Galots field is perfect. 


§5. Separable and inseparable algebraic extension. Let kbe 
a field and let k[X] be the polynomial ring in the indeterminate X over 
k. If 


FIX) = aX" + a, X"-1 T. . + 4 a; € k, ay ¥ 0, 


is any polynomial in A[X], of degree n, we define the derivative f (A) of 
F(A) in the usual fashion: 


f(X) = naX"? + (n — ek 4 


The derivative / (A) is again a polynomial in k[X]. If the characteristic 
of k is zero, then a coefficient (n — i)a; of f'(X)(i = 0, l. „n — 1) 
can be zero if and only if a, is zero. Hence (XA) O ifn > 0. 

Suppose, however, that & has characteristic p # 0. In that case, 
(n — i) a, is zero if either a, = O orn i is divisible by p. In particular, 
since 0 * 0, we have na, = 0 only if n is divisible by p. It follows 
that / (X) = 0 if and only if n is divisible by p and all those coefficients 
a; of f(X) are zero for which n — i is not divisible by p. When that is so, 
the terms aA ii which actually occur in f(X) are such that the exponent 
n — i is divisible by p. That signifies that f(X) is a polynomial in A“, 
that is, f(X) e k[X*]. This, then, is a necessary and sufficient condition 
for the vanishing of F (X). 

DEFINITION 1. An irreducible polynomial f(X) in RLX] is separable or 
inseparable according as f (A) * O orf (A) = 0. An arbitrary poly- 
nomial f(X) in k[X] is separable if all its irreducible factors are separable; 
otherwise f(X) is inseparable. 

If k is of characteristic zero, every polynomial in k[X], of positive 
degree, is separable. For fields of characteristic p O we have the 
following 

THEOREM 6. A field k of characteristic p * O is perfect if and only if 
every polynomial in xX] of positive degree is separable. 

PROOF. Assume k perfect. It will be sufficient to show that every 
irreducible polynomial in k[X] of positive degree is separable. Now if 
f(X) is an arbitrary polynomial in k[X] such that F (X) = 0, then 
f(X) e RIA, that is, we have f(X) = Tb, Ay = (ZB;X:}, where 
B= y b; € k (since k is perfect), and hence f(X) is not irreducible. 
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Conversely, assume that k is not perfect. There exists then at least 
one element a in & such that a is not the p-th power of an element of k. 
Set (X) = AM - a. We have f (A) = 0, and hence the proof will be 
complete if we show that X? — a is irreducible in RLX]. We shall prove 
the following more general result: 

THEOREM 7. If a ek, 7 a & k and e is an integer = O, then XY — a 
is irreducible in RA]. 

PROOF, The theorem is trivial if e = 0 for in that case we have 
X” — a = X — a (the condition Va ¢ kis in this case irrelevant). We 
now proceed by induction with respect to e. Let A) be a monic 
irreducible factor of X — a in KX] and let [A)]! be the highest 
power of &) which divides X — a: 
(1) XP — a = (AX) P(X), (W(X), HX) = 1. 
Taking derivatives of both sides * and dividing by [X) -i, we have 
the identity 

he (X WX) + (XXX) = 0, 

and hence MA) divides the product NX). Since MX) and 
A) are relatively prime, we must have „(X) = O, for in the contrary 
case (A) would be a non-zero polynomial of smaller degree than 
MX), and X) could not divide (&). We must therefore have 
simultaneously: i = 0, ¢’(X) = 0. The second of these relations 
implies that Y(X) e k[X’], say, MA) = p(X’), where ,(X) € KIA]. 
The first implies that the derivative of [p(X )]* is zero, whence also 
X) E Ax, say [p(X)} = I), p(X) e KH]. Hence, by (1), 
we have X” — a = o,(X?)ys,(X*), or—replacing X? by X: X” — a 
= p(X) (X). Since X - ais irreducible in k[X] (by our induc- 
tion hypothesis) and since (X) is of positive degree, it follows that 
W(X) is of degree zero, and hence (XA) = 1 since both polynomials 
X” a aand p (X) are monic. We have therefore At — a = iA), 
X” — a = [(A) /. Were ha multiple of p, X” — a would be a power 
of [MA) lo, and since the coefficients of [A) ]ꝰ belong to k? it would 
then follow that also the coefficients X” — a all belong to x This, 
however, is in contradiction with our assumption that Va ¢ k. Hence 
his not divisible by p. Since k ) = O, it follows now that ꝙ (A) = O, 
X) e k[X’], and this implies at once that A = 1 for otherwise the 
relation X?” — a = [A)“ would imply that && — a is reducible in 
k[X]. Hence X” — a = (A), Q.E.D 

* We use here the familiar rule for the derivative of a product. This rule is 


a straightforward consequence of our purely formal definition of the derivative 
of a polynomial. 
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A shorter proof of the above theorem can be given by making use 
of the existence of an algebraic extension x of k such that (&) has a 
root œ in k’ (see Theorem 3’, §2). We have a = a” and hence 
XPS — a = (X hs. It is now easy to see that X — a is necessarily 
a power of &). For assume this is not the case, and let p(X) be an 
irreducible factor of X” — a such that (9(X), MA)) = 1. Then we 
have an identity of the form A(X)o(X) + B(X W(X) = 1, where A(X), 
BUX) ERX]. Since A) divides (X — a)” in k'[X], a is a root of 
MA), and hence the substitution X — a in the above identity leads 
to a contradiction (0 = 1). Since therefore g(X) is necessarily a 
power of X — a, it follows that X — a = [(X)], p => O, and the 
fact that Va & k yields át once p = 0. 

Let f(X) be a polynomial in [A]. If f(X) € ALX*], then f(X) = 
f(X’), and the degree of f(X) is divisible by p. If also f(X) E KIA“, 
then f(X) = f(X’) and f(X) = zA), and the degree of f(X) is 
divisible by p*. Since the degree of f(X) is finite, there exists an integer 
e = 0 such that f(X) e RAD, f(X) KTA ]. We set then f(X) = 
f(X”), n = degree of f(X), ny = degree of f(X). Here (A) ¢ k[X?] 
and 


n = np. 


DEFINITION 2. The integer no is called the reduced degree of f(X), or 
the degree of separability of f(X); while e and p° are called respectively the 
exponent of inseparability and the degree of inseparability of f(X). 

It is clear that an irreducible polynomial f(X) is separable if and only 
if n = no 

Let K be an extension field of a field k and let x be an element of K 
which is algebraic over E. 

DEFINITION 3. The element x is separable or inseparable over k 
according as the minimal polynomial f(X) of x in k[X] is separable or 
inseparable. 

It follows that if k is of characteristic zero or is a perfect field of 
characteristic p * 0, then every algebraic quantity over k is necessarily 
separable. 

COROLLARY 1. If x is algebraic over k and f(X) is the minimal poly- 
nomial of x over k, then x is inseparable over k if and only if f'(x) = 0. If 
x is inseparable over k and g(X) is any polynomial in xX] such that 
g(x) = 0, then g'(x) = 0. 

For if f(x) = f'(x) = 0, (A) irreducible, then necessarily f (A) = 0 
since f'(X) is of smaller degree than f(X); and hence x is inseparable 
over k. Conversely, if x is inseparable over k, then F (X) = 0 
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and hence f'(x) = O. If g(x) = 0, then f(X) divides g(X), (X) = 
A(X) F(X), g'(x) = Ax) (x), and hence g'(x) = 0 if x is inseparable 
over k. 

Let p(X) be any polynomial in k[X] such that g(x) = 0. Since 
x € K and g(X) is also a polynomial in K[X], X — x must divide (X) 
in K[X]. Let (X — x) be the highest power of X x which divides 
g(X) in K[X]: 


(2) SN) = (X — x)'g,(X), 


where g,(X) € K[X] and g,(x) * 0. Since x belongs also to the sub- 
field k(x) of K, a similar argument is applicable to the field k(x) (instead 
of to K), and hence if (X — x) is the highest power of X — x which 
divides g(X) in k(x)[X], then g(X) = (X — vA), where 
8X) e R(x)[X] C K[X] and g,(x) * 0. The identity (X — ) g) 
= (X — x)g,(X), together with the inequalities g,(x) * O, g,(x) * O, 
implies that p = s, g,(X) = g,(X). Hence the integer s depends only 
on x and g(X), and not on the choice of the extension field K of k 
containing x. This integer s is called the multiplicity of the root x of 
g(X). We say that x is a simple root or a multiple root of g(X ) according 
as S = lors>1. 

Taking derivatives of both sides of (2) we find that if s = 1 then 
g'(x) = g,(x) * O, and if s>1 then g'(x)=0. We can therefore 
re-state Corollary 1 in the following form: 

COROLLARY 2. If x is. algebraic over k and f(X) is the minimal 
polynomial of x in R| X], then x ts inseparable over k if and only if x is a 
multiple root of f(X). If g(X) is any polynomial in k[X] such that 
g(x) = O and if x is inseparable over k, then x is a multiple root of g(X). 

DEFINITION 4. An algebraic extension K of k is a separable extension 
of k if every element of K is separable over k. In the contrary case, K is 
called an inseparable extension of k. 

From now on we shall assume in this section that the characteristic 
p of k is # 0. 

DEFINITION 5. An element xe K is purely inseparable over k if some 
P- tn power of x belongs to k,e > 0. (In particular, if e = O, that is, if 
* e k, then x is purely inseparable over k.) K is a purely inseparable 
extension of k if every element of K is purely inseparable over R. 

CoroLLARY 3. If K is a finite purely inseparable extension of R, then 
the degree [K : k] is a power of p. 

By formula (2) of § 3 it is sufficient to prove the corollary under thẹ 
assumption that K is a simple extension of k, say, K =: k(x). Let 
e E 0 be the smallest integer such that æ € k, and let æ* = « Then a 
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is not a p-th power of an element of k, and hence the polynomial A — a 
is irreducible in IX] (Theorem 7). Since x is a root of this polynomial, 
A — a is the minimal polynomial of x over k and hence (Theorem 2, 
Corollary, § 2) [k(x): k] = p°. 

LemMMA I. If x is both separable and purely inseparable over k, then 
& S K. 

PROOF. If e is the least non-negative exponent such that x € and 
if x = a, then the proof of the Corollary 3 shows that X — a is the 
minimal polynomial of x in XIX]. Since x is separable over k, it 
follows that F (A) 0, and this is possible only if e = 0. Hence 
x E k, as asserted. 

LemMMA 2. If K is a separable algebraic extension of k and L is any 
field between k and K (kC LC K), then K is a separable algebraic 
extension of L. 

PROOF. Let x be any element of K and let f(X) be the minimal 
polynomial of x in IX]. Since x is separable over k, x is a simple root 
of f(X), by the first part of Corollary 2. Since f(X) is also a poly- 
nomial in L[X], it follows then from the second part of Corollary 2 that 
x is also separable over L. 

If L is any subset of K, we denote by k(L) the subfield of K obtained 
by adjoining to k all the elements of L, that is, k(L) is the set of all 
elements of K which are of the form F (xi, x& 2, ©, x. / (*I, æõ2, „ Xa) 
where (Al, A., „A, ), (Ai, A, , A,) ERX X., „ X., l. x, eL. 
(i = 1, 2. „ n), g(x, Xa , x,) Æ 0 and n is an arbitrary integer. 
We denote by x IL] the ring consisting of all polynomials f(x,, xz, , Xn) 
such as above. Then x (L) is the smallest subfield of K which contains 
k and L, k[L] is the smallest subring of K containing k and L, and L) 
is the quotient field of x IL] in K. 

We shall denote by AZ the set of all finite sums of products of elements 
of k by elements of L. This set is, in general, not a ring, unless L is a 
ring, and in the latter case we have kL = k[L]. 

If L is a field and if every element of L is algebraic over R, 
then k(L) = kL. For in that case we have for any elements x,, £g, *** , X, 
of L: R(x, æõ½2 , Xn) = RI[xI, ža , ,] (Theorem 2, § 2), ie 
xi, Xa °° „ x,) C KIL] = kL. 

We now proceed to prove the following criterion for separable 
algebraic extensions: 

Tueorem 8. If Kis a separable algebraic extension of k, then kK? = K. 
Conversely, if K is an extension of k such that kK? = K and tf the extension 
K/k is finite, then K is a separable extension of k. 

PROOF. From a preceding observation it follows that kK? is a field. 
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Moreover, every element of K is purely inseparable over RK, for 
Kt C RRV. If K is a separable extension of k, it follows then from 
kC kK? C K and from Lemmas 1 and 2 that kK? = K, which proves 
the first part of the theorem. 

Assume now that kK? = K and that K is a mute (hence algebraic) 
extension of x. Let[K:k] =n. Let ay, ,. , w, be any elements 
of K which are linearly independent over k. We assert that w,?, 
w’, „ w? are also linearly independent over k. For the proof of this 
assertion, extend the set bi, wp , wh to a basis i, , , w, Of 


K/k. We have K = > kus K? = Š ktw, K = kK? = $ hu? 


This shows that w,?, w Pi ae „h also pan a basis of K over k, which 
proves our assertion. Now let x be any element of K, let f(X) be the 
minimal polynomial of x over k, and let m be the degree of f(X). 
Assume for a moment that x is inseparable over k, and let m, be the 
reduced degree of f(X) (see Definition 2), so that mọ < m. Then 
1, x, x?, . „ x™, are linearly independent over k, but 1, æ“, x2?°,---, 
xm’ are linearly dependent over k, a contradiction. Hence x is 
separable over k. Q.E.D. 

COROLLARY. If x ts separable over k, then k(x) = xo), and therefore 
k(x) is a separable extension of k. Conversely, if k(x) = k(x?), then x is 
separable over k. 

For if we set K = k(x), then K?’ = k(x?) and kK? = k(x’), and 
since k(x) is a finite extension of k, it follows, by the theorem just proved, 
that x is separable over k if k(x) = k(x?). On the other hand, if x is 
separable over k, x is both separable (Lemma 2) and purely inseparable 
over k(x?), and hence x e R), k(x) C R(x?) C R(x), i.e., R(x) = k(x?). 
Thus K = kK?, and & is a separable extension of k. 

THEOREM 9. Jf L is a separable extension of k and K is a separable 
extension of L, then K ts a separable extension of k. 

PROOF. Since every element x of K is separable algebraic over x (Lo). 
where L, is a suitable finite subset of L (depending on x), it is sufficient to 
prove the theorem for finite extensions L/k, K/L. We have, by 
Theorem 8, L = kL’, K = LK? = RL*?K? C kK?, hence K = kK?. 
Since K/k is a finite extension, K is separable over k (second half of 
Theorem 8). 

THEOREM 10. If xi, Xa , x, are elements of K which are separable 
over k, then Ex i, Xa, ` , x,) is a separable extension of R. 

PROOF. Set K. = k(x,, X2 , x,). We know that XI is a separable 
extension of k (Theorem 8, Corollary). Assume that K; is a separable 
extension of k. Since x, i is separable over K; (Lemma 2), it follows 
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that K. i is a separable extension of K., whence K. i is also a separable 
extension of k (Theorem 9). This completes the proof. 

Let K be an arbitrary extension of k and let k be the algebraic 
closure of k in K (see end of §3, p. 61). Let kọ be the set of all 
elements of K which are separable algebraic over k. Then kC kC E, 
and ko is a field (Theorem 10). We shail refer to k, as the maximal 
separable extension of kin K. We say that k is quast-algebraically closed 
in K if k = kg. 

Let x be any element of k and let f(X) be the minimal polynomial of 
* over k. Let pe be the degree of inseparability of f(X) (e = O, if and 
only if x€ kọ). Then x is separable over k, and therefore x?‘ € ko. 
Consequently x is purely inseparable over ky. This holds for any element 
x of k; consequently k is a purely inseparable extension of ko. It follows 
that any algebraic extension k of k can be obtained in two steps: a 
5 extension k —> k, followed by a purely inseparable extension 
ky > R. 

Let K be a finite algebraic extension of k. In this case k = K. Let 
no = [ko: k]. The degree [K: Ro] is a power of p, since K is a purely 
inseparable extension of kọ (see Definition 5, Corollary). Let [K: ko] 
= p°. Then [K: k] = n = np". The integers nọ and p° are called 
respectively the separable and the inseparable factor of the degree [K: k], 
or also the degree of separability and the degree of inseparability of K/k. 
In symbols 


(3) no = [K: k], P = [K:&],, 
whence 
(4) [K: k] = [K: k], IX: K], 


We consider now the special case in which K = k(x) = a simple 
algebraic extension of k. Let f(X) be the minimal polynomial of x over 
k. Let n, be the reduced degree of f(X) and let p° be the degree of 
inseparability of f(X), so that n = nop’, where m is the degree of f(X). 
It is not difficult to see that no and p° are equal respectively to (k(x) : k], and 
[A(x): k]; For let y = x*. Then y is separable over k, and k(y) is a 
separable extension of k. Moreover [k(y): k] = no, since the minimal 
polynomial of y over k has degree mo. The element x is purely in- 
separable over x( Y), and hence any element of k(x) is purely inseparable 
over k( y) (from æ e KY) follows z% € k(y) for all z in M)). It follows 
that every element of k(x) which is separable over k [and hence also 
over x()] belongs to k(y) (Lemma 1). Hence K )) = ke, and 
no = [k(x): KJ. We have ng: p° = n = [R(x) : k] = [A(x) : XI. (R(x): k]; 
= no: IN x): È]; and therefore p° = [k(x) : k];, as asserted. 
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§ 6. Splitting fields and normal extensions. We have shown in 
§ 2 that if f(X) is any polynomial in A[X], then there exists an extension 
K of k such that f(X) factors completely in K[X] into linear factors: 


() NX) a — 2X — x): (X - 0, EK. 


Here ay is the leading coefficient of f(X). If f(X) is irreducible in 
k[X], then the n quantities x; are distinct [and hence each x; is a simple 
root of {(X)], if and only if f(X) is a separable polynomial (see § 5, 
Definition 3, Corollary 2). If f(X) is reducible in IA], then the x; 
are distinct if and only if f(X) is a separable polynomml and has no 
multiple factors in ILA]. This follows from the fact that two distinct 
irreducible monic polynomials in [X] cannot have a common root in 
any extension field of k-(a quantity x which is algebraic over k has a 
unique minimal polynomial in k[X]). 

THEOREM 11. If (A) is an irreducible inseparable polynomial in RIA], 
of reduced degree no and exponent of inseparability e, then each linear 
factor in (1) appears exactly p* times. 

PROOF. We have f(X) = A), where A) is an irreducible 
separable polynomial in IX]. Each element x;” is a root of A), 
necessarily a simple root, and hence ) = (X x ),), where 
p(X) € K[X] and , (x,?) # 0. We have, then, f(X) = (X — % f(X) 
where f(x,) = p(x) Æ O. This shows that X — x; is aa Me a 
p*-fold factor of f(X), as asserted. 

Let K be an extension field of k in which f(X) factors completely into 
linear factors and let (1) be the factorization of f(X) in K[X]. The 
field k(x,, &,. „ x,)18 clearly the smallest subfield of K which contains 
k and in which f(X) factors completely into linear factors. 

DEFINITION 1. The field k(x, x2, M*u²p, x,) is called a splitting field 
over k of the polynomial f(X). 

A splitting field of f(X), over k, is therefore any extension field L of k 
in which f(X) factors completely into linear factors and which is generated 
over k by the roots of f(X) in L. 

We have proved in § 2 (see Theorem 3) that if f(X) is an irreducible 
polynomial in k[.X] and x, x’ are roots of f(X) in some extension fields 
K and K’ of k respectively, then the fields k(x) and k(x’) are k-isomorphic 
extensions of k. Our next object is to prove the following analogous 
result for splitting fields: if f(X) is an arbitrary polynomial in k| X] (not 
necessarily irreducible), any two splitting fields of f(X) over k are k-tso- 
morphic extensions of k. Before we do that, we restate Theorem 3 of 
§ 2 in a slightly more general form: 

Lemma 1. Let 7 be an isomorphism between two fields k and k and let 
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AX) = aX" + a, X") +--+ a, be an irreducible polynomial in 
kX]. Let G(X) = (A) lr be the corresponding polynomial in kX}, 
that is, let of X) = do + å, X"! 4+ +--+ 4 G,, where d, = ar. Let, 
moreover, x be a root of A) in some extension field of k and let & be a root 
of 5A) in some extension field of k. Then the isomorphism r can be 
extended to an isomorphism p of k(x) onto k(x) such that xp = &, and the 
extension is unique. 

If k = E and 7 is the identity, then the lemma coincides with Theorem 
3 of §2. In the general case, the proof of the lemma is similar to the 
proof of Theorem 3 and may be left to the reader. 

The uniqueness theorem on splitting fields, which we propose to 
prove, is the following: 

THEOREM 12. Let k, k and + have the same meaning as in the preceding 
lemma, and let f(X) be an arbitrary monic polynomial in R| X], of degree n. 
Let (A) (Yi be the corresponding polynomial in k{X] and let 
*, E be splitting fields over k and k of f(X) and f(X) respectively. Then 
the isomorphism + can be extended to an isomorphism p of x onto &, and 
any such extension p sends each root of f(X) in k into a root of f(X) in K 
(and similarly p sends each root of f(X) into a root of f(X). 

PROOF. The theorem is trivial for n = 1. We shall therefore 
proceed by induction from n — i to n. Let X) be an irreducible 
factor of f(X) in k[X] and let p(X) = [p(X)]r be the corresponding 
irreducible factor of f(X) in A[X]. Then both &) and &) have 
roots in x and I respectively. We fix a root x, of X) in x and a root 
x, of (A) ink’. By Lemma 1, there exists an isomorphism 7, between 
k(x,) and x( r,) which is an extension of 7 and which sends x, into &i. 
Let f(X) = (X — x,)f,(X) and f(X) = (X — A). The poly- 
nomials f,(X) and f(X) have coefficients in A(x,) and &) respectively, 
and are of degree n— 1. It is clear that they are corresponding 
polynomials under the isomorphism vi between A(x,) and (#,). 
Furthermore, the fields & and k’ are respectively splitting fields of 
f(X) over k(x,) and of f(X) over k(ž,). It follows from our induction 
hypothesis that the isomorphism 7, can be extended to an isomorphism 
pof & onto 2. Then pis an extension of 7, and since the last statement 
in the theorem is self-evident, the proof is complete. 

COROLLARY. Let k' be a splitting field over k of a polynomial f(X) 
whose coefficients belong to a certain subfield ky of k. Then any ko- 
isomorphism of k into k' can be extended to an automorphism of k'. 

For, in the present case, the isomorphic field k is contained in &, and, 
on the other hand, the polynomial f(X) coincides with f(X). Hence 
we can take for x the field & itself. 
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The preceding theorem has several important consequences. We 
recall (§ 2, p. 57) that two algebraic elements x and y of an extension 
field K of k are said to be conjugate over k if they are the roots of one 
and the same irreducible polynomial in k[ X]. It was shown earlier in 
this section that if an element x of K is a root of an irreducible poly- 
nomial f(X) in k[ X], of reduced degree ng and exponent of inseparability 
e, then x is a pe-fold root of f(X). Hence x has at most no conjugate 
elements in K (including x itself). If the number of conjugate elements 
of x contained in K is exactly no, or—what is the same thing—if f(X) 
factors completely in K[X] into linear factors, then we shall say that 
K contains all the conjugates of x aver k.” 

DEFINITION 2. An extension K of k is said to be normal over k, or a 
normal extension of k, if.K is an algebraic extension of k and if every 
irreducible polynomial f(X) in R(X] which has a root in K factors com- 
pletely in K[X] into linear factors, or—what is the same thing—if K 
contains then a splitting field of f(X) over k. 

It is clear that this definition is equivalent to the following: K is a 
normal extension of k if K is an algebraic extension of k and contains uith 
every element x also all the conjugates of x over k. 

CoroLLARY I. Jf K is a finite normal extension of k, then K is a 
splitting field of some polynomial f(X) in k[X]. 

For let K = (a, , , €m) be a finite normal extension of k, and 
let F, (X) be the minimal polynomial of a, in k[ X]. Since K is normal 
over k, K contains a splitting field of 7, X) over k. Then K also 
contains a splitting field, over k, of the product f(X) of the m poly- 
nomials f(X). Since K is generated over k by roots of f(X) (namely 
by qi, Gz, „ c,), it follows that K itself is a splitting field of f(X) 
over k. ' 

CoROLLARY 2. If K is a finite normal extension of k and a, B are any 
two elements of K which are conjugate over k, then there exists a k-auto- 
morphism of K which sends a into B. 

For, by Corollary 1, K is a splitting field of some polynomial f(X) in 
k[X]. Then & is also a splitting field of f(X) over k(«) and also over 
k(8). Since there exists a k-isomorphism of k(a) onto k(8) which sends 
«æ into B, our corollary follows at once from Theorem 12. 

CoroLLARY 3. Let K be a finite normal extension of k. If an element 
a of K is left invariant under all k-automorphisms of K, then a is purely 
inseparable over k. 

For a must then coincide with all its conjugates over k, by Corollary 
2, and hence the minimal polynomial of « in k[X] has reduced 
degree 1. 
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COROLLARY 4. If K is a finite normal extension of k and if L is a field 
between k and K, then any k-isomorphism of L into K can be extended to 
an automorphism of K. 

Apply the corollary of Theorem 12, taking for k’, k, and k, the fields 
K, L, and k respectively. 

We shall have occasion to use the following lemma: 

Lemma 2. LetRCLCACK be successive finite algebraic extensions 
of k, where K is a normal extension of k. If A possesses n L-isomorphisms 
into K, then every k-isomorphism cf Linto K has exactly n extensions which 
are isomorphisms of A into K. 

PROOF. Let G be the group of all k-automorphisms of K and let G(L) 
(respectively, G(4)) be the subgroup of G consisting of those auto- 
morphisms of K which leave fixed every element of L (respectively, 
of 4). It is clear that G(4) is a subgroup of G(L). Let 


(1) GIL) = U Gld), 
(2) G = Ü GLY, 


be the decomposition of G(L) into right G(4)-cosets and that of G into 
right G(L)-cosets. Then the mn G(4)-cosets are distinct and 


(3) G = U Ge, 


is the decomposition of G into right G(4)-cosets. 

It is clear that the m automorphisms , have distinct restrictions to L 
and that the restriction of any element / of G to L coincides with the 
restriction of one of the . Since by Corollary 4 to Definition 2 every 
k-isomorphism of L into K is the restriction of some automorphism of 
K, it follows that L has exactly m k-isomorphisms into K and that these 
are given by the restrictions of 1, Vz, „ Ym to L. 

In a similar fashion it follows from (3) that 4 has exactly mn k-iso- 
morphisms into K and that these are given by the restrictions of the mn 
products yf; to 4. Now, since each g; reduces to the identity on L and 
since , and ,, have distinct restrictions to L if 7 * j, it follows that 
each k-isomorphism of L into K, say the isomu: phism represented by the 
restriction of n, has exactly n extensions to 4 which are k-isomorphisms 
of 4 into K, namely the restrictions of pif; phj , Pp; to 4. In 
particular, the identical isomorphism of L into K has also n such exten- 
sions to 4, that is, 4 possesses exactly n L-isomorphisms into K. This 
completes the proof of the lemma. 
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We now prove the converse of Corollary 1 to Definition 2. 

THEOREM 13. Any splitting field over k of a polynomial f(X) in EA 
is a finite normal extension of k. 

PROOF. Let K be a splitting field, over k, of a polynomial f(X) in 
k[X] and let (&) be any irreducible polynomial in kLX] which has a 
root a in K. We fix a splitting field K’ of A) over K. Let B be any 
root of A) in K. Since A) is irreducible over k, we have a 
k-isomorphism 7 between (a) and k(8) which sends « into g. This 
isomorphism leaves f(X) invariant (since the coefficients of f are in k), 
and on the other hand the fields K and K(f) are splitting fields of f(X) 
respectively over α and &(f) [since (a) C K, k(8) C K(f) and 
K = R(x,, X9,°°*,%,)]. Hence, by Theorem 12, the isomorphism 7 
of k(«) onto g) can be extended to an isomorphism p of K onto K(f). 
We are dealing here with an isomorphism p of K into a field containing 
K, namely into K’. Since p is also a k-isomorphism and since the 
polynomial f(X), whose coefficients are in k, factors completely in 
K[X] into linear factors, it follows that p must transform onto itself the 
set of roots of f(X) in K. Since the roots of f(X) in K generate K 
over k, it follows that p is an automorphism of K. Since ae K and 
ap = B, we have Be K. We have thus proved that K contains all the 
roots of &) in K’ (whence K actually coincides with K). This 
shows that K is a normal extension of k and completes the proof of the 
theorem. 

Let K = k(a,, a2. , c) be a finite extension of k and let , (X) be 
the minimal polynomial of a; in A[X]. We set f(X) = ICA YK) 
FAX) and we consider a splitting field K’ of f(X) over K. Since K is 
generated over k by roots of f(X) (namely by gi, a2, , d.) it follows 
that K’ is generated over k (and not only over K) by the roots of f(X), 
whence K is also a splitting field of f(X) over k. By Theorem 13, K is 
then a normal extension of k. We have theretore constructed an over- 
field K’ of K which is normal (and finite) over k. If KI is any field 
between K and K which is normal over k, then each of the m poly- 
nomials f,(X) must factor completely in K[X] into linear factors (since 
fX) is irreducible in A[X] and has a root in KX], namely a,). This 
shows that K coincides with KI. Hence K is a least normal extension 
of k which contains K as a subfield. We note furthermore that if K” is 
any normal extension of k which contains K as a subfield, then K” must 

contain a splitting field of f(X) over k (since this must be so for each 
irreducible factor f(X) of f(X)) and the latter field will of course 
contain K. In particular, then, if K” is a least normal extension of k 
containing K as a subfield, then K” must be itself a splitting field of 
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f(X) over K, and hence K and K” are K-isomorphic (Theorem 12). 
We have therefore proved the following theorem: 

THEOREM 14. If K is a finite extension of k then there exists a least 
normal extension of k containing K, and any two such extensions are 
K-isomorphic. 

An almost immediate consequence of this theorem and of Corollary 2 
of Definition 2 is the following theorem which gives a characteristic 
property of finite normal extensions: 

THEOREM 15. A finite extension K of k is normal over k if and only if 
it satisfies the following condition: if K is any extension of K then any 
A- isomorphism of K into K is necessarily a k-automorphism of K. 

PROOF. That any (finite or infinite) normal extension K of k satisfies 
the condition of the theorem is obvious, since a k-isomorphism of K 
into K’ sends any element of K into a conjugate element over k. 
Conversely, assume that a finite extension K of k satisfies that condition. 
We fix a finite extension K’ of K which is normal over k, for instance a 
least normal extension of k containing K (Theorem 14). If yis any 
element of K, then K’ contains all the conjugates of y over k. If 
y is one of these conjugate elements, then there exists a k-auto- 
morphism p of K’ which sends y into y’ (Definition 2, Corollary 2). 
Then p induces a k-isomorphism of K into K, and by our assumption 
this induced k-isomorphism is necessarily a k-automorphism of K. 
Hence y’ = ype K (since ye K). We have thus shown that K 
contains all the conjugates of y over k. Since y is an arbitrary element 
of K it follows that K is normal over k. Q.E.D.* 

As a final application of the preceding results, we shall now investigate 
the following question: if K is a finite normal extension of k, how many 
k-automorphisms does K admit? We incorporate the answer to this 
question in the following more general result: 

THEOREM 16. Let L be a finite algebraic extension of k and let K be an 
extension field of L which is normal over k. If no is the separable factor of 
the degree [L : k), then there exist precisely no distinct k-tsomorphisms of L 
into K. 

PROOF.” In the proof we may assume that & is a finite extension of k, 
in fact we may even assume that & is a least normal extension of & con- 
taining L, for every k-isomorphism of L into K necessarily maps L into 
the least normal extension of k which contains L and is contained in &. 


* It is clear (and follows also directly from the proof) that Theorem 15 re- 
mains true also if only finite extensions K’ of K are allowed in the statement of 
the theorem; in fact the theorem remains true if we take for K’ a fixed normal 
extension of k. 
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The theorem is obvious in the case n = 1, for in that case every 
element of L is purely inseparable over k and therefore is left invariant 
by every k-isomorphism of L into K; that is, the identity is the only 
k-isomorphism of L into K. The theorem is also obvious if L is a 
simple extension of k, say L = k(a). For in that case, nọ is also the 
reduced degree of the minimal polynomial of « in k[X] (see end of 
§5, p. 71). Hence a has exactly n conjugate elements in K (that is, 
conjugate over k). If a, 2, , œ, are these conjugate elements 
(a1 = a), then there exists a unique k-isomorphism , of k(«) onto k(a;) 
which sends « into a,. It is clear that the n, isomorphisms 7; (7, = the 
identity) are the only k-isomorphisms of x() into K, since any k- 
isomorphism of k(«) into K must send « into a conjugate element of « 
over Ex, that is, into one of the elements q,. 

After these preliminary remarks, we proceed to prove our theorem by 
induction on nọ We assume namely that the theorem is true for all 
finite algebraic extensions of k for which n, is less than a given integer 
m,m>1. Let no m for the given field L. Since m > 1, there exist 
elements in L, not in k, which are separable over k. We fix one such 
element, say, a. Let s be the degree [x (): k]. Since «œ is separable 
over k, the maximal separable extension of k in L coincides with the 
maximal separable extension of &) in L. It follows iat if we denote 
by r the separable factor of the degree [L: d)], then m = sr. Since 
s> 1, we have r <m. By our induction hypothesis, the theorem is 
therefore valid for L if we replace k by k(a). Hence there exist exactly r 
distinct k(«)-isomorphisms of L into K (note that K, being normal over 
k, is a fortiori normal over k(a)). Let 71, 12a, „ 7, be the k(a)- 
isomorphisms of L into K. Since K is normal over k, K contains all 
the conjugates of q over k, say ai, , „ a,. Foreachj = 1, 2, „s, 
we fix a k-automorphism o, of K which sends a into a, (Definition 2, 
Corollary 2) and we set p,, = 7,0;, i= 1, 2. ,; = I, 2. „. 
Then each p,, is a k-isomorphism of L into K. The m(= rs) tsomor- 
phisms p;; are distinct. For we have ap,, = ao, (since a is left invariant 
by 7,), and hence if p;; = pi, then «o; = a, that is, c, = ap. This 
implies j = j’, and from this it follows at once that 7; = 7, (since 
the o,, as automorphisms of K, are univalent mappings of K). Hence 
i = i', and this proves the assertion that the m isomorphisms p,, are 
distinct. Now let p be an arbitrary k-isomorphism of L into K. The 
element « is transformed by p into one of its conjugate elements 
c, G, „ . Let, say, ap =a; Then po;-} is a k-isomorphism 
of L into K which leaves « fixed, that is, po, ! is a k(«)-isomorphism 
of L into K. Hence po, ! coincides with one of the isomorphisms 
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71, Tey „ T, Say, with 7,, and hence p = 7,0, = p;,. This completes 
the proof. 

COROLLARY I. Let L be a finite algebraic extension of k and let no be the 
separable factor of the degree [L: k]. Then L possesses at most no k-auto- 
morphisms, and the maximum n, is reached if and only if L is a normal 
extension of k. 

The first part of the corollary is an immediate consequence of the 
Theorem 16 and of the existence of finite extensions K of L which are 
normal over k. If L is a norma! extension of k, we can identify, in 
Theorem 16, the field K with L and we deduce then that L possesses 
no k-automorphisms. Conversely, if L possesses 1, k-automorphisms, 
then it follows from the above theorem that if K’ is any extension 
field of L, every k-isomorphism of L into K is necessarily an auto- 
morphism of L. Hence, by Theorem 15, L is a normal extension of k. 

CoROLLARY 2. If RO LCA are successive finite algebraic extensions 
of k, then 
(4) [4 : k]; = [4 : LI. IL: Kl., 

(5) [4 : k]; = [4 : L], [L : K), 

It is sufficient to prove (4) since the product of the right-hand sides of 
(4) and (5) is equal to the product of the left-hand sides, in view 
of relation (2) of §3 and relation (4) of §5. Let mọ = [L: k], 
ny = [4:L],. Then nis the number of L-isomorphisms of 4 into K, 
where K is some extension of 4 which is normal over & (for instance, the 
least normal extension of k containing J), and mọ is the number of k- 
isomorphisms of L into K. By Lemma 2, the product mono is the 
number of k-isomorphisms of 4 into K, and since this number is equal 
to [4 : k], relation (4) is proved. 

Another proof of (4) can be based on the following property of finite 
separable extensions K/k established in the course of the proof of 
Theorem 8 of § 5: if x1, Xa °° „ x, are elements of K which are linearly 
independent over k, then for any integer e E O also the elements xi“, x", 
„ % are linearly independent over k. Let Lo, Ao and 4’, be 
respectively the maximal separable extension of k in L, of L in 4, and of 
kin 4. We have x C Lo CLC 4 C4, xk CL C4 C4 C4, and 
[4 : k]; = [A’9: k] = [4’9: Lo]: Lo: k] A/: Lol - [L : k], Hence to 
prove (4) we have to show that 
(6) [4'o: Lo] = [4y: L}. | 
Let xi, æ&ũ2 , 4, be elements of 4’, which are linearly independent 
over Lo. The x, are also in 49; we assert that they are linearly inde- 
pendent over L. For let C u;x; = O, u;e L. Since L is a purely 
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inseparable extension of Le, we have u?" € L, for some integer e E O, 
and also > u = 0. From this relation and from the separability of 
the extension 4’,/L, it follows that u? = 0, u; = 0, and this proves our 
assertion. We have therefore shown that [4',: Lo] S Ho: Ll. On 
the other hand, let now x,, xz, , , be elements of 4) which are 
linearly independent over L. Since 4, is a purely inseparable extension 
of 4“, there is an integer e E O such that the p*-th powers of the x, 
belong to 4’,. In view of the separability of the extension 4,/Z, the 
p*-th powers of the x, are still linearly independent over L, and hence 
also over the subfield L, of L. We have thus found a linearly inde- 
pendent elements of 4’, over Ly. This shows that [4,: LI S IA“: Lol 
and establishes (6). 


§ 7. The fundamental theorem of Galois theory. If K is any 
field, then the automorphisms of K clearly form a group (of transforma- 
tions). If K contains a subfield k, then also the k-automorphisms of K 
form a group. If K is a finite normal extension of k, the group of 
k-automorphisms of K is called the Galois group of K with respect to k. 
We shall denote this group by G(K/k). By Theorem 16 of § 6, G(K/k) 
is a finite group. 

Let K be a finite normal extension of k. If H is any subgroup of 
G(K/k), then it is easily seen that the elements of K which are left 
invariant under all the automorphisms belonging to H form a subfield 
of K. We denote this subfield by F(H) (the fixed field of H). On the 
other hand, if L is any subfield of K such that k C L, then K is also a 
normal extension of L, and the Galois group of K with respect to L is 
clearly a subgroup of G(K/k); it consists precisely of those auto- 
morphisms in G(K/k) which leave invariant every element of L. 

The fundamental theorem of Galois theory asserts the following: 

THEOREM 17. If K is a finite normal separable extension of k, then 
there is a one-to-one correspondence between the subgroups H of G( R/) and 
the subfields L of K which contain k, corresponding elements H and L being 
such that L = F(H) and H = G(K/L). 

PROOF: The correspondence L= G(K/L) defines a mapping of the 
set of all subfields L of K which contain & into the set of all subgroups of 
G(K/k). If L is a given subfield of K containing k and if H = G(K/L), 
then it follows from the separability and normality of K/L and from § 6, 
Definition 2, Corollary 3, that L = F(H). Hence the above mapping 
L —> G(K/L) is univalent. To complete the proof of the theorem, it 
remains to show that the mapping is onto the set of all subgroups of 
G(K/k). Let H be any subgroup of G(K/k) and let L = FHH). We 
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shall show that H is the Galois group of K with respect to L. The 
proof of this assertion will complete the proof of the theorem. 

It is clear that H C G(K/L). Let n denote the order of the group H. 
Suppose that it has already been proved that 


(1) [K: L] Sn. 


Since K is a normal and separable extension of L, we have, by Theorem 
16, Corollary (§ 6), that the order of G(K/L) is equal to [K : II, hence is 
< n, by (1). On the other hand, H js a subgroup of G(K/L) and has 
order n. It follows at once that H = G(K/L), as asserted. 

It remains to prove the inequality (1). Let dai, a, „ ci be 
arbitrary n + 1 elements of K. We have to show that these elements 
are linearly dependent over L. In the proof we may assume that no a, 
is zero. Let 71, Tz, °°: , 7, be the elements of the group H. We find 
a set of n + 1 elements c; in K, not all zero, such that the following 
system of n homogeneous equations is satisfied : * 

n+1 
(2) > c. (c,) = O, i = 1, 2, „ n. 

121 
Among all such sets (ci, ca, „ ci] we choose one with the smallest 
number of non-zeros. We assume that (ci, ca. „ ci] has already 
been chosen in this fashion. Let, say, c, cz, „ c, #0, C41 = 
cz = i = 0. Then r2 2, for if r= 1, then ai, = 0, 
a, = O [since {7,, 725 „ 7, is a non-empty set of automorphisms of K 
(the identity belongs to the set) ]. We have then 


r 


(3) 2, c,(a,7;) = 0, i= 1, 2, „N, 

j= 
and, in particular, taking for 7, the identity of H, we have 
(4) 2 ca; = 0. f 
We may assume that c, = 1. We claim then that c, , c, belong to L, 
whence by (4) a. „ %% i are indeed linearly dependent over L, as 
was asserted. 


We have to prove that cr. c, i = 1, 2,---, n (since L is the fixed 


* We presuppose here the knowledge of the theory of simultaneous linear 
homogeneous equations, with coefficients in a field K (see, for instance, 
G. Birkhoff and S. MacLane, A Survey of Modern Algebra, Chapter X). The 
existence of a non-trivial solution (ci, , , cri) Of (2) follows from the 
theory of vector spaces which was developed in I, § 21 [the set of all n-tuples 
(x1, &, „ Xa), Xi E K, is an n-dimensional vector space over K, and hence 
the n + 1 vectors v; = (a;71, %, „ an) are linearly dependent over K]. 
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field of H). Let us prove for instance that c;r, = ci. If we apply to 
(3) the automorphism 7, of K we find 


È Enem) = 0, a= 1, 2, , n. 


The n produet T;Tı give again all the elements of the finite group H. 
Hence we have 


(5) Lerman) rene ay ees 


Subtracting (5) from (3) and taking into account that ci = c,7, = 1, we 
find 


2 (671 pai „Ni, O, i = l, 2, nr N 
J= 


Here we have a set of n relations similar to (2), but the number of terms 
in each of 88 „ is less than r. Hence, by our choice of s 


set (ci, 2, „ c., 0, O, , 0}, we must have cri Cj j 2, 3, „y. 
In a similar fashion we can prove that cr, = , J = 2, 3. „r, 
i = 1, 2, „ n, and this completes the proof of the theorem. 


COROLLARY. IfkC LCK, then L is a normal extension of kif and only 
if G(K/L) is an invariant subgroup of G(K]k), and when that is so, then 
the Galois group G(L/k) is isomorphic to the factor group G(K[k)/G(K/L). 

Let H = G(K/L). If 7 is any fixed element of G(K/k), it is immedi- 
ately seen that the elements of the form x7, x € L, form a subfield of K, 
which we shall denote by Lr, and that 7-1Hr = G(K/Lr). If Lisa 
normal extension of k, then Lr = L (Theorem 15, §6) and hence 
1 1Hr = H, and H is an invariant subgroup of G(K/k). Conversely, 
if H is an invariant subgroup of G(K/k), then we have H = IH = 
G(K/L), that is, G(K/L) = GK Le). Hence, by the theorem just 
proved above, L Lr. This holds for all elements 7 of the Galois 
group G(K/k), and therefore L is a normal extension of k (see footnote 
at the end of proof of Theorem 15). Furthermore, the mapping 
7 — restriction of 7 to L (7 € G) is a homomorphism of G(K/k) into 
G(L/k), with kernel H. From Corollary 4 to Definition 2 of § 6, it 
follows that this homomorphism is onto GL / x), and this establishes the 
last part of the corollary. 


§ 8. Galois fields. Let K be a Galois field of characteristic p (see 
Definition 3, § 4) and let , be the prime field contained in K (§ 4). In 
view of the finiteness of K, it follows at once that K is a finite algebraic 
extension of J, (see, for instance, Theorem 4, § 3). Let n be the degree 
[X: %] and let {x,, Xa , Xn} be a basis of K over . Then every 
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element of K has a unique expression of the form a,x, + axa °°: + 
a, x,, a, E Jp Since each coefficient a, can take independently p values 
(Jp being a field containing exactly p elements), it follows that the 
number of elements in K is p”. Thus the number of elements of a Galois 
field of characteristic p is always a power of p. 

We note that a similar argument can be applied to obtain the following 
results: if k is a Galois field consisting of m elements and if K is a finite 
extension of k, of degree n, then K consists of m” elements (and is therefore 
also a Galois field). 

The elements of K, other than 0, form a multiplicative group, of 
order h = p" — 1. We have therefore x* = 1 for all elements x of this 
group, and consequently x?" — x = 0 for all elements x of K (including 
0). Since the degree of the polynomial X — X is the same as the 
number of elements of K, we conclude that the polynomial X“ — X 
factors completely into linear factors in K[X] and that we have 


(1) x" XII X-a), 
121 
where ai, , , apn are all the elements of K. It follows also that K is 


a splitting field, over , of the polynomial A?“ — X, and is therefore a 
normal extension 7, (§ 6, Theorem 13). Hence, by Theorem 12 (§ 6), 
any two Galois fields with the same number of elements (and consequently 
of the same characteristic p) are isomorphic. 

The Galois field having p” elements is denoted by GHH). That 
there exist fields GF(p”) for any prime number p and any positive integer 
n follows from the existence of splitting fields (5 6). Namely, it is 
easily shown that any splitting field of the polynomial X — X, over Jp, 
is in fact a field GF(p"). The proof is as follows: 

Let K be a splitting field of X” — X, over , and let (1) be the 
factorization of X — X into linear factors in K[X]. Since the deriva- 
tive of A — X is — 1, it follows that each a, is a simple root of A — X 
(§ 5, Definition 3, Corollaries 1 and 2). Hence the p” elements a, are 
distinct. If œ; and a, are ee two roots of X — X in K, then 
(a; — a)" = af" — ai = a; — a,, (a,0,)" = afa P" d,, and if 
furthermore a, #0 then also e 71)" = æ}, In other words: 
a. — Qj, cr, andi a; * 0—also a, are idols of Xe" — X in K and 
therefore belong to the set (i, a2, , Gn}. Consequently this set is a 
subfield K of K, and K is a Galois field of p" elements. Clearly 
J, C K’, and hence K = (, az. „ an) = K, as asserted. 

THEOREM 18. The multiplicative group of a Galois field GF(p") ts 
cyclic. 
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PROOF. Let h = ir 9% be the decomposition into prime 
factors of the order A of the multiplicative group of GF(p")(h = p" — 1), 
and let h, = h/g;, The polynomial Al — 1 has at most h; roots in 
GF(p"), and since h; < h it follows that there exist elements # 0 in 
GF(p") which are not roots of this polynomial. We fix such an ecient 
B; for each 1 = 1, 2,- m and we set y; = BH, y = = 51522 Ver 
We have 5% = 1, whence the order of y; is a divisor of 971 (see . 83) 
and is therefore a power 9,1 of q; 8, Sr.. On the other hand, 
ya = BA 1. Hence y; is exactly of order qı. Me claim that h 
is precisely the order of y. For assume the contrary. Then the order of 
y is a proper divisor of h and is therefore a divisor of at least one of the 
m integers h/q;, say of /g: We have then 1 = y"/¢, = yray a - - - 

wit, Nowif 2 <i m, then q7: divides 3/1, and hence y>% = 1. 
Therefore 51%, = 1. This implies that the order of y, must divide 
h/q,, which is impossible since the order of y, is 9771. 

The cyclic subgroup of the multiplicative group of GF(p"), generated 
by the element y, is therefore of order h = order of the multiplicative 
group of GF(p"). Hence y is a generator of this latter group. This 
completes the proof. 


§ 9. The theorem of the primitive element. Let 4 be an alge- 
braic extension of a field k. An element q of 4 is a primitive element of 
K/k if K = k(a). 

THEOREM 19. Every finite separable extension A of k has a primitive 
element (and hence every such extension 4 is a simple extension). 

PROOF. We shall prove here this theorem by the “method of 
indeterminates, a method due to Kronecker. We shall give the proof 
only in the case in which & has infinitely many elements. If is a finite 
field, then also 4 is a finite field (see § 8), and in that case we know from 
the preceding section that every non-zero element of 4 is the power of 
a single element . This element 0 is then a primitive element. 

Let 4 = (ai, a, , c). We adjoin to 4 n+ 1 “indeter- 
minates X, AI, Xa „ X,, that is, we consider the polynomial ring 
A[X, Ai, „ A,] and its quotient field 4(X,X,,---,X,). We 
set k* = MAI, Xo „ A,), 47 = A(X, X., , A,). We have then 
A* = RU, ay ., q), and 4“ is a finite algebraic separable extension 
of A* since the a, being separable over &, are also separable over k* 
(see § 5, Lemma 2). We consider in 4* the element 


(1) a = X,a, + Aa, t °°: + AX, a, 
Let F(X) be the minimal polynomial of a* in k*[X]. The coeffi- 
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cients of F(X) are rational functions of XI, Xi, A, with 
coefficients in k. Let g(.X,, Xa °- , A,) be a common denominator of 
these rational functions, where g(X,, Xa °°: ,X,) is then an element in 
k[X,, Az, „ A, J. Then 

BX, Az, A,) FX) (A, Ai, Az, „ A,) E RIAA, AI, Az. „ X, ], 
and we have 

(2) F, AI, Az, „ A,) = 0. 

Let 

(3) í 

G(X, Az, „ A,) = f(X + A + ＋τ A, a, AI, Az, „ A,). 
Then G(X,, Az, „ A,) is a polynomial in XI, Az, „ A,, with 
coefficients in 4, and we have, by (2): G(.X,, Az, , A,) = O. There- 
fore also the partial derivatives / M,, i = 1, 2, ., n, are all zero. 
By (3), we have, then: 


(4) a, (c, AI, Az, „ Xn) + F. (G“, Xi Az, „ A,) = O, 


i = „ 
where 
FA. X. Xa e „A, Te MAA Aa na 
X 
o W 9. 


The left-hand side in each of the equations (4) is, by (1), a polynomial in 
A[X,, Az. „ AX, J, and hence is the zero polynomial. Consequently, 
the equations (4) remain valid if we substitute for X,, Ai, „ A,, any 
elements of x. On the other hand, we have F (A, Al, Az, „A, = 
2(X,, Az, „ X,)F'(X), and hence F (a, Xi, Az, „ A,) * 0, since 
a* is separable over k* and therefore F'(a*) # 0. Hence F (a“, X, 
Xo,‘ „ A,) is a non-zero polynomial in AIX, Az, „ A, I. Since 
k CA and k is an infinite field, we can find elements ci, cz. „c, in k 
such that (c, cz. , c.) is not a zero of that polynomial (I, § 18, 
Theorem 14). We have then, setting 


a = cia + Coy A „ + „a,, 
that 
(5) Fa, ci, ca, ++ c.) FO 
and 
(6) , (a, ci, c , Ca) E F. (a, ci, c, i) = 9, 


i = I, 2. „n. 
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Equation (6) and the inequality (5) imply that «œ; € K), and since a € 4, 
it follows that 4 = k(a). This completes the proof of the theorem. 

REMARK. Theorem 16 (§ 6) is also an immediate consequence of the 
above theorem of the primitive element, since—as has been pointed out 
in the beginning of the proof of Theorem 16—that theorem is obvious 
if L is a simple extension of x. 


§ 10. Field polynomials. Norms and traces. Let K be a finite 
algebraic extension of a field k, of degree n, and let x be any element of 
K. If we fix a basis i, , „ h of K/k, we can write: 


ify) 


(1) wi, = Š any an el. i 1. 2. „ n, 
j=l 


or, in matrix notations: 
(10 xQ = AQ, 


where A is the matrix ſa, ; and Q is the I- column matrix 


The elements a,, and hence the matrix A, are uniquely determined by 
the element x and by the basis 2. We shall denote by |B| the determi- 
nant of a square matrix B. Then it follows from (1) that 


(2) xE — A| = 0, 
where E is the unit n-rowed matrix. 

The polynomial |XE — A| is monic, of degree n, and its coefficients 
are in k. Equation (2) signifies that x is a root of this polynomial. Jt 


is not difficult to see that for a given element x o. K this polynomial does not 
depend on the choice of the basis {w,, , , ). For let 0 1 W'a 


a *, be another basis of K/k. We have then w'; = 5 b;;w 
w; = S w 


ij i, 


ijt = 1, 2, , n, where the ö,, and ö, are . of k. 


If N vere the one-column matrix 
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and B, B' denote the square matrices b,; I and ||d’,,||, respectively, then 
the above relations can be written in matrix notation as follows: 

(3) Q = B, Q= BM. 

From (3) it follows that Q = CQ where C is the matrix B’B. Since the 
elements of Q are linearly independent over k, C is necessarily the unit 
matrix E, whence B is a non-singular matrix and B = B-!. Now, 
dealing with the basis {w’,, 2, , w’,}, we have relations similar to 
(1’): x2’ = AN. Hence, by (3): xB = A’ BQ, or BxQ = ABN, and 
therefor, by (1’): BAQ = A' Again using the fact that w,, wg, 

„ o are linearly independent over k, we see that the relation 
BAQ = A'BQ implies that BA = A'B, that is, A’ = BAB. We 
have therefore that the matrix XE — A’, which is the analogue of 
XE — A, relative to the basis Q’, is given by XE — BAB . Since XE 
commutes with every n-rowed square matrix, we have therefore 
XE - A! = B-'XEB — BAB = B(XE — A)B-', and hence 

IXE — A'| = |B|. |XE — A- B= [AE - Al, 
which proves our assertion. 

The polynomial XE — A| is called the field polynomial of x, relative 
to k, or over k. We emphasize that the field polynomial of x, over x, 
depends not only on x but also on the field K. This dependence on 
K is already obvious from the fact that the degree of the field polynomial 
is always equal to the degree n of K/k. In particular, the field poly- 
nomial of x is not necessarily the minimal polynomial of x over k. 

We note that if K is regarded as a vector space over & then in terms 
of linear algebra the field polynomial of x is the characteristic polynomial 
of the linear transformation in K defined by z — sx, z€ K. 

Let 

A" + a,X"-!4---4a4, 
be the field polynomial of x over k. Expanding the determinant 
|XE — Al, we find 


(4) 4; = — Dan, 

(5) a, = (— 1)"|Al. 

We set 

(6) Normgp* = Ngula) = (— I)), = |A|, 
(7) Traceg yx = TxHx) = — a, = J a,; 


The index X/ will frequently be omitted when 88 is no possibility 
of confusion. 
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Norms and traces obey the following laws: 
a) (xy) = N(x): N(y). 
b) If x ek, then N(x) = x". 
c) T(x + y) = T(x) + T(y). 
d) T(cx) = cT(x), c €R. 
e) If xek, then T(x) = 
PROOF. If, for a given basis 2 of K/k, we have xQ = AQ and 
yQ = BA, then (x + y)2 = (A + B)Q and xy2 = BAQ. In view of 
the definition of traces and norms, relations a) and c) follow immediately. 
If x € k, then A is the diagonal matrix xE, and this implies relations b) 
and e). Property d) follows directly from (4) and (7). 
Also the norm and trace of an element x of K depend not only on x 
and & but also on the extension field K. l 
Let A be a finite extension of K, of degree m, and let x be any element 
of K. If we regard x as an element of 4, we can consider the trace 
T(x) and norm N,),(x), and as was pointed out above, these are 
to be distinguished from TA) and Ngalx). We shall now prove 
the following relations: 


(8) Nair) = LVxHH(x) lx, 
(9) Tax) = m[T x;,(*)]. 
For the proof, we fix a basis {w,, . , o] of K/k and a basis 
(Ei, Ez, „ E,] of 4/K. Then the mn products w., E, form a basis of 


4% (see § 3, Theorem A, P- 60). We order these products, as follows: 
iE, precedes wp, if j <j or ifj = j and i < i', and we denote these 
products, in this ider by bi, Cz, „ Cy, N = mn. We denote 5 Q 
and Z the een matrices which have: respectively, wj, , 
and Fi, Cz., , u as elements. Let x2 = AQ and zZ = CZ, so te 
A and C are square matrices, with elements in k, having respectively 
n and mn rows. Now, we observe that if A = fa, il, whence 


xw; = È ayo , then xog, = È ajot W; Hence if w,é, = 
Cis <i < N) then xf, = = cf. 8 Cu = dt, if n divides both 


p — i and v , and the lte value of the gieren u — vis n 
(or—equivalently—if u — i = v — j = 0 (mod n)), while all the other 
elements c, of the matrix C are zero. This signifies that C has the 
following form: it is obtained from the m-rowed unit matrix E,, on 
replacing each diagonal element 1 by the matrix A and each other 
element of E, by the zero n-rowed matrix; in symbols: C = A™, It 
follows at once that the sum of the diagonal elements of C is the m-fold 
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of the sum of the diagonal elements of A and that C = Al. This 
establishes (8) and (9). 

Another proof of (8) and (9) will be found at the end of this section. 

Let f(X) be the field polynomial of x over k, when x is regarded as 
an element of K, and let F(X) be the field polynomial of x over k, 
when x is regarded as an element of 4. From the preceding proof, we 
have that F(X) = |(XE — A)™| (= XE — Ch, and hence 
(10) F(X) = [A(X 
As a consequence of (10) we can now prove the following theorem: 

THEOREM 20. Ifg(X) is the minimal polynomial of x over k, then f(X) 
is a power of g), and f(X) = g(X) if and only if x is a primitive element 
of K over k (that 1s, if K = k(x); see § 9). 

PROOF. Let g(X) be of degree s, and let g,(X) be the field poly- 
nomial of x when x is regarded as an element of k(x). Since 
[k(x) : k] = s, it follows that g,(X) is also of degree s. Since x is a root 
of g,(X) and g(X) is the minimal polynomial of x in k[X], it follows (see 
§ 2, Theorem 1) that g(X) = g,(X) (both g and g, being monic poly- 
nomials). We have thus shown that if x is regarded as an element of 
k(x), then the minimal polynomial of x in kX] coincides with the field 
polynomial of x over k. This proves the first part of the theorem 
[apply (10) after replacing K by A(x) and 4 by Kj and also the “if” part 
of the second half of the theorem. The only if” follows from observ- 
ing that, by (10); and from the fact that g( X) is the field polynomial of 
x over k, when x is regarded as an element of k(x), it follows that 
F(A) = [g(X)]", where m = [K: R(x)]. Hence if f(X) = g(X), then 
m = 1 and hence K = k(x). 

The field polynomial f(X) of x over k (x € K) can itself be interpreted 
as a norm. For that purpose, we consider the field K(X ) and we observe 
that the algebraic closure of A(X) in K(X) contains K (since K is an 
algebraic extension of k) and X [since X e k(X )], hence coincides with 
K(X). In other words: K(X) is an algebraic extension of R(X). 


Furthermore, since K = > k-w, = k(w, ,. ++, wn), we have K(X) 
1=1 

= k(X)(w,, wo, °° , Ge), and therefore (see § 2, Theorem 2) K(X) = 

RX lw, Wy, . , Wy) = A(X)K = > (X). . This implies that 


, e, „ w, is also a basis of K(X 7 over we ), provided we show that 
the w’s are linearly independent over A(X). But this follows immedi- 
ately from the linear independence of the w’s over k and from the fact 
that X is a transcendental over k(w,, , , r). We have therefore 
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proved that K(X) is a finite extension of A(X), that (K(X): k(X)] = 
[K: k] = n, and that {w,, o. , o,] is a basis of K(X) over R(X). 
Now, we have (X — x)Q = XQ — AQ = (XE — A)Q, where 22 is the 
one-column matrix 

wi 

We 

0, 
It follows that N (X)/ CU — x) = |XE — A| = f(X), that is, the 
field polynomial of x over k, when x is regarded as an element of K, is the 
norm of X — x over (A), when X x is regarded as an element of K(X). 

We shall conclude this section with the derivation of an expression 

for the trace and norm of x in terms of the conjugates of x (in some 
normal extension of k containing K). In view of (8) and (9) it will be 
sufficient to deal with the case in which K = k(x). Let (A) = X" + 
a,X"-14 +--+ a, be the minimal polynomial of x over k. We 
consider some normal extension K of k containing k(x) [for instance, 
the least normal extension of k containing A(x)]. Let 


X = [[ X- +), 
where x, c K’ (x, = x), whence 


(11) ai = —> x, 


(12) a, = (— 1)" II x, 


Since we know already that f(X) is also the field polynomial of x over k 
(Theorem 20), we find, by (6) and (7): 


(13) Ne) = Is, 
(14) T(x) = > x, 
raz 1 
If x is separable over k, then xi, x2, °° , X, are distinct and so we have 


that the norm and trace of x are equal respectively to the product and sum 
of the conjugates of x (in K). If x is inseparable over k, and if n, and p- 
are respectively the separable and inseparable factors of the degree n of 
f(x), then (§ 6, Theorem 11) 


f(X) = TTX = 9)", 
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and x has only ny distinct conjugates. It follows from (13) and (14) 
that 


(15) Nx) = ( Ti ) 


(16) T(x) . (S) =0. 
=] 

CoroLLARY. If K is a finite extension of k and x is an element of K 
which is inseparable over k, then Ty) = 0. 

This follows at once from (16) and (9). 

We shall now derive another expression of Nx,(x) and T;,,(x), 
where K is a finite algebraic extension of k and x is an element of K. 
Let m = [K: k], my = [K: k], pf = [K: k]; and let n, no and pe be the 
corresponding degrees for k(x) instead of K. Let K* be the least normal 
extension of k containing K and let (o.; i = 1, 2, , mo} be the set of 
k-isomorphisms of K into K*. Let (x,; j = 1, 2. , no} be the set of 
distinct conjugates of x in K* (one of the x,, say x,, being x itself). By 
Lemma 2 of §6 each of the nọ k-isomorphisms of A(x) into K* has 
exactly m,/n, extensions among the o,. Hence each of the conjugates 


*, of x occurs mono times in the set (, x. „ xy, }. Therefore 
My To m. /n, 
(17) I xp; = (iI „ i 
t= J= 
mo lo 
(18) w. = moſ no 3 
1 12 


By (8) and (9), with K and 4 replaced by A(x) and K respectively, we 
have: 


NIC = (NHD. Pl. b, 
TxUπε mop! |nop TI, 
and hence, in view of (15) and (16) we find 


(19) Newt) = (Th 1 


20) Trn) = p’ 2 XP; 
These are the desired expressions of the norm and trace of x; they are 
generalizations of (15) and (16) from the case K = k(x) to the case of an 
arbitrary finite algebraic extension of k. 

Using the expressions (19) and (20) we can derive the following 
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transitivity law for norms and traces: if kC L C 4 are successive finite 
algebraic extensions of k and x is an element of A, then 


(21) Nal*) = NiplNajr(*)); 
(22) Tan) = TTT). 
For the proof we shall use the notations of the proof of Lemma 2 of § 6. 


We may assume that y, is the identity automorphism of K. We have 
by (19) and (20): 


Nal) = ( i] xp.) | p= A: II, 


axiale = (TI O,, P= LL: N. 


or 
(23) NN. (II H“ 


Now, we know from the proof of Lemma 2 of § 6, that the restrictions of 
the products ,, to 4 are distinct and give all the x- isomorphisms of 4 
into K. Furthermore, by Corollary 2 to Theorem 16 of § 6, we know 
that pst? = [4:k],. Hence (21) follows from (23) in view of the 
expression of the norm obtained in (19) (and applied to the field 4 
instead of to K). The proof of (22) is quite similar. 

We note that relations (8) and (9) can be derived as consequences of 
(21) and (22). In (8) and (9) the element x belongs to a finite algebraic 
extension K of k, and 4 is a finite algebraic extension of K, of degree m. 
The norm N,,x(x) and trace T) are equal to x” and mx respectively, 
since x belongs to K. Hence N) = Ngala") = (Nx r)) and 
Tanx) = Tkunx) = mT gula). 


§ 11. The discriminant. Let K be an algebraic extension of k, of 


degree n, and let {w, , „ w,} be a basis of K /R. 
DEFINITION. The determinant 

(1) d = |T(w;-a;)| 

is called the discriminant of the basis {w,, wg ., 


W, }- 
The discriminant of a basis (ci, , „ %] of K/k will also be 
denoted by doi, wa, , wp} or by dgw , ++, e. 
If {w’,, , +, way is another basis of K/k, then 
w; = Tja,, a, S k, |A| = |a;;| 0, 


15179 
and 


T(w', j) = Ea, ga T (co, cg). 
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Hence if d' denotes the discriminant d{w’,, ,. „%] of the new 
basis, then by the rule of multiplication of determinants we have the 
following relations: 


(2) d' = d. |A|? 


COROLLARY. If the discriminant of one basis is zero, then the dis- 
criminant of every basis is zero. 

The statement the field discriminant of Kk is zero (is not zero)” has 
therefore a meaning. We mean nere by the field discriminant of R/, 
the discriminant of any basis of K/k. By (2), the field discriminant of 
K/k is only determined to within a factor which is the square of an 
arbitrary non-zero element of k (arbitrary, because if a is any element of 
k, a * O, and if we set w, = aw, w, = w, 1 = 2, 3. „ n, then 
1, 2, „ w, is a basis of K/k, and in this case we have |A| = a). 

THEOREM 21. The field discriminant of Kk is zero if and only if 
T(E) = 0 for all £ in K. 

PROOF. ‘The “if” part is obvious. Assume now that = O. We 


can then find n elements ci, cz, „ c mot all zero, such that 
Tc, T., = 90, for i= I., 2. „n. We set z= c,, Then 
z * 0, and we have 7(w,z) = 0,1 = l, 2, „ n. From this it follows 


that 7( 0) = 0 for all yin R. If f eK, we take y = F /s and we find 
7(é) = 0. Q. E. D. 

CoROLLARV. If the field discriminant of K{k is zero, then k is of 
characteristic p Æ O. and n is a multiple of p. 

For 7(1) = n. 

In order to derive further results on the discriminant, we go back to 
the notion of a field polynomial, developed in §10. Let Ky be the 
maximal separable extension of k contained in K (§ 5) and let n = np 
where ny = [Ko. k]. If £ is any element of Ko, then we have TV) 
Pe Tx (E) [see (9), § 10]. If K is an inseparable extension of k, that is, 
if e = 1, this implies that Tie) = OF E Ky). If E is in K but not 
in Ko, then & is inseparable over x, and hence we have again T ?) = O, 
by the corollary on p. 91. We have thus proved that if K is an 
inseparable extension of k, then Tx E) = 0 for all £ in K, and hence, by 
Theorem 21 above, the field discriminant of KJR is zero. 

We now consider the case in which K is a separable extension of k. 
Let 4 be a least normal extension of K containing K (§ 6) and let 
T(= 1), 72. „ 7, be the distinct k-isomorphisms of K into 4 (§ 6, 
Theorem 16). Let x be any element of K and let x, = x. Each 
element x, is a conjugate of x over k, and every conjugate of x in K 
coincides with one of the elements x, (§6, Theorem 15). The a 
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elements x, are not, however, necessarily distinct. If there are v 
isomorphisms 7, which leave x invariant, then x itself, and also every 
conjugate element of x, occurs exactly v times in the set (xi, æ&ð2 , X.]. 
Then x has only m distinct conjugate elements over k, where m = nfv, 
and m is, then, also the degree of the minimal polynomial g(X ) of x over 
k. Now if f(X) = 0 is the field polynomial of x over k when x is 
considered as an element of K, then we know from § 10, formula (10), 
that (X) = [g(X)]”. It follows that 


JI. 


From this we conclude at once that 


(3) Trn) = 2 Xis 
(4 Ngala) I a. 


These formulas are similar to (13) and (14) of § 10 which were obtained 
in the special case K = k(x). 

We shail now apply (3) as follows: 

Let (hi, , „ o be a basis of X/ and let w, = w,7., 


a=1,2,---,”. Then T(w;-w,;) = 2 ww, and from this, by the 
ami 


rule of multiplication of determinants, we obtain the following expression 
of. d( hi, . „ h): 


iD, , . . „ 0% |? 
(2) (22 (2) 
Wy) Wo 7 » W 
(5) dll, o Wy) =] a 
w ™ 0 co (n) 


Since K is separable over k, there exists a primitive element of K/k (§ 9). 
Let x be a primitive element. Then {1, x, æ2, „ *I is a basis of 
K/[k, and (5) yields: 
1, Xis x,?, 75 1 : 
: n—1 
(6) d(l, x, x2. , * 1) a 1, Xa x”, 1 Xo d 


1, Xn x. see 5 3 


where x, = r,. The Vandermonde determinant on the right-hand 
side of (6) is different from zero since x,, æũ½, , &, are distinct elements 
(x being separable over k and n being the degree of k(x) over k). Hence 
A(1, x, xd... . „ 1) E 0. 
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We have therefore proved the following 

THEOREM 22. The field discriminant of X/ ts zero if and only if K 
1s an inseparable extension of k. 

COROLLARY. K is a separable extension of k if and only if there exists 
an element x in K such that Tx,,(x) #0. This is an immediate conse- 
quence of Theorems 21 and 22. 

Note. If x is a primitive element of the separable extension K/k, of 
degree n as above, and if g(X) is the minimal polynomial of x over 


k, then (K) II (X — x), a) = II, ( ) and N H= 
II II. = (x; — x;)?. Hence, by computation of the Vandermonde 
1 17 


determinant (6): 


(7) A Hx", 5 a = II I< (x; — x,)? = N(g'(x)). 


§ 12. Transcendental extensions. An extension K of a field k 
is transcendental if it is not algebraic, that is, if K contains elements 
which are transcendental over k. An example of a transcendental 
extension of k is the field of rational functions in n indeterminates over k, 
that is, the quotient field (A, Az, , A,) of the polynomial ring 
EIA i, Xa „ A, ] in n indeterminates (n 2 1) over k; or also any 
k-isomorphic image R(x,, 2a, , X,) Of (AI, Az, „ A,), where 
therefore xı, & 2, ,a, are algebraically independent over k and 
KI xi, Xg © „ X,] is a polynomial ring over k (I, § 18). It is clear that 
any extension of a transcendental extension of is itself a transcendental 
extension of k. 

The definition of algebraic independence over x, given in I, § 18, can 
be extended to infinite sets of elements. If K is an extension of k and 
L is a subset of K, then the elements of L are said to be algebraically 
independent (a.i.) over k if each finite subset of L consists of elements 
which are algebraically independent over k. Such a set L will be called 
a transcendence set (over Rk). 

We shall use the terminology and notation introduced in II, § 1 and 
§5. If K can be obtained from k by the adjunction of the elements of 
some transcendence set L, then K is said to be a pure transcendental 
extension of k. An example of a pure transcendental extension of k is 
the field (Ai, Az, „ A,) of rational functions in n indeterminates 
over k. For a given integer n, any two fields which can be obtained 
from k by the adjunction of n algebraically independent elements (and 
which are therefore pure transcendental extensions of k) are k-isomorphic 
(see I, § 18, Theorem 12, Corollary 1; and I, § 19, Theorem 16). 
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Let L be a transcendence set in K/k and let x be an element of K 
notin L, Let L’ be the set consisting of x and the elements of L. 

LemMa. L' is a transcendence set if and only uf x is a transcendental 
over k(L). 

PROOF, Suppose that x is transcendental over k(L) and let xi, xg, 

-+,x, be any elements of L’. If all the x; are already in L, they are 
a.i. over k. Assume that x, = & and let (A, Ai, „ A,) be a 
polynomial, with coefficients in k, such that f(x,, x2, , „) = 0. 
Then x is a root of the polynomial F(xi, %9,°°*,%,—3,X) in 
k(x}, Xg,°**,%,-1)[X]. This polynomial must be zero since x is 
transcendental over &(L). Hence, if f(X,,Xq°°*, X,) = 
A(X Il, Az, +) Xn- DX cb A (AI, Az, „A, 1), then we must 
have A,(x,, Xa , x. 1) = O, i O, I.. „g. Since xi, x, °° + Xa] 
are a. i. over k, the polynomials A, (Xi, X, „, X, i) must be zero. 
This implies that also f(X,, Az, „ A,) is the polynomial zero. 
Conversely, assume that L' is a transcendence set. Let F(X) be a 
polynomial in k(L)[X] such that F(x) = 0. Since the number of 
coefficients of F(X) is finite, there exists a finite subset L, of L such that 
these coefficients belong already to A(L,). Let xi, æõ 2, „, x, be the 
elements of LI. If F(X) = a + a,X#—! + --- + a, then we can 
write the a, as quotients of polynomials in k[x,, æõ 2, , x.], with the 
same denominator: 


— A x1, & 2 „,) 8 sagt, ee 
Se= B(x, £o „ X,) aan cos 


If we set 
f(Xy X a te Xp X) a A(X, Az, ets „A. A. 
+ A(X, Xa, ch , Xp) Xe? a an A(X, Xo, wr": „A.). 


then f is a polynomial with coefficients in k, and from F(x) = 0 follows 
that f(x,, Xy t, X., X) = 0. Since L' is a transcendence set, the 
elements x3, æẽ2, , X., æ are a.i. over x, and hence f(.X,, Ai, „ A,, X) 
= 0. This implies that A, (XI, Xa, , A,) = 0,7: = O, 1. , and 
hence also a; = 0, i = 0, I. . , , that is, F(X) = 0. We have there- 
fore proved that x is transcendental over & (L), and this completes the 
proof of the lemma. 

DEFINITION 1. A transcendence set L in K is called a transcendence 
basis of Kſx if it is maximal, that is, if L ts not a proper subset of another 
transcendence set. 

From the preceding considerations, it follows at once that a tran- 
scendence set L is a transcendence basis of K{k if and only if K is an 
algebraic extension of L). 


— 
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At this stage we shall incorporate our further conclusions concerning 
algebraic dependence in the general axiomatic treatment of dependence 
as developed in I, §21. This is possible since we can now define the 
“span ” (A) of a subset X of K as the algebraic ciosure of x (&) in K (the 
algebraic closure of k in K, if X is empty). Then it is immediately seen 
that the conditions (Si) (Ss) of Theorem 19 of I, § 21 are satisfied. In 
fact, it is obvious that 

(Si). If X C Y, then s(X) C s(Y). 

(So). If x c s(X), then there exists a finite subset Y of X such that 

xes(Y). 

(Sa). X C s(X) for all subsets X of K. 

(S4). (A)) = s(X) (this simply expresses the transitivity of algebraic 

dependence). 
We shall now verify the condition (Ss): 

(Ss). The relations y € s(X, x) and y ¢ s(X) imply x € s(X, y). 
There exists, by (Saz), a finite set of elements xi, x2, , Xn in X such 
that y is algebraic over Mx x2. , x, x). There exists then a 
polynomial (Ai. Az, „ A,, Z, Y), with . in k, such 
that f(x, 2a. , x, x, Y) * 0 ang f£ na Xy x, y) = O. We 


write (AI, Xi, „A,, Z, Y) = JG x. X. V) Zi, and we 


observe that the g + 1 polynomial A (Al, Az, „ A,, Y) are not all 
zero, since (Ai, Xa „ Xm Z, V) is not the zero polynomial. Since 
y ¢ s(X) (that is, since y is a transcendental over X)), it follows there- 
fore that not all the elements A, (xi, Xo, °° , Xm Y) Of A(x, Xe, © w, Em Y) 
are zero. Therefore f(x, 2, , , Z, y) #0, and since 
S(% 1) 2, „ Xm x, y) = 0, it follows that x is algebraic over 
R(x 1, X&½2, „ x., Y), that is, x E s(X, y), as was asserted. 

We now generalize Theorems 21 and 22 of I, § 21, to the case of sets 
V which do not necessarily admit a finite system of generators. We 
recall from I, § 21, that it is assumed that we are given a mapping s of 
the set of all subsets of V into itself, and that this mapping satisfies 
conditions (Si) to (Ss). We recall also that a set X is called a generating 
system of V if s(X) = V, that X is a free set if for any x in X we have 
x H (AX — x), and that X is called a basis of V if it is both a generating 
system of V and a free set. In our case of an extension field K of k, X 
is a generating system of K if K is an algebraic extension of A(X); X is 
a free set if it is a transcendence set (in view of the lemma proved above) 
and X is a basis of KJR if it is a transcendence basis. 

For the purpose of the generalization of Theorems 21 and 22 of I, § 21, 
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we must give some preliminary definitions concerning partially ordered 
sets. 

A set S is said to be partially ordered if there is given in S a binary 
relation < which is defined for certain pairs (a, b) of elements of S (it 
is not necessary that the relation < be defined for all pairs (a, b) of 
elements of S) and which satisfies the following conditions: (1) a < a 
for any element a of S; (2) if a < b and b < a, then a = b; (3) if a < b 
and b Ac, then a Ac. A subset S, of S is totally ordered if, given any 
two elements a, b of Si, at least one of the relations a < b or b < a 
holds. 

Let S, be a subset of a partially ordered set S. An element c of S 
is called an upper bound of Si if a < c for all a in S,. An element ay of 
S is a maximal element of & if a) < a implies a, = a. 

A partially ordered set S is said to be inductive if every totally ordered 
subset of S has an upper bound in S. 

ZORN’S LEMMA. If a partially ordered set S is inductive, then there 
exist maximal elements in S.* 

We now begin with the following generalization of Theorem 21 of I, 
§ 21. 

THEOREM 23. Let L be a free subset of V and S a system of generators 
of V. There exists a subset & of S such that L U &' is a basis of V and 
L N S' is empty. 

PROOF. We partially order, by set-theoretic inclusion, the set M of 
all subsets S, of S such that L N S, is empty and L U S, is a free set. 
The set M is non-empty since the empty subset of S belongs to M. It 
is clear that M is an inductive set (since from (Sz) it follows that any 
ascending chain of free sets has a limit (union) which is also a free set). 
Let S’ be a maximal element of M. Then L N S is empty and LUS 
is a free set. We shall show that L U S' is a generating system of V, 
hence a basis of V, and this will complete the pruuf of the theorem. 
Since s(S) = V, it will be sufficient to show that S CSL US’), in 
view of (Si) and (S4) Let x be any element of S. If xe LU S', then 
* S LUS), by (Sz) Assume that x¢ LU S’ and let (S', x) = S”. 
Then S” is a subset of S such that LN S” is empty. Since,S’ is a 
proper subset of S”, it follows by the maximality of S’, that LU S”, 
that is, (LU S’, x) is not a free set. Since LU S' is a free set, it follows 
that x € {LU S’) (see Remark at the end of the proof of Theorem 20, I, 
§ 21). This completes the proof. 


* For a proof of Zorn’s lemma see, for instance, John L. Kelley, General 
Topology, p. 33 3 Series in Higher Mathematics, Van Nostrand Co., 
Inc., Princeton, N. ]., 1955). 
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CokoLLARY I. If L is a transcendence set in K/k and S is a subset of 
K such that K is an algebraic extension of ł 0 S), then there exists a subset 
S“ of S such that LN S’ ts empty and LU S' is a transcendence basis of 
KJR. 

COROLLARY 2. Any subset S of K such that K is an algebraic extensicn 
of & (S) contains a transcendence basis of KJR. 

We have only to apply Corollary 1 to the case in which L is the empty 
set. 

COROLLARY 3. There exist transcendence bases of K/k. 

We apply Corollary 2 for the case S= K. 

NOTE. In the case of a vector space V over a field k, Theorem 23 
guarantees the existence of a basis (or vector basis) of V over k. 

The following is a generalization of Theorem 22 in I, § 21: 

THEOREM 24. Any two bases of V have the same cardinal number. 

PROOF. This theorem has been proved in 1, § 21 under the assump- 
tion that there exists at least one finite basis of V. We shall therefore 
assume now that every basis of V is infinite. 

Let B be a basis of V and let x be any element of V. By (Sz), there 
exist finite subsets E of B such that x € s(B). We assert that there exists 
a smallest finite subset E, of B such that x e s(E,) (and such that any 
other subset E of B with the property xe s(E) contains E,). To see 
this, it is sufficient to prove the following: if E’ and E” are two subsets 
of B such that x € s(E')Ns(E") and if we have x ¢ s(E’,) for every proper 
subset E’, of E', then E CE“. Assuming the contrary, let y be an 
element of E’ not in E” and let E' denote the set E — y. We have 
x¢@s(E',) and xes(E’,, y). Hence, by (Ss), we have yes(E’,, x). 
Since x (E“) it follows that y e s(E’, UE”). This is in contradiction 
with the fact that y ¢ E’, U E” and that EF’, UE" U {y} C Bis a free set. 

Now let B’ be another basis of V. We consider the mapping 
x —> E(x e B, E, C B), where E, is the finite subset of B defined above. 
From set theory it is known that the cardinal number of B’ is not less 
than the cardinal number of the set u. E, (since each set E, is finite). 


On the other hand, we have Ba U E, since B CU E,). 
= s(B') = s(UE,), and therefore the “subset U E, of B must 


coincide with the basis B. Hence the cardinal dumber of B’ is not less 
than the cardinal number of B. Interchanging the roles of B and B’ 
we conclude that B and B’ have the same cardinal number. Q.E.D. 
As a consequence we have the following result: 
THEOREM 25. Any two transcendence bases of K/k have the same 
cardinal number. 
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NOTE. In the case of a vector space V over a field k, Theorem 24 
leads to the notion of the dimension of V over k, this being the common 
cardinal number of all vector bases of V/k. 

DEFINITION 2. The common cardinal number of the various transcend- 
ence bases of K/k is called the transcendence degree of K (abbreviation: 
tr. d. KJR). 

It is clear that K is an algebraic extension of & if and only if tr. d. 
K/k = 0. 

THEOREM 26. Let x CK C4 be successive extensions of k. Then 
tr. d. M/k = tr. d. 4/K + tr. d. KJR. 

PROOF. Let L and M be transcendence bases of K/k and 4/K 

respectively. It will be sufficient to prove that L U M is a transcendence 
basis of 4/k. Let (xi, Xa °° +, *., Yis Yo ` „ Yn} be any finite subset of 
LU M, where we assume that the x, are in L and the y, are in M. Let 
FX}, {YY (A,, Az, „A,, VI, Vz, „ F,) be a polynomial in 
m + n indeterminates, with coefficients in k, such that f({x}, {y}) = 0. 
The polynomial f({x}, Y) in the n indeterminates Y, has coefficients in 
K and must be zero since the y, are a.i. over K. Since the x; are a.i. 
over k, it follows that F ((A), {Y}), regarded as a polynomial in (V] with 
coefficients in k[{X}], must be zero. Hence f({X}, T) = 0 and that 
shows that LU M is a transcendence set. 

By assumption, K is an algebraic extension of k(L). It follows that 
K(M) is an algebraic extension of k(LXM) = k(LU M). But 4 is 
an algebraic extension of K(M). Hence 4 is an algebraic extension of 
k(LU M). This shows that LU M is a transcendence basis of 4/k. 

THEOREM 27. Let K and K be two extensions of k, contained in some 
larger field Q, and let (K, K’) be the smallest subfield of Q containing both 
fields K and K. Then tr. d. (K, K) / K Str. d. K’'/k, and tr. d. 
(K, K / x S tr. d. K/k + tr. d. K /k. 

PROOF. Let L’ be a transcendence basis of K’/k. We have (K, K) = 
K(K'). Since every element of K is algebraic over k(L’), it follows 
that (K, K’) is algebraic over K (L.). Therefore, by Theorem 24, L’ 
contains a transcendence basis of (K, K) / K. We have then: tr. d. 
(K, K) / K S tr. d. K /R. By the preceding theorem, we have: tr. d. 
(K, K')/k = tr. d. (K, K) ͤ/ K + tr. d. KJR; and this, combined with the 
above inequality, establishes the theorem. 

We shall use the term “transcendence degree also when dealing with 
integral domains (not necessarily fields) containing x. If R is an integral 
domain, R D Rx, and if K is the quotient field of R, then we set tr. d. 
R/k = tr. d. K/k. Note that since K = N), there exist transcendence 
bases of K/k which are subsets of R (see Theorem 24, Corollary). Such 
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transcendence bases of K/k will be referred to in the sequel as transcend- 
ence bases of R/k. 

Two k-isomorphic domains R and R (k C R, k C R’) have naturally 
the same tr. d. over k. Of particular importance in applications are two 
theorems which are proved immediately below. 

THEOREM 28. Let R and R' be integral domains containing k. If 
R ts a k-homomorphic image of R, then tr. d. R/ S tr. d. R/k. 

PROOF. We assume, then, that there exists a k-homomorphism 7 of 
R onto R’ and we consider a transcendence basis L’ of R'/k. For every 
element x’ of L we fix an element x in R such that x’ = x7* and we 
denote by L the set of all elements x obtained in this fashion. From 
the fact that L’ is a transcendence set, it follows at once that also L is a 
transcendence set. By Theorem 23, L is contained in some trans- 
cendence basis M of R/k. The cardinal numbers of L' and L are the 
same since for every x’ in L’ there is only one element x in L such that 
x’ xx and since therefore the correspondence x x is one to one. 
Since L is a subset of M, the proof is complete., 

THEOREM 29. If tr. d. R/k S tr. d. R/ = n (n finite), then any 
k-homomorphism + of R|k onto R'|k is an isomorphism. 

PROOF. We use the notations of the proof of the preceding theorem. 
Let L’ = {x x“, „ „ be a transcendence basis of R/ and let 
L = {x,, x2, , ,], where x, = x,r. This time L is not only a 
transcendence set but also a transcendence basis of R/k, since tr. d. 
R/k = n. Now let u C R, u * O. Since u is algebraically dependent 
on k(x}, xa, *, Xn), we have a relation of the form 
(1) Acc) + Aj(x)ur—? +--+ + Ax) = 0, g 2 1, 
where 

A., (A) = A, (Ai, Xa ae , Xn) ERX, A2. ane „A, 

and where A,(x) * 0. We take g as small as possible. Then A,(x) * 0 
for otherwise we could divide (1) by u (since u = 0) and have an 
equation for u, of degree < g. Applying to (1) the homomorphism r 
we find 

(2) Ao(x')u't + Aiö ) % t . > + A,(x’) = O, 

where u’ = ur. Since A,(x) * 0, the polynomial A, (X) is not zero, 
and hence 4, (&) # 0, since X 1, & 2 x’, are a. i. over k. Conse- 
quently, by (2), we have u 0, and this shows that 7 is an isomorphism. 

* If L’ is an infinite set, this procedure involves the axiom of choice. It can 
be easily replaced by another argument which is based exclusively on Zorn’s 
lemma and which would show the existence of a subset L of R such that: 


(1) (L) = L’; (2) the transformation of L onto L’ induced by 7 is one to one. 
This may be left to the reader. 
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REMARK. If R is a field, then Theorem 29 is trivial and is true 
without any condition on the transcendence degrees, since a field does 
not admit proper homomorphisms (that is, homomorphisms which are 
not isomorphisms). 


§ 13. Separably generated fields of algebraic functions. Let 
k be a field and let K be an extension of k. 

DEFINITION 1. K isa field of algebraic functions of r independent 
variables over k if K is finitely generated over k and if tr. d. K/k = r. 

DEFINITION 2. A transcendence basis {z,, 225, „ 2,} of a field KR 
of algebraic functions of r independent variables is called a separating 
transcendence basis of Kfk if K is a separable (algebraic) extension of 
zi, 22, :ũ ò, ). | 

The field K is said to be separably generated over k if there exists a 
separating transcendence basis of KJR. 

EXAMPLE. Let r = 1, K = k(x, y), where x is a transcendental, and 
let Y’ — x? = 0 be the minimal polynomial of y over k(x), where p is 
the characteristic of K (p # 2). Then K is an inseparable extension of 
k(x). Nevertheless K is separably generated over k since K is a separ- 
able extension of k( y) (whence y by itself is a separating element of KJR, 
that is, the set {y} cunsisting of the single element y is a separating 
transcendence basis of K/h). 

We begin with two simple lemmas which we shall have occasion to use 
in this section. 

LEMMA 1. Let R be a unique factorization domain and let K be the 
quotient field of R. Let X be an indeterminate over K. 

(1) If a polynomial f(X) in RIA], of positive degree, is irreducible in 
RIA], it is also irreducible in K[X]. 

(2) Fa primitive polynomial f(X) in R[X] (see I, § 17) is irreducible 
in K[X] it is also irreducible in RIX]. 

(3) If f(X) and g(X) are polynomials in RIA] such that g( A) divides 
(AA) in K[X] and if g(X) is primitive, then g(X) also divides f(X) in 
R[X]. 

PROOF 

(1) Let F(X) be a non-unit in K[X] which divides f(X) in 
K[X]: f(X) = FIG), N), F(X) € K[X], o) > 0. Then F(X) 
= (A) / a, where f,.X)e R[X] and a, E R, and we have a,a,f(X) 
= f(X M(X). Since f(X) is irreducible in RIA] it follows that f(X) 
must divide in R[X] one of the two polynomials F, (XA), and therefore we 
have either ôf S Of, or ôf S fa On the other hand, of = of, + fa, 
and by assumption, ôf, > 0 (since F(X) is not a unit and has therefore 
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positive degree). Hence af, = 0, and F,(X) is a unit in K[X]. Since 
JA) has positive degree, it is not a unit in K[X]. Consequently f(X) 
is an irreducible element in K[X]. 

(2) Assume that we have f(X) = f,(X)f,(X) where f(X) and f(X) 
are polynomials in RIA]. Since f(X) is irreducible in K[X], one of the 
polynomials 7, (X) must be of degree zero. Let, say, df, = 0, whence 
F(X) = ae R. From f(X) = af,(X) follows that a divides, in R, the 
content of f(X), and hence a is a unit in R since f(X) is primitive. This 
shows that f(X) is an irreducible element of R[X]. 

(3) We have, by assumption: f(X) = g(X)-h( X)/a, where AC) E RIA] 
andae R. Thus g(X) divides af(X)in RIA ]. Since g(X) is primitive, 
it follows from I, § 17, Lemma 2, that g(X) divides f(X) in R[X]. 

This completes the proof of the lemma. 

LEMMA 2. Let xi, æũ2, ö, Xm X. 1 be elements of an extension field 
K of a field k and assume that these n + 1 elements x; are algebraically 
dependent over k but that the n elements xi, x2, , X, are algebraically in- 
dependent over k. Then the set A of polynomials (A i, Az, „ A,, Xn41) 
in K Ai, Az, „ A,, X, zi] with the property that g(x, Xo, © , x., Xn41) 
= 0 contains a polynomial (Al, Xa „A,, X, ri) such that every 
polynomial in the set is a multiple of f in kLX,, Xa „ Xm X, Il]. 

PROOF. Since the n + 1 elements x; are algebraically dependent 
over k, the set A contains polynomials different from zero. Let 
Ar, Az, „X, X, i) be a non-zero polynomial in A, of smallest 
possible degree g in X, i, and let us write 


f= A(X), Az. „A.) A. 1 1 + A(X, Az, „ A,) “a 
a ee AK, Xa; reg An). 


Since xi, xa, , xn are algebraically independent over k, X,41 must 
actually occur in f, and we may also assume that f is a primitive poly- 
nomial in Xi over kLX1, Az, „ Xn]. If g(X) is any polynomial in 
the set A, then by Theorem 9 of 1, § 17, we can write Ao = Of + R, 
where s is an integer E O, Q and R are polynomials in k[Xi, Az, , 
Xn) Xn+1] and R is either of degree less than g in X,41 or is the zero 
polynomial. It is clear that we have R(x1, x2, , Xn, *n41) = O, that 
is, the polynomial R belongs to the set 4. Hence by our choice of f and 
by Lemma 1 we have R = 0; this completes the proof of the lemma. 
It is obvious that the polynomial f(X) is irreducible over k and that 
it is uniquely determined to within an arbitrary non-zero factor in k; 
moreover, among the polynomials in the set A the polynomial f(X) is 
characterized by the condition that it be irreducible. When the elements 
Xis Xa „ Nyy . 1 Satisfy the conditions stated in the lemma, we shall 
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refer to the relation F(xi, %9,° , Xn %q41) = O as the irreducible 
algebraic relation between the x,, over k. 


THEOREM 30. Let {x,, 2. , % be a set of generators of K/k, 
K = k(x,, xz, „ %). If K is separably generated over k, then already 
the set (xi, X2, © , x.] contains a separating transcendence basis of K ,x. 
(MacLane.) 


PROOF. We first prove the theorem in the case r = 1. By assump- 
tion, there exists in K a separating transcendental element z. We have 
z F k(z), since z is a transcendental. Hence, by Theorem 7, § 5, the 
polynomial X? — 27 is irreducible over k(z?). Since 2 is a root of 
this polynomial, it follows that z is inseparable over x(. Since 
8 E R(x), Xg °° , X,), we ganclude by Theorem 10, § 5, that at least one 
of the n elements x, must be inseparable over k(z?). Let, say, x, be 
inseparable over 42“). We shall now prove that x, is a separating 
transcendental of K x. 

Let f(X, Z) be an irreducible polynomial in A[X, Z] such that 
f(x, 2) = 0. By Lemma 1 it follows that f(X, Z) is irreducible in 
k(Z)[X] (since f(X, Z) must be of positive degree in X). Since z is a 
transcendental over k, it follows that also the polynomial f(X, z) is 
irreducible over k(z) and differs therefore from the minimal polynomial 
of x, in k(z)[X] by a factor which is an element of KIZ]. Since z is a 
separating element, we have F. (x,, 2) * O. The polynomial f(X, Z) 
is independent of Z if and only if x, is algebraic over &, and if that were 
the case then we would have f(X, Z) = ọ(X) and t = f’, (x1 2) 
#0. This would imply that x, is separable over k, hence a fortiori 
also over k(z?) (Lemma 2, § 5), contrary to our assumption on x). 
Hence x, is a transcendental over k, and f(X, Z) is not independent 
of Z. 

It is therefore possible now to assert that z is algebraic over t) and 
that f(x,, Z) differs from the minimal polynomial of z in A(x,)[Z] only 
by a factor which is an element of &A[x,]._ We also assert that z is 
separable over k(x). For assume the contrary. Then we must have 
f(X, Z) E NM. 2], say f(X, Z) = AX, Ze). From g's (xy 25) = 
Fei 2) * 0, it would then follow that x, is separable over k(2?), 
which is contrary to our assumption on xi. 

Since z is separable over k(x,) and since all x; are separable over A(z), 
it follows (Theorem 9, § 5) that x, is a separating element. 

To complete the proof of the theorem, we now proceed by induction 
with respect tor. We assume then that the theorem is true for fields of 
algebraic functions of r — 1 independent variables. 

Let (zi, 22. , 3,} be a separating transcendence basis of K/k. If 
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we set k, = k(z,), then K can be regarded, over kl, as a field of algebraic 
functions of r — 1 independent variables. Moreover, we have K= 
k(x, Xot, K,), and {2a 23, „ 2, is a separating transcendence 
basis of K/k,. By our induction hypothesis, 7 — 1 of the elements x, 
will form a separating transcendence basis of K/k,. Let, say, 
{xi Xa `, %,_,} be a separating transcendence basis of K/k,. If we 
set k = R(x), & 2. „ X, 1), then K = k'(x,, x, i, , ,) and K is a 
field of algebraic functions of one variable, over x. Moreover, z, is a 
separating element of K/k’. Hence, by the case r = 1, one of the 
elements x,, æ, i, „ X, Will also be a separating element of K/k'. If, 
say, x, is such an element, then the r elements x,, x2, ©, x, 1, x, form 
a separating transcendence basis for K/k. This completes the proof of 
the theorem. 

The following lemma will be followed by an application to the case of 
perfect ground fields E. 

LEMMA 3. If the field K = k(x, xz, , x,), of transcendence degree r 
over k, is not separably generated over k, then for a suitable labeling of the 
x; the field ł( x1, Xa, * , X, 1) is of transcendence degree r over k and is not 
separably generated over k. 

PROOF, If n= rl there is nothing to prove. Assume that 
n> r-+ and that the theorem is true for n — 1. We may assume 
that x, is a.d. on xz, &, „ x, (over &), and consequently that the field 
k(x», &, ᷑ 1. , K,) has transcendence degree r over k. If this field is not 
separably generated over k, the assertion of the lemma follows by 
the case n — 1. Assume that k(x», Xa, ` M ÿd, x,) is separably generated 
over k. Then by the preceding theorem we may assume that x}, xz, 

„ x,4, form a separating transcendence basis of (xz, x3, „ x,)/R. 
In that case the field K is a separable extension of h(x, æ& 2, , X, 1), 
and therefore this latter field enjoys the properties stated in the 
lemma. 

The following is a straightforward application to perfect fields: 

THEOREM 31. If kis a perfect field, then K = R(x), %3, „ x,) is 
always separably generated over k (F. K. Schmidt). 

PROOF. By the above lemma, it is sufficient to prove the theorem 
in the case n = r l, where r tr. d. K/k. In this case, we have the 
irreducible relation {(x,, & 2 * x., x, 1) = 0 between the r+ 1 
elements x; (see Lemma 2). If x1, Xa, „ x, do not form a separating 
transcendence basis, then f(X) € KIA Ii, Az, „ A,, A, 17]. If nor of 
the elements x; form a separating transcendence basis, then 
f(X) e RLX,?, Xi, „ A, 10]. But then f(X) is the p-th power of a 
polynomial in A[X], since k is perfect a contradiction. 
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§14. Algebraically closed fields 

DEFINITION 1. A field k ts said to be algebraically closed if it possesses 
no proper algebraic extensions (that is, if every algebraic extension of k 
coincides with k). 

It is not difficult to see that the following properties of a field k are 
equivalent: 


(a) k is algebraically closed. 

(b) Every irreducible polynomial in kLX] is of degree 1. 

(c) Every polynomial in k[X], of positive degree, factors completely 
in KIA] in polynomials of degree 1. 

(d) Every polynomial in AA], of positive degree, has at least one root 
in R. l 


In fact, if f(X) is an irreducible polynomial in A[X], of degree n => 1, 
then we know that there exists an algebraic extension K of k, of relative 
degree n over k (Theorem 3’, § 2). If kis algebraically closed we must 
have K = k, whence n = 1. Thus (a) implies (b). 

It is clear that (b), (c), and (d) are equivalent. Finally, if K is any 
algebraic extension of k and x is any element of K, then the minimal 
polynomial of x over k is irreducible and therefore has degree 1 if (b) 
holds. Therefore xe k, K = k, that is, (b) implies (a). 

CoroLLAaRY. If k is a subfield of an algebraically closed field K, then 
the algebraic closure k' of in K is an algebraically closed field. 

For if f(X) is any polynomial in k'[X], then f(X) must have a root a 
in K; this root a is then also algebraic over k (by the transitivity of 
algebraic dependence) and therefore belongs to k’. 

DEFINITION 2. If & is a subfield of a field K, then K is said to be an 
algebraic closure of k if (1) K is an algebraic extension of k and (2) K is an 
algebraically closed field. 

COROLLARY. Jf an algebraic extension K of k has the property that 
every polynomial f(X) in k[.X] factors completely in linear factors in 
K[X], then K is an algebraic closure of k. 

For if K’ is any algebraic extension of K and x is an element of K’, 
then we have for the minimal polynomial f(X) of x over k a complete 
factorization f(X) = [|(X — x,), x, S K. Since f(x) = 0, we must 
have x = x, for some i, whence x € K, and thus XK = K. 

The following fundamental theorem guarantees the existence and the 
essential unicity of an algebraic closure of a given field k: 

THEOREM 32. If R is a field, then there exists an algebraic closure of k, 
and any two algebraic closures of k are k-isomorphic fields. 

PROOF, Let N denote the set of all ordered pairs ((X), n), where 
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f(X) € R[X] and n is any non-negative integer. We agree to identify 
any element c of k with the pair (X — c, 0). We consider the set S of 
all fields Z such that (a) the elements of C form a subset E of N; 
(b) & is a subfield of Z; (c) if z = (f(X), n) € Z, then f(z) = 0. The 
set S is non-empty since ke S. We observe that if A denotes the 
set of all ordered triads (21, 22, 23) of elements of T such that 
Z3 = 2, + Zand if M denotes the set of all ordered triads (y,, Ya, Y3) of 
elements of Z such that y, = y,y, then the field Z is uniquely deter- 
mined by, and can be identified with, the ordered triad (E, A, M). 
Since Æ is a subset of N, while A and M are suitable subsets of the set 
product N x N x N, our set S of fields C is well defined from the 
standpoint of the theory of sets. 

We partially order the set S by setting 2 < 2” if X is a subfield of 
Z (C, 2’ eS). It is clear that S is an inductive set. By Zorn’s lemma, 
let K be a maximal element of S. We shall show that K is an algebraic 
closure of k. 

The property (c) enjoyed by any field & in S implies that £ is an 
algebraic extension of k. Hence K is an algebraic extension of k. We 
shall show that the assumption that K has proper algebraic extensions 
leads to a contradiction with the maximality of Kin M. Assume then 
that there exists a proper algebraic extension K’ of K. We shall now 
define a (1, 1) mapping ꝙ of K into N. If xe K we set g(x) =x. If 
x SK, x K, we consider the minimal polynomial f(X) of x over k, 
we denote by 21, 22, „ Z, the roots of f(X) in K (h 2 0) and by 
%1,%e,°*-, x, the roots of f(X) which are in A’ but not in K 
(g I; x1 =x). We fix g distinct non-negative integers n, na,. „ ne 
such that z; * (f(X), n,) (i = 1,2,---,2;7 = I, 2. ) and we set 
Mx) = (F(X), n.), jJ 1. 2. g. It is then clear that ꝙ is a (1, 1) 
mapping of K into N and that ꝙ is the identity on K. Let Ey = MK). 
We carry over the field structure of K’ to the set Eo, by means of 
the mapping ꝙ, thus getting a field Ky. From the definition of ¢ it 
follows at once that K éë S. Since K is a proper subfield of X“, it 
is also a proper subfield of Ky, and this contradicts the maximality 
of K. 

The second half of the theorem will be included in the following 
stronger result: 

THEOREM 33. Let K’ be an algebraically closed field and let K be an 
algebraic extension of a field k. If ꝙ is an isomorphism of k into K’ then ꝙ 
can be extended to an isomorphism of K into K. 

proor. We first show that Theorem 33 implies the second half of 
Theorem 32. If K and K’ are two algebraic closures of k, we apply 
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Theorem 33 to the identity mapping ꝙ of k into K’, and we thus find 
that there exists a k-isomorphism / of Kinto K. Since & isan algebraic 
closure of k, also MK) is an algebraic closure of k, and therefore 
MK) = K since K is an algebraic extension of MK). Thus ¢ is a 
k-isomorphism of K onto K. 

We now begin the proof of Theorem 33. Let M be the set of all 
ordered triads (L, L', ), where L is any field between k and K, L' is a 
field between (E) and K,, and 4 is an isomorphism of L onto L’ such 
that / = pon k. The set M is non-empty since (k, (, gy) S M. We 
partially order M by setting (L, L', ) < (Li, L'i i) if L is a subfield of 
Li and if Vi = yon L. If M= (L., L'a Pa) is a totally ordered subset 
of M, and if we set L = UL,, L' = UL’,, then L and L’ are fields 
between k and K, and between ¢(k) and K respectively. The mappings 
y, determine uniquely an isomorphism / of L onto L’ such that 
* on L.. Thus (L, L’, V) is an element of M which is an upper 
bound of the set N, and M is therefore shown to be inductive. Let 
(Lo, L'o o) be a maximal element of M. We shall show that L, = K, 
and this will complete the proof of the theorem. 

Let x be any element of K and let f(X) be the minimal polynomial of 
x over Lo. Let F (X) be the % -transform of the polynomial f(X). 
Then F (X) € L’,[X] CK [KX], and since K is algebraically closed the 
polynomial F (X) has a root x’ in K. By Lemma 1 of § 6, Vo can be 
extended to an isomorphism i of L,(x) onto L') such that p(x) = x’. 
Then (Lo, L'o Yo) < (L(x), L’o(x’), p) SM, and hence, by the 
maximality of (Lo, L'o Yo), we have (Lo, L'o po) = (Lol v), L'o% i 25 
L, = L(x), xe Lo. We have therefore shown that Loo = K 

Let k be a field and let K be an algebraically closed field 1 n 
If the characteristic p of k is * 0, then the elements x of K such that 
x? Ek form a field containing k. This field shall be denoted by 
Edi. Since & is algebraically closed, K contains a root of every poly- 
nomial of the form X? — a, a e R. Therefore x consists of the p-th 
roots of the elements of k, and we have k = ( ). It is also obvious 
that the fields x obtained in relation to various algebraic closures of k 
are always k-isomorphic to each other. 

In a similar fashion we can define the fields x for n = 1, 2, 
These fields form an ascending chain x C Che 'C---, and 
their union is a field between k and K which we shall sometimes 
denote by x ; it is the least perfect field containing & and is there- 
fore referred to as the perfect closure of k. If k itself is perfect, then 
ke? = k. 

If the characteristic p of k is zero, we set K* R = k, 
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§15. Linear disjointness and separability. Let S be a ring 
containing a field k and such that the identity 1 of k is also the identity of 
S. Then S is a vector space over k, and in this sense we speak below 
of subspaces of S. 

DEFINITION 1. Two subspaces L and L' of S are said to be linearly 
disjoint over k if the following condition is satisfied: whenever xi, Xo, , Xn 
are elements of L which are linearly independent over k and x1, & 2, „ 
X'm are elements of L' which are linearly independent over k, then the mn 
products x;x' are also linearly independent over k. 

Linear disjointness of L, L’ is clearly asymmetric relationship between 
the two spaces and is relative to the preassigned ground field k. The 
following property is equivalent to linear disjointness and will be the one 
most frequently used in the sequel: 

(LD). Whenever xi, æ2, , x, are elements of L which are linearly 
independent over k then these elements x; are also linearly independent over 
L. 

For, assume that L and L’ are linearly disjoint over k and let u’,x, + 


u * P F % , = 0, where the u, are in L’ and xi, Xa ttt, x, 
are elements of L which are linearly independent over k. ae 
(x1, & 2,ö , Xm be a basis of the vector space ku’, + ku’, 5 + + 
ku’, over k and leti = 2 Ai * „ where a; E k. Then > a,x, = 0, 


and hence, by the linear e of L and L’ over k it followè that all 
the a,, are zero, and so also all the u“, are zero, showing that condition 
(LD) is satisfied. Conversely, assume property (LD) and let the two 
sets (xi, Xo „ X,} and (x1, & 2, ũ 1 be as in the above definition. 
Assume that we have a relation 2, a a, = O, a,; ER. Since, for each 


i, the sums 2 a, ; belong to L. it follows from (LD) that 2 a,x, = 0, 


1 j 


for all i, and hence all the ai, are zero since the x’ ; are linearly indepen- 
dent over k. Hence L and L’ are linearly disjoint over k. 

There is a close connection between the concept of linear disjointness 
and the concepts of separable or inseparable extensions. In this 
section we shall study this connection. To introduce the topic we 
begin by proving a theorem which is essentially a restatement of 
Theorem 8 (§ 5) in terms of linear disjointness. 

THEOREM 34. If a field K is an algebraic extension of a field k, then a 
necessary and sufficient condition that K be a separable algebratc extension 
of k is that K and ke be linearly disjoint over k. (We take k? ' to be a 
subfield of an algebraic closure of K.) 

PROOF. Assume that K is a separable algebraic extension of k. We 
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have to show that if u4, 12, , u, are elements of K which are linearly 
independent over k, these elements are also linearly independent of 
E, or—equivalently—that u,?, u,?,---,u,? are linearly independent 
over k. We consider the field K, = R(u,, uz, „ i,) and we extend 
the set (ui, u, , u,] to a basis (ui, u½, , Um} of K,/k. We have, by 
Theorem 8 (§ 5), K, = RKI, whence 


K, = > ku/?. 
im] 
Consequently also the elements u,’, u,?,---, u form a basis of K,/k 
and are therefore linearly independent over k. 

Assume now that K and a are linearly disjoint over x, and let x be 
any element of K. Let f(X) be the minimal polynomial of x in k[X] 
and let m be the degree of f(X). If his any integer < m, then 1, x, x?, 
„ I are linearly independent over k. Consequently, by the linear 
disjointness of K and k? over k, the p-th powers of these elements are 
also linearly independent over k. This implies that f(X) RIA], that 
is, x is separable over k. Q.E.D. 

We shall need later on the following lemma: 

LEMMA. Let L and L be subspaces of a .ng S/k, and let {u,} and 
{u',} be bases (finite or infinite) of L/ and L'/k respectively. Then a 
necessary and sufficient condition that L and L be linearly disjoint over k 
is that the products u,u,’ be linearly independent over k. An equivalent 
condition is that the u, be linearly independent over L'. In particular, if 
the dimensions of L and L' are both finite then L and L' are linearly 
disjoint over k if and only if dim LL'/k = dim L/ł · dim L'/k; here LL’ 
denotes the space spanned by the products uu“, u E€ L, u' EIL. 

PROOF. It follows directly from the definition of linear disjointness 
that if L and L’ are linearly disjoint over x, then the products uu’, are 
linearly independent over k. It is also obvious that the linear independ- 
ence of the products 1 over k is equivalent to the linear independence 
of the u, over L'. Now, assume that the products uu’, are linearly 
independent over k. We first consider the case in which L and L’ have 
finite dimension, say s = dim L/k,t = dim L'/k. Since the st products 
u,u', span the space LL’, it follows that dim LL'/k = st. Now, if x, xz, 

„ . are elements of L which are linearly independent over k and 
& 1, X 2, „„ are elements of L' which are linearly independent over 
k, then we extend the sets {x,, Xa °° , Xa}, {X'i Xatt %] to bases 
{xi &, „ 4), (* 1, K 2, , x of L/k and L’/k respectively and we 
observe that the st products x,x’, must be linearly independent over k, 
since they span LL’/k and since dim LL'/k = st. In particular, also the 


§15 LINEAR DISJOINTNESS AND SEPARABILITY 111 


ee Lae aea a a 


mn products *, (i = 1, 2. „n; j= 1, 2. „ m) are linearly 
independent over k, and this proves the linear disjointness of L and L’ 
over k. This also establishes the second half of the lemma. 

In the general case, we can always find a finite subset (ui, 12, „ ½ 
of the set {u,} such that the elements xi, æũ 2. , x, belong to the finite- 
dimensional space Lo spanned by 11, 1, „ ,. Similarly, there 
exists an integer f such that , e L'o = ku’, + Ru E. + ku’, 
=I, 2. , m. Since Le and L’, are linearly disjoint over x, by the 
preceding case, the products æ, x'; are linearly independent over k. This 
completes the proof of the lemma. j 

COROLLARY 1. Let k, K and S be fields such that RC KCS. If 
X is a (finite or infinite) set of algebraically independent elements of 
S over K, then the subfields K and k(X) of S are linearly disjoint 
over k. 

It is obvious that K and A(X) are linearly disjoint over & if and only 
if K and k[ X] are linearly disjoint over k. Now, the set of all monomials 
K 11 f +++ Xin, x, EX, is a basis of the kA[X] over k, and since, by 
assumption, these monomials are also independent over K, the corollary 
follows from the lemma. 

Coroutary 2. If a field K is a purely transcendental extension of a 
field k, then K and k? ' are linearly disjoint over k. 

For, if K = k(X), where X is a suitable transcendence basis of K/, 
then the elements of X, being algebraically independent over k, are also 
algebraically independent over . Therefore, by the preceding 
corollary, K and k’ are linearly disjoint over . 

For extension fields K of k which are not algebraic over k there 1s no 
complete equivalence between the concept of separable generation and 
that of linear disjointness (over k? '). However, we have the following 
theorem: 

THEOREM 35, Let K be an extension of k. A necessary condition for 
K to be separably generated over k is that K and k? be linearly disjoint 
over k. If K is finitely generated over k, then the foregoing condition is 
also sufficient. 

PROOF. Assume that K is separably generated over k and let B be a 
separating transcendence basis of K/k. By Corollary 2 to Lemma 1, 
the fields k(B) and k? are linearly disjoint over k. Now, let 3, us, 
- ++, 1 be elements of x which are linearly independent over k. They 
are then also linearly independent over k(B). Since K is a separable 
algebraic extension of k(B), it follows from Theorem 34 that ui, 2, ; 
u, are also linearly independent over K, showing that K and k? are 


linearly disjoint over k. 
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Assume now that K is finitely generated over k, say, K = 
k(x, x2, & lůt x,), and that K and x are linearly disjoint over k. Let 7 
be the transcendence degree of K/k, whence n = r. If n = r, there is 
nothing to prove. We next consider the case n = r + 1. In this case, 
let f(X) be the irreducible polynomial in RLX,, Az, „ A, il such that 
f(x) = 0 (§13, Lemma 2). We assert that f(X) EKA, Ab, , 
X,41°]. For, assume the contrary, and let f(X) = g(X,°, XP, „A, 1“), 
where g(X,, Xa, „A, I) EA[X]. If wy, o, , wm are the mono- 
mials in i, %,°°*,4%,4, Which actually occur in the expression 
(xl, 42, & .;, x, i), then the w are linearly independent over k (since the 
degree of these monomials is less than the degree of f(X)), while w,?, 
, , os are linearly dépendent over k since g(x’, æz2, „ x, 1) = 0. 
This contradicts the linear disjointness of K and e over k. This 
contradiction shows that we have indeed f(X) ¢ kLX,?, Aab, „ A, I. 
We therefore may assume that one of the r + 1 variables X,, say, A, i, 
which actually occurs in f(X), occurs in some term of f(X) with an 
exponent which is not a multiple of p. The elements xi, æẽ 2, , x, are 
then necessarily algebraically independent over k, and furthermore, 
*, i is separable algebraic over k(x,, & 2. „ ,). Hence {x,, Xa , x,} 
is a separating transcendence basis of K/k. 

For n > r + 1 we shall use induction with respect to n. The linear 
disjointness of (xi, 2, „ x,) and & over k implies the linear 
disjointness of xi, x&2, , % 1) and R over k. Hence, by our 
induction hypothesis, k(x,, æ& 2, , & 1) is separably generated over E. 
Let (21, 22, , 2, be a separating transcendence basis of xi, 2a, „ 
& 1) over k. Then m is either r — lor r. The field R(x, & 2, , x,) 
is a separable algebraic extension of K, = (2, 22, „ Zm Xn) and we 
have only to show now that KI is separably generated over k. The field 
K,/k has the same transcendence degree r as K/k and it is generated 
over k by at most r + 1 elements (since m = r). Furthermore, since 
K, CK, also K, and & are linearly disjoint over k. Hence, by the 
case n < r + 1, Ki is indeed separably generated over k. This com- 
pletes the proof of the theorem. 

The preceding theorem and the reasoning used in the proof of that 
theorem enable us to give a second proof of Theorem 30 (§ 13), that is, 
of the assertion that if K = k(x,, x9, +: , K,) is a separably and finitely 
generated extension of k, then already the set of generators x; contains a 
separating transcendence basis of K/k. For n = r there is nothing to 
prove. The case n =r + 1 has been settled in the course of the 
preceding proof (since K and k? are linearly disjoint over x. by the 
first part of Theorem 35). For n > r -+ 1 we again use induction with 
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respect to n and repeat the last part of the preceding proof, observing 
that this time the induction hypothesis permits us to find a separating 


transcendence basis (21, 22, „ 2, Of R(x, xũ½2, , X,—1)/k within the 
set of generators (xi, Xo, ` , x, i]. Then the m + 1 generators of K,/k 
are in the set {x,, x», , x,}, and Theorem 30 now follows by the case 
n=r 4+1. 


Also Theorem 31 (§ 13) is an immediate consequence of Theorem 35, 
for if k is a perfect field, that is, if k?~™' = k, then K and x are linearly 
disjoint over k. 

DEFINITION 2. If K is an extension field of a field k of characteristic p, 
then K is said to be a separable extension of k if K and k are linearly 
disjoint over k. 

In view of Theorem 34, for algebraic extensions K of k, separability 
in the sense of this definition is equivalent with separability as defined 
in § 5. Similarly, for finitely generated extensions K of k it is true that 
K/k is a separable extension if and only if K is separably generated over 
k (Theorem 35). However, if K is not finitely generated over k, it may 
very well be separable over k without being separably generated over k. 
For instance, if k is a perfect field every extension K of k is separable 
over k. However, if x is a transcendental over k, then it is easily seen 
that the field K = k(x, x, xl . „ xte,- .) is not separably 
generated over k. 

We note that Corollary 2 of the lemma proved earlier in this section can 
now be re-stated as follows: if K is a purely transcendental extension of k, 
then K ts separable over k. 

The transitivity of separability proved in § 5 (Theorem 9) for algebraic 
extensions extends to arbitrary field extensions. We have, namely, the 
following theorem: 

THEOREM 36. FK ts separable over k, and if K is separable over K’, 
then K” is separable over k. 

PROOF. Given a set F of elements of & which are linearly inde- 
pendent over x, the elements of F are also linearly independent over K’ 
since K’ is separable over k. Hence the elements of F are also linearly 
independent over K” since K” is separable over K’ and since 
FC K'?"'. Thus K” and xe are linearly disjoint over k. 


§ 16. Order of inseparability of a field of algebraic functions. 
We shall deal in this section with finitely generated extensions of a field 
k, that is, with fields of algebraic functions over k (see Definition 1 in 
§ 13). For these fields we shall define a numerical character, called the 
order of inseparability of the field (relative to k); it generalizes the concept 
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of degree of inseparability of finite algebraic extensions and plays an 
important role in abstract algebraic geometry. We shall also give some 
results concerning the behavior of the order of inseparability under 
extensions of the ground field k. 

In the sequel, p denotes the characteristic of our fields. If p = 0, 
then all powers p° of p are to be replaced by 1. If A and B are subfields 
of some field S then we denote by (A, B) the compositum of these fields 
(the least subfield of S containing A and B). All the fields which are 
considered below are assumed to be subfields of some algebraically closed 


field S. 
LemMa I. IL, K and x are fields and K is a finite extension of L, then 
(1) [(K, K) (L, K S [K: L], 
(2) [(K, k’): (L, & )]. S [K : LI. 
(3) [(X, &): (L, & )]. S LK, L]; 


If the fields K and x are linearly disjoint over some common subfield k of L 
and k’, then the equality sign holds in (1), (2), and (3). 

PROOF. Let (ui, 2, , u,] be a basis of K over L. Since the 
elements of K are algebraic over the field (L, æ ), we have (K, k’) = 


(L. k')[K] = (L, Rk’) 5 Lu, = > (L, k')u, and this proves inequality 
q=1 921 


(1). 

Let K, be the maximal separable extension of L in K. From the 
separability of the extension K / L follows the separability of the 
extension (Ko, & / (L. k’), while from the fact that K is purely inseparable 
over K, follows that (K, k’) is a purely inseparable extension of (Ko, k’). 
Hence (Ko, xk) ts the maximal separable extension of (L, k’) in (K, k’). It 
follows that [(K, &): (L. k’)], = [(Ko, &“): (L, x)] and [(K, R’): (L, x)]. 
= [(K, kh’): (Ko K )J. Therefore (2) is obtained by replacing K by Ky 
in (1), and we obtain (3) by replacing L by K, in (1). 

We now assume that K and x are linearly disjoint over some common 
subfield k of L and & . It will be sufficient to show that the equality 
sign holds in (1), for then it will follow that the equality sign also holds in 
(2) and (3), in view of the inequalities (2) and (3) and of the product 
formula (5) of §6. To show that the equality sign holds in (1) we must 
show that the u, are linearly independent over (L, X). Now, the u, are 
linearly independent over L. Therefore we have to show that the fields 
K and (L, k') are linearly disjoint over L. This we now proceed to show. 

Let {a,} be a finite set of elements of (L, k’) which are linearly inde- 
pendent over L. We can write the q, in the form a, = HI, where fo 
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and the f; belong to & LI. The numerators are linearly independent 
over L and we have to show that they are also linearly independent 
over K. In other words, it is sufficient to show the linear disjointness 
of K and k'[L] over L. Now the ring k’[L], regarded as a vector space 
over L, is spanned by the field x . Hence we can find a basis B of k'[L] 
over L such that BCN. The elements of B are linearly independent 
over L, hence a fortiori also over k. It follows that the elements of B 
are also linearly independent over K, since k’ and K are linearly disjoint 
over k. We have therefore shown that the vector space k'[L]/L has an 
L-basis B whose elements are linearly- independent over K, and 
the linear disjointness of * IL] and K over L now follows from the 
lemma proved in § 15. 

COROLLARY 1. Let k' be a finite algebraic extension of a field k and 
let B be a (finite or infinite) set of elements (of the big field S) which are 
algebraically independent over k'. Then 


(4) I (B): k B)]. L“: Kl., 
(5) L (B): k(B)]; = I: Kl.. 

By Corollary 1 to the lemma of § 15, the fields (B) and k’ are 
linearly disjoint over x. Hence the corollary follows from the foregoing 
lemma by setting L = k, K = R and x = k(B). 

COROLLARY 2. Let k' be a finite algebraic extension of k and let 
K (x) = k'(x, & ½2, „ X,) be a finitely generated extension of k'. Then 
[k : k]; S [k (x) : K) l, or equivalently (since both sides of this inequality 
are powers of p): 

(6) L: k]; = pel (x): KC], 

where s is a non-negative integer. Furthermore, if {z} = (21, 22, „ 2, 
is any transcendence basis of k(x)/{k, then 

(7) [A(x) : k(z)]; = p[k (*): k'(2));- 

The first half of this corollary follows from the inequality (1) of Lemma 1 
upon replacing L, K and & by k, k’ and k(x) respectively. To obtain 
the second half of the corollary we observe that we have, in view of 
relations (5), § 6: 


L*): K 2) I. Lx (x): EHI ll): RC); 
[k' (x) : k(x); = LE (æ): K (l. (e): Kl.. 


Comparing these two expressions of & (x): k(z)]; we see that (7) follows 
from (5) (with B = {z}) and (6). 


and also 
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DEFINITION 1. If k(x) is a finitely generated extension of k, we mean 
by the order of inseparability of k(x){k (or of the extension k(x) of R) the 
smallest value of the degree of inseparability [k(x): x (z) ]. for all possible 
choices of a transcendence basis {z} = (ZI, 225 „ 3, of k(x)/k. 

We shall denote the order of inseparability of k(x)/k by [A(x): k];. In 
the special case in which k(x) is an algebraic extension of k, {z} is the 
empty set, k(z) = k, and hence the order of inseparability of k(x)/k is 
the degree of inseparability of A(x) over k. Thus our notation 
[A(x) : k]; is consistent in this case with the one already used for algebraic 
extensions. 

THEOREM 37. The notations being the same as in the foregoing definition, 
already the set of generators xi, Xo ' , X, contains a transcendence basis 
] such that [R(x) : & 2) ]. [A x): RJ,. 

PROOF. Let k be the algebraic closure of k in some algebraic closure 
of k(x). Since & is a perfect field, k(x) is separably generated over k 
(Theorem 31, §13). By Theorem 30, §13, the set of generators 
{xi & „ „.] contains a separating transcendence basis of & () / k. 
Let {xi æũ 2, , x,] be such a basis. Then the x; are separably 
algebraic over k(x}, Xa „ x,), i = 1, 2, „ n. If we denote by & 
the field obtained by adjoining to k the coefficients of the minimal 
polynomials Tix 1A), F.), eae SAX) of &. 10 X40. °° * s Xn Tespec- 
tively, over k, then & is a finite algebraic extension of k, and it is clear 
that (xi, xo, * , X,] is also a separating transcendence basis of k'(x)|k' 
(since the F, (A) are separable polynomials). Let s be the integer 
defined by (6). If we identify the set (21, 22, ᷑ ů , 2,} with (x1, & 2 , 
x,}, we have, in view of (7), [k(x) : (XI, X2 © , x.) ]. = pt, while if {z} is 
any other transcendence basis of k(x)/k, then we have, again by (6), that 
[A(x): k(z)], S p. This establishes the theorem. 

The foregoing theorem tells us that if {z} ranges over the set of all 
transcendence bases which can be extractcd from the set of generators 
Xis Xũ½2, ', Xp then [k(x): k]; = min {[k(x) : & (2) ],. The theorem is 
therefore a generalization of Theorem 30, § 13, for if k(x) is separably 
generated over x, then [R(x): k]; = 1. 

We shall now consider a certain class of ground field extensions 
k EK (within the big field S) and we shall derive some properties of 
the order of inseparability [A(x) : k]; in relation to such extensions. 

We first prove the following lemma: 

LEMMA 2. Let K be an algebraic extension of k and let (z] be a 
transcendence basis of k(x)/k. If we have [& (x): k'(z)]; = [R(x) : (Z)]. 
for all fields & between k and K which are finite over k, then we have also 
[K(x) : K(z)]; = Li): A(2)]p 
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PROOF. For any field k’ between k and K we denote by L(k’) the 
maximal separable extension of A’(z) in X (&). Let [Ei, Cz. „ Em} 
be a basis of k(x) over L(k) (whence m = [R(x): k(z)],). It is im- 
mediately seen that k’(x) = L(h’)E, + L(R’)Eg T.. ILA) S,. By 
our assumption, the £é, must be linearly independent over L( x“) if & is 
a finite extension of k. Since every finite set of elements of L(A) is 
contained in some L(k’), where & is a finite extension of k, it follows 
that the g, are also linearly independent over L(K), and this proves the 
lemma. 

The extensions k — K which we shall deal with in the remainder of 
this section are the so-called free extensions of k relative to k(x). We give, 
namely, the following definition: 

DEFINITION 2. Given two subrings R and R of S which contain R, 
we say that R and R' are free over k if the following condition is satisfied: 
whenever (xi, x2, , x,] and (& 1, & 2, „ .] are finite subsets of R and 
R“ respectively such that the elements of each set are algebraically independ- 
ent over k, then also ther +- s elements xi, Xo, , X,, X 1, & 2, , x“ are 
algebraically independent over k. 

It follows at once that if either R or R“ is algebraic over k, then R and 
R“ are free over k. f 

We note that if each of the two integral domains R and R has finite 
transcendence degree over & (see II, § 12, p. 100), then Definition 2 is 
equivalent to the following: R and R' are free over k if and only if 


(8) tr. d. N, R']/k = tr. d. R/ x + tr. d. R /x 


where [R, R'] denotes, as usual, the smallest subring of S which 
contains both R and R'. For, clearly, if (xi, xz, ö, Xm} and 
{xi Xa x,] are transcendence bases of R/ and R/ k respectively, 
then every element of [R, R'] is algebraic over the field A(x,, az. , 
*, X 1, & 2,᷑ Tẽwa/,H x) (this field is to be thought of as a subfield of the 
quotient field of S) and hence, if R and R' are free over k, then the 
m + n elements x, x’, are distinct and constitute a transcendence basis 
of [R, R']/k. Conversely, if (8) holds, and if {x,, x.,---,x,} and 


{xis X 2, „ «] are finite transcendence sets in R/k and R /R respec- 
tively, then we extend these sets to transcendences bases {x,, & 2, , 
*., *. 1,5 „ X] and (x1, & , „ Xi, & 41 „ ] of R/ and RVR 


respectively (see II, § 12, p. 101). The preceding argument shows that 
the set of m ＋ n elements x,, x’, contains a transcendence basis of 
[R, R']/k, and, consequently, if (8) holds, then the m + n elements 
X; x’, (and therefore also the given r + s elements xi, æ& 2. „ X,, x 1, 
& 25, p, .) must be algebraically independent over E. 
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We note that an equivalent formulation of (8) is the following: 
(9) tr. d. [R, R']/R = tr. d. R’/k, 
for tr. d. [R, R]/R + tr. d. R/ = tr. d. [R, R']Jk. 

The preceding proof can be extended to the general case of integral 
domains R, R having arbitrary transcendence degree over & and leads 
to the conclusion that if B is a transcendence basis of R/k and B’ is a 
transcendence basis of R /R, then R and R are free over k if and only if 
B and B’ have no elements in common and the elements of BU B’ are 
algebraically independent over k (whence BU B’ is a transcendence basis 
of [R, R’}/k). 

In applications one uses frequently the following equivalent (but 
asymmetric) formulation of the concept of free integral domains over kẹ: 
the integral domains R and R' are free over k if and only if any set of 
algebraically independent elements of R over k is also such over R. That 
this is equivalent to our original definition follows immediately from our 
preceding considerations. 

THEOREM 38. If k(x) is a finitely generated extension of k and if K is 
an extension field of k such that K and k(x) are free over k, then for any 
transcendence basis {z} of k(x)/k we have 
(10) [K(x) : K(2)],/[A(x) : K)]. = [K(x) : K),/[A(x) : k]; 

In particular, if K is a finite algebraic’ extension of k, then the common 
value of both sides of (10) is equal to [K : k),/[K(x) : (x)]. 

PROOF. If K is a finite extension of k, then (6) and (7) show that 
the value of the ratio on the left-hand side of (10) is independent of the 
choice of the transcendence basis {z} and is equal to [K: k],/[ K(x) : Ax) ], 
If we now let {z} range over the set of all transcendence bases of k(x)/k 
which can be extracted from the set {x} of generators, then we deduce at 
once from Theorem 37 that the foregoing ratio is equal to the ratio 
IK : K],{{A(x) : k]; 

We next consider the case in which K is an arbitrary algebraic 
extension of k. We fix a transcendence basis {u} of k(x) over k. For 
any two fields k, and k, between k and K such that k, C k, we have 
[k (x): k,(u)], 2 [(x) : Xr, by (2). We can therefore find a field 
k’ between k and K such that & is a finite extension of k and such that 
[k"(x) : X (u)]. [A (x): & (u)], for any field k” between & and K which 
is a finite extension of x . By the finite case considered in the preceding 
part of the proof we have then [& (&): k"(z)], = [k'(x) : X (z)]. for any 
transcendence basis (z] of & (v) / k and for any field k” between k and K 
such that Å” is a finite extension of x . It follows then by Lemma 2 that 
[K(x): K(z)]; & (x): X (z)], for any transcendence basis {z} of 
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K (&) / l. Hence [K (x): K]; = [k'(x): K J. We now have, for any 
transcendence basis {z} of &) / k: 


[A(x) : R(2)], = pe[k'(x): K (al. pIR (H): K) 


P. = [A(x) : K. / [& (*): & J. Lx): K, / K (x): K]; 
and this establishes the theorem in the case in which K is an algebraic 
extension of k. 
In the general case we consider a transcendence basis B of K/k. 
Since K and k(x) are free over k, the elements of B are algebraically 
independent over k(x). Hence by Corollary 1 of Lemma 1 we have 


where 


(11) [A(B, x): EB, 2) ]. (A(x): x() . 
for any transcendence basis {z} of k(x)/k. Hence 
(12) [A(B, x) : K Bl. = (A(x) : k); 


Since K is an algebraic extension of k(B), we have by the preceding 
case: 
[A(B, x): k(B, 2)]; = p*[K(x): K(2)],, 
where 
pt = [A(B, x): K(B));/[K(x) : K], 
and from this the theorem follows in view of (11) and (12). 

Corotiary I. If kis the algebraically closed field given by the algebraic 
closure of k in S, then 
(13) [A(x) : k(2)]; = [A(x) : Kl. Ec): k(2)]; 
for any transcendence basis {z} of K) / k. 

For k being a perfect field, the order of inseparability of k(x) over k is 
equal to 1. 

COROLLARY 2. The assumptions being as in the first part of Theorem 38, 
and if we assume furthermore that either (a) K and k(x) are linearly 
disjoint over k or (b) K is separably generated over k, then [K(x): K]; = 
[A(x) : k]; 

In the case (a) the corollary is an immediate consequence of (10) and 
of Lemma 1 as applied to the case L = k(2), K = k(x) and k' = K. If 
K is a finite separable extension of k, then the corollary follows at once 
from (10) and from the second half of Theorem 38. If K is a purely 
transcendental extension of k then K and k(x) are linearly disjoint over 
k by Corollary 1 to the lemma of § 15 (since K and k(x) are free over k) 
and we are then in the case (a). The general case under (b) is now 
settled immediately by following up a purely transcendental extension 
of k by a separable algebraic extension and by using Lemma 2. 
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§ 17. Derivations 


DEFINITION. Let S be a ring and Ra subring of S. A mapping D of 
R into & is said to be a derivation of R (with values in S) if, for every x, y 
in R, D satisfies the following conditions: 


(1) D(x + y) = D(x) + D(y). 
(2) D(xy) = xD(y) + yD(x). 


REMARK. ‘The notion of a derivation of R may be generalized to the case in 
which & is replaced by an R-module (see III, § 1). In that case, the products 
xD(y) and yD(x) on the right-hand side of (2) are products of an element of R 
and an element of the R-module S, and hence are elements of S; thus formula 
(2) is meaningful. 


Successive applications of formula (2) show that for every x in R and 
for every integer n > 1 we have D(x") = nx"-'D(x). In particular, if S 
has a unit element e which lies in R, we have D(e) = D(e?) = 2eD(e) = 
2D(e), whence Die) = 0. From (2) it follows that the kernel of the 
additive homomorphism D (that is, the set of all elements x in R such 
that D(x) = 0) is a subring of R; the relation D(e) = 0 now shows that 
this subring contains the unit element e, hence also all integral multiples 
ne(né J). 

A derivation D of a ring R such that D(x) = 0 for every element x of 
a subring R’ of R is said to be trivial on R’, or to be an R'-derivation 
of R. 

Lemma. Let R be an integral domain and let D be a derivation of R 
with values in a field K’ containing R. Then D can be extended, and in a 
unique way, to a derivation D' of the quotient field K of R. For x|y e K 
(x, y, E R, y Æ O) we have 


(3) D'(x/y) = (yD(x) — xD(y))/y”. 


PROOF. From D(x) = D'(y-(x/y)) = yD'(x/y) + (x/y)D(y) it fol- 
lows that relation (3) holds for every derivation D’ of K which extends 
D. This proves the uniqueness of D'. As to the existence of D’, we 
first have to show that (3) actually defines a mapping of K, that is, that 
if x/y = ./ then (yD(x) — xD(y))[y? = ) * D and 
it will be sufficient to show this in the case in which x = zx, y' = 2y, 
8 ER. In this case we have y'D(x') = 2zy(2D(x) + x()), x' Dy’) = 
2x(sD(y) + yD(2)), whence Y Dr) — x'D(y') E — xD(y)), 
and this proves the above equality. A straightforward computation, 
which may be left to the reader, shows that the mapping D' satisfies 
conditions (1) and (2) and hence is a derivation. 
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EXAMPLES OF DERIVATIONS 


EXAMPLE 1. Let R be a ring, D a derivation of R, and A the poly- 
nomial ring R[X,,:--,X,]. With every polynomial 


FAI. „ A,) => 4% l 
we associate the polynomial 
> D(a, = 4% K 1%. ete ,n 


obtained from f by coefficientwise derivation, and we denote this 
polynomial by f?(X,,---, A,). It is a straightforward matter to check 
that the mapping f — fP is a derivation of A. Obviously, this derivation 
is an extension of D. 

EXAMPLE 2. Let RK’ be a ring and R be the polynomial ring 
R [ A j. „ A, J. We may formally define the partial derivative 
Fx. (A „ A,) (with respect to X,) of a polynomial f in R as follows: 
if (A, „ A,) = Ca, % 1% A, then f’y (Ai. „ A,) = 
Ta, % 71A 1% A2. Aen. The mapping f x is denoted by 
Di or by /i. A straightforward computation shows that Di is an 
R’-derivation of the polynomial ring A; (it is even trivial on 
R [ Az, „X, ]). We call this derivation of R the partial derivation 
with respect to X 1. In the same way we define the partial derivations 
D, for i = 2,---,n. By the above lemma, if R’ is a field these 
derivations can be extended, and in a unique way, to derivations of the 
rational function field A = (A;, „ A,); these derivations bear the 
same name and are denoted in the same way as their restrictions to the 
polynomial ring R. Formulae (1) and (2) show that the derivation 
J, (ISI < 2) is uniquely determined by the condition that it be trivial 
on HR and that it satisfy the following relations: 

(4) D(X;)=1, D(X) = 0 for 17. 

EXAMPLE 3. The preceding example can be generalized to the case of 
polynomial rings R = R’[{X,}] in infinitely many indeterminates X, 
indexed by a set A = {a}. For any a€ A we denote by S, the set of 
indeterminates X,, B & a, and by R, the polynomial ring R'[S,]. Then 
R = K, [X.] is a polynomial ring in one indeterminate X, over the ring 
R and thus there is a unique derivation D, of R which is trivial on R, 
and such that D(X.) = 1. We denote this derivation by ¢/¢X,. We 
have then D,(X,) = O if a p. If R isa field, the derivations ¢/¢X, 
can be extended, in a unique way, to the quotient field K A.)). 

Let now K be a field and L an extension field of K. We are going to 
study the set of all derivations of K with values in L. If D ənd D' are two 
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such derivations, the mapping D + D' defined by (D + D’)\(x) = 
D(x) + D'(x) is also a derivation of K with values in L: in fact formulae 
(1) and (2) are “linear in D.” In the same way we see that, if D is a 
derivation of K and a is an element of L, the mapping aD defined by 
(aD)(x) = aD(x) is also a derivation of K. Thus the derivations of K 
with values in L form a vector space over L, which we shall denote by 2x 
or (L). If K is a subfield of K, the derivations of K which are trivial 
on K form a vector subspace of 2x, which we shall denote by x. 
REMARK. If D and D’ are two derivations of K with values in L, the 
composite mappings DD’ and D' D are not, in general, derivations. However, 
the mapping D’D — DD’ (defined by (DD — DD) r) = D’(D(x)) — D(D‘(x))] 
ts a derivation of K. In fact, formula (1) is obvious for D'D — DD’. On the 
other hand, we have E 

(D'D DDD = D'(xD(y) + yD(x)) — D(xD’(y) + yD'(x)) 

= x:(D'D - DD) + y:(D'D - DD'Xx), 
since the terms D'(x)D(y) and D’(y)D(x) cancel; thus D’D — DD’ satisfies (2). 
The derivation D’D — DD’ is sometimes denoted by [D, D’] and called the 
bracket of D and D’. The formulae [D, D] = O, [D, D’] = — [D’, D] are 
obvious. Furthermore, it is a straightforward matter to check the Jacobi 


Identity ” 

[[D, D)]. D°) + D, D”), D) + [[D’, Dl. D] = 0 
between any three derivations D, D’, D” of K. One expresses the above proper- 
ties of the bracket [D, D'] by saying that 2x is a Lie Algebra over L. Similarly 
S/ x is also a Lie Algebra over L. 

EXAMPLE 4. Let k be a field and K = KR (Ai,. „ A,) the rational 
function field in m variables over k. We are going to prove that the 
partial derivations D, (i = I. „n) form a basis of the vector space 
2 kır of k-derivations of K (with values in any extension field L of K). 
In fact, let DE . If we set D! = > D(X,)D,, D' is a k-derivation 
of K which coincides with D at the elements XI. „ A,, and hence D’ 
coincides with D on the polynomial ring IA j. , A, ] since the kernel 
of the derivation D' — D is a ring. Consequently, D’ = D on the 
quotient field K, by formula (3) (Lemma), showing that the D, span 
S We now prove that the D, are linearly independent (over L). In 
fact, if Ca, D, = 0 (a, e L), then 0 = (Ca, D. (X,) = a, forj = l. n. 

THEOREM 39. Let K be a field, F = K(x., ` , x,) a finitely generated 
extension field of K, D a derivation of K with values in some extension field 
L of F, and (ui, , u] a set of n elements of L. In order for there to 
exist a derivation D' of F extending D and such that D'(x;) = u, for 
i= l, en, it is necessary and sufficient that, for every polynomial 
(A, „ Xn) in KAI, „ A,] such that (xi, , x,) = O, we have 


% F. 40 + Cu DE 40 = 0, 
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and if this condition ts satisfied then the derivation D' is uniquely determined. 
Furthermore, if ji] is a set of polynomials such that (xi, ¥2, «++, Xn) = 
O for all j and such that every polynomial f c IAI. „F Xn] for which we 
have xi, , Xn) = O may be written in the form f= 2 gif; with 


J 
gi K(X, +--+, Xa] (in other words, if {f;} is “a basis of the ideal of 
algebraic relations satisfied by xi, , Xn over K), then for the existence 
of D' it is sufficient that 


(6) F(x. * „ My) 4 È u (DS Nen „) = O, 


Jor every j. 
PROOF. We first observe that if D' is any derivation of F extending 


D then we have, for every polynomial g e KA, , X, J, the relation 
(7) Dl. K 0 = BPH , x) + TOD D a x.). 


In fact, formula (2) for the derivative of a product shows that (7) is 
true when g is a monomial a1. A,, (a E K); hence (7) is true for 
any polynomial g, by linearity. Since D’(0) = 0, (7) shows that relation 
(4) is necessary, and (7) also shows that there is at most only one 
derivation D' of K[x,, x3, , , x,], and hence also at most one derivation 
of the quotient field F, such that D’ is an extension of D and D’(x,) u,, 
i = 1, 2, „ n. Conversely, if (5) holds for any polynomial f over K 
such that f(x,,:--:,x,) = 0, we define D' by setting 


D' gr , x) = 87% „ x.) + Tu. Och lx, „ /). 


Then D' is a mapping, for the value D’(g(x,, : , x,)) depends only on 
the element g(x,, , x,) of F and not on the polynomial g [since, if 
(xi, „ x,) = Mx, , x.), we may apply (5) to the polynomial g — R, 
and we then find that D'(g(xi, Xa ° , x)) = D’(A(x,, x2, , c, ))]. 
It is clear that D' is an additive homomorphism (that is, D' satisfies (I)). 
On the other hand, we have D'(x,) = u.. Finally, condition (2) is 
satisfied by D' since the mappings g = g? and g — u · Dig are deriva- 
tions of KA. „ A,] (Examples 1 and 2, p. 121). Thus condition 
(5) is sufficient, since a derivation D’ of K [x. , x,] can be extended 
to the quotient field F (Lemma). It remains to be shown that condi- 
tion (6) implies condition (5) for any polynomial f such that 
xn „ x,) = 0. Since f= Ce, we have (XI. , x.) = 


DSPE Ene Xn)8 AK, BEETA ＋ Sffr ae 4, (xi, ‘++, X = 
DS PH dE (i „ x,), Since f(x,,°°*, x,) = 0 for every j. 
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In the same way we see that 
(D.) r s En) = Teller, K,) D. i * , h). 


Therefore we obtain (5) by multiplying each relation (6) by g (%1, , x,) 
and adding the resulting relations. Q.E.D. 

We shall now apply Theorem 39 in various important cases of field 
extensions. 

CoroLLARY I. Let K be a field and let F = K(x) be a simple transcen- 
dental extension of K. If D is a derivation of K with values in some field 
L containing F, and if u is any element of L, then there exists one and only 
one derivation D' of F extending D, such that D(x) = u. 

In fact, 0 is the only polynomial f in K LX] such that f(x) = 0. 

COROLLARY 1’. Let K be a field and let F = K(S) be a purely 
transcendental extension of K, here S denotes a set of generators of F/K 
which are algebraically independent over K. Let x u, be a mapping of 
S into a field L containing F. If D ts any derivation of K with values in 
L, then there exists one and only one derivation D' of F extending D, such 
that D(x) = u, for all x in S. 

It is clear that if D’ exists it is uniquely determined on K[S], whence 
also on F. To show the existence of D’ we shall use Zorn’s lemma. 
Let J be the set of all subsets S, of S with the property that D admits an 
extension D, to F, = K(S,) such that De = u, for all x in S. The 
set J is non-empty since the empty set belongs to J. If S, CS, then 
Da is an extension of D, It follows at once that the set Z, partially 
ordered by set-theoretic inclusion, is inductive. By Zorn’s lemma, 
there exists a maximal element S’ in J. Let F’ = K(S’) and let D' be 
the derivation of F’ extending D and such that D'(x) = u, for all x in 
S“. If S' Æ S, then there exists an element y in S which does not 
belong to S’, and by Corollary 1 there exists a derivation D” of the field 
F’(y) = K(S'U{y}) which is an extension of D' and is such that 
D'y = u, This contradicts the maximality of S“ in J. Hence S’ = S 
and the corollary is proved. 

CoroLLARY 2. Let K be a field, and F = K(x) a simple separable 
algebraic extension of K. Then every derivation D of K may be extended, 
in one and only one way, to a derivation of F. 

In fact, every polynomial g e K[X] such that g(x) = 0 is a multiple 
of the minimal polynomial f of x over K. Thus the set of relations (6) 
reduces to the single relation x) + f x(x) = 0. Since x is separable 
over K we have f’ x(x) * O, and hence the relation &) + 1 x(x) = O is 
satisfied by one and only one value of u. If u, is that value of u then the 
extension D’ of D to F such that D'(x) = uy is the only extension of Dto F. 
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COROLLARY 2’. Corollary 2 remains valid if F is an arbitrary separable 
algebraic extension of K. 

The proof, which is similar to and even simpier than the proof of 
Corollary 1’, is a straightforward application of Zorn’s lemma and may 
be left to the reader. 

Coro.uary 3. If a field F is a separably generated extension of a field 
K then every derivation D of K can be extended to a derivation of F. 

This follows immediately from Corollaries 1 and 2. 

COROLLARY 4. Let K be a field of characteristic p Æ O and let 
F = K(x) (F 4 K) be a simple purely inseparable extension of K. Let e 
be the smallest integer (e = I) such that y = x” e K. Then a derivation 
D of K has an extension D' to F if and only if D( y) = 0, and if D is such a 
derivation of K (with values in a field L containing F) then the value 
of D'(x) can be assigned arbitrarily in L. 

The minimal polynomial of x over K is X — y (Theorem 7 of § 5). 
Hence relation (6) reduces to D(y) = 0. 

COROLLARY 4’. Let K be a field of characteristic p e O and let F be a 
purely inseparable extension of K such that FPC K. If S is a set of 
generators of F/K and if D is a derivation of K such that D(x?) = 0 Sor 
every element x of S, then I) can be extended to F. 

We consider the set J of all pairs (“, D’) composed of a field F’ such 
that K C F’ C K(S) and a derivation D’ of F’ extending D. We set 
(F’, D') (F“, D“) if F CF“ and if D” extends D’. ‘This relation is 
an order relation, for which J is obviously inductive. By Zorn’s lemma 
there exists a maximal element (F“, D') of J. If F Æ K(S), there 
exists an element x in S such that x F; we then have x’ e F’ and 
D'(x?) = 0, whence D’ may be extended to A(S)(x) according to 
Corollary 4. Since this contradicts the maximality of (F“, D'), we have 

F’= K(S). Q.E.D 

COROLLARY 5. Let K be a field of characteristic p & O, and F a purely 
inseparable extension of K such that FPC K. [F: K] ts finite, say 
[F: K] =p‘, then the vector space Zp g of K-derivations of F has 
dimension s. There exists a set {x,,°- , x,} of s elements of F and a basis 
Di, Datt, D,} of Cx, with the following properties: F = K(x,,°--,x,), 
x, F K(XIi, „ X- 1) forj l. , and D,. x.) = 1, Dix,) = 0 for 
i Æ j. 

We construct by induction a sequence x,,---, X; of elements of 
F such that x, F K(x,,°--,%,_,). Since x? E K(x,,---,x;_,), we 
have [K(x , ,): (xi. „ X i)] =p. Since [F: X] is finite, 
this sequence must have a finite number of terms, say s, and then we 


have [F: K] = p'. For every j = 1,---.s there exists, by Corollary 


126 ELEMENTS OF FIELD THEORY Ch. II 


4, a KX, „ %,~,)-derivation D', of K(x,,---, x,) such that D’ {x,) 
= 1. We extend D', to a derivation D, of F = K(x,,--:,%,) by 
imposing on D, the conditions D(% j41) = ++: = D,(x,) = 0; this is 
possible, as follows by successive applications of Corollary 4, since 
& E K for ij T I,. „s. We thus have s derivations Di,. „ D, 
of F over K such that D (x,;) = 1 and D. x,) O for i * j. These 
derivations are linearly independent: in fact, if 2,4, D. = O, we have 


= (> a,D;)(x;) = 0 for every j. Finally, if Di i any K-derivation of 
F, the mapping D' = D — X D(x,)D, is a derivation of F which takes 


the value 0 on K and on the set {x,,---,x,}. Hence D' takes the value 
O on KIxi. , x, = F; this proves that the derivations D,,---, D, 
span Dy/x. Q.E.D. 

REMARK. The formula D(x*) = px I shows that in characteristic p * O, 
every derivation of a field L is trivial on the subfield L’. In particular, a perfect 
field of characteristic p # O has no non-trivial derivations. Corollaries 4 and 
4’ show that L?’ is exactly the set of all elements x of L such that D(x) = 0 for 
every derivation D of L. If K is a subfield of L we see, in the same way, that 
re is the set of all elements xin L such that D(x) = O for every K-derivation 
0 . 

THEOREM 40. Let K be a field and F = K(x,,::-,x,) a finitely 
generated extension of K. For F to be separably algebraic over K, it is 
necessary and sufficient that O be the only K-derivation of F. 

PROOF. Necessity follows from Corollary 2’ to Theorem 39. Con- 
versely let j be the largest index for which F is not separably algebraic 
over K(x,,---,x,). Then the field (&i. , c i) is either purely 
transcendental or algebraic inseparable over K(x,,---,%*,;). At any rate 
there exists a non-trivial derivation D of K(x,, * , ¥;4) which is trivial 
on K(x,,--:-,%,) (Corollaries 1 and 4 to Theorem 39). Since F is 
separably algebraic over K(x}, *'-,x;41ı) D can be extended to F 
(Corollary 2 to Theorem 39). This contradicts our hypothesis and 
proves the sufficiency. Q.E.D. 

ConolLA RV. Let K be a field, (xi, , x,} a finite set of n elements of 
some N field F of K, and {f;, ` - - , fn} a finite set of n elements of 
K[X » A,] such that f(x,,---,x,)=90 for t=1,:---,n. If 


det (a (&i xa) x O then K(x,, ` , x,) is separable algebraic over 
K. Conversely, if K(x, xũ½ , x,) is separable algebraic over K then 
there exist polynomials fı, fa „J, in K[X; X,, „ Xn] such that 
f(n x&, „ X,) = O for i 1, 2, „ a and such that the above 
determinant is different from 0. 
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In fact, let D be a K-derivation of K(x,,---,%,). Since 


Df (x1) °° , *%,)) = O, we have PACALZ. A2 +++, x,)-D(x,) = 0 for 


i = l, „n. We thus have a system of n homogeneous linear 
equations in D(x,),---, D(x,) with non-vanishing determinant. 
Hence D(x,) = = D(x,) = 0, and D is the trivial derivation. 
Assume now that K(x), xz, , x,) is separable algebraic over K. 
Then there exist no non-trivial K-derivations of K(x}, Xa °° , x.). 


Consider the system of homogeneous equations 5 u, (Dif ® i Xo „ Xn) 


= 0 obtained by letting f vary in the set of all polynomials f in 
K[X,, Az, „ X,] such that f(x,, X2- , x,) = 0. By Theorem 39 
(equation (5)) it follows that this system of equations has only the trivial 
solution u, = u, = = u, = 0. Hence the system must contain 
some set of m equations with non-vanishing determinant, and this 
completes the proof of the corollary. 

THEOREM 41. Let K be a field and F = K(xi, , x,) a finitely 
generated extension field of K. The dimension s of Zr), is equal to the 
smallest number of elements ui, „ u, of F such that F is separable 
algebraic over K(u,,---,u,). If K has characteristic p * O then 
p: [F: K(F*)]. The relation s = tr. d. F|K characterizes separably 
generated extensions. 

PROOF. A K-derivation D of F’ = K(u,,:-:+,u,) is uniquely 
determined by D(u,),---, D(u,); hence the dimension of & is at 
most equal to f. If F is separable algebraic over F’, every derivation of 
F’ has a unique extension to F (Corollary 2’ of Theorem 39), whence 
St. For proving our first assertion we now have to show the 
existence of s elements ui, , u, of F such that F is separable algebraic 
over K(u,,--:-,&,). This is clear if p = 0 for, in that case, s is the 
transcendence degree of F/K (see Corollary 2’ to Theorem 39 and the 
example preceding Theorem 39). If p O we observe that every 
K-derivation of F is trivial on K(F?) and that F is purely inseparable 
over K(F*). Therefore, if we apply Corollary 5 of Theorem 39 we find 
that there exist s elements 11, , u, of F and s linearly independent 
K-derivations Di. „ D. of F such that D,(u;) = 1, D,(u,) = 0 for 
i 4 j. If a derivation D of F is trivial on K(u,,---,4,), we have 
D = 0, since we can write D = Ca. D., whence 0 = D(u,) = a, for 


every j. Hence F is separable algebraic over K(u,, - , u,) by Theorem 
40, and the first part of our theorem is proved. The second assertion of 
the theorem is a partial repetition of Corollary 5 of Theorem 39. The 
third assertion follows from the first. Q.E.D. 
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THEOREM 42. Let K be a field of characteristic p O and F an 
extension field of K. For F to be separable over K (§ 15), it ts necessary 
and sufficient that every derivation of K be extendable to F. 

PROOF. Suppose first that F is separable over K, that is, suppose 
that F and K / are linearly disjoint over K. Then, since x x? is an 
isomorphism, the fields F? and K are linearly disjoint over K. Let 
(%) be a basis (finite or infinite) of F* considered as a vector space over 
Ab; we have the “multiplication table“ u u, = È Casi u (ce, E K’). 


Then {u,} is obviously a basis of the ring A [F?] considered as a vector 
space over A. Let D be a derivation of K. Every element x of K [F?] 
may be written, in a unique way, in the form x = > x,u, (x, € K, x, = 0 


except for a finite number of indices). Hence, if we set D'(x) = 
> D(x,)u,, then D' is a mapping of K IV into some extension field of F, 


a? 


and this mapping obviously satisfies the condition D'(x + y) = 
D'(x) + D'(y). To show that D' is a derivation we consider any two 
elements x = 2 > x U, and y = > y,u, of RUF]; we have 


D' (xy) = Di2 2 s KaYa airy) 


= (Wed + Do anh 
= xD'(y) . 


since Pc) = 0 for ca E KP. Now, the derivation P' of KIF 
(which extends P since one of the elements u, may be taken to be 1) 
may be extended to a derivation D” of the quotient field X (F) (Lemma). 
Finally, since F is purely inseparable over A(F?) and since D” takes 
the value 0 on F’, by construction (if “xy, € F then the x, are in K? 
and so D(x,) = 0), Corollary 4 of Theorem 39 shows that D” may be 
extended to F. ‘Thus the necessity is proved. 

Conversely, suppose that every derivation of K can be extended to F. 
We shall prove that if x}, , x, are elements of F which are linearly 
independent over A, then the p-th powers of these elements are also 
linearly independent over K (a condition which 1s equivalent to separa- 
bility; see § 15). Assuming the contrary, choose among the non-trivial 
linear relations with coefficients in K satisfied by the x,, one with the 
smallest number of non-vanishing terms. By renumbering the indices 
we may write this relation in the form a,x? T + a,x = 
(a, € K, a; % 0). We may also assume that a, = 1. Now, given any 
derivation D of K, we extend it to F and we continue to denote by D the 
extended derivation. Since D(x) = 0 and D(a,) = D(1) = 0, the 
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relation gives, by derivation, Da) æ + --- + D(a,)x,¢ = 0. Since 
this relation has only n — 1 terms, all its coefficients vanish, whence 
D(a;) = 0 for all i and all D. Since a; is annihilated by every derivation 
of K, a, belongs to K? (remark after Corollary 5 of Theorem 39), 
whence a, = 5% with ö, E K, b; #0. Thus the relation a,x,’ = 0 
gives Tb, = (Tb, x,) = 0, whence Th, x, = 0, in contradiction with 
the linear independence of xi, , x, over K. Q.E.D. 

We shall terminate this section with a brief discussion of p-bases of 
fields of characteristic p # O. In the sequel F denotes a given field of 
characteristic p # 0. 


Given a finite set of elements x,, Xa, . x, of F, these elements are 
said to be p- independent if the n? monomials x,'.x,':- - - x,'n(0 S i < P) 
are linearly independent over F. The set (xi, Xa ---, x,] is then said 


to be a p-independent set. An arbitrary (finite or infinite) subset S of F 
is said to be a p-independent set if every finite subset of S is p-indepen- 
dent. 

A subset S of F is said to be a p-basis if it is a p-independent set and if 
it is at the same time a system of generators of F / Fo, that is, if F = Fe(.S). 

Part of the discussion of p-independence and p-bases shall be given 
here as a special case of the general axiomatic notion of dependence 
developed in connection with vector spaces (1, § 21) and transcendental 
extensions (§ 12). Namely, let us introduce the following relation ꝙ 
between subsets of F: if 4 is any subset of F then g(A) = F(A). 
This relation ꝙ satisfies the five axioms given in I,§21. The validity of 
the first four of these axioms is self-evident, and we have only to check 
the validity of the last axiom (principle of exchange): if A is a subset 
of F and x, y are elements of F such that y ¢ FA) and y e FA, x), then 
xe F(A, y). Since F(A, x) = Fe(A)[x] and x? e F’, we may write y 
in the form y = agx*—! + a,xP—? +--+ + ap% + 41, where the a, 
are in F(A). Since y ¢ FCA), the coefficients 0, 41 4%: are not 
all zero. It follows that x is both separable and purely inseparable over 
F(A, y) and hence belongs to FCA, y), and this proves the principle of 
exchange. 

We now show that a finite subset (xi, x2, -° „ x,} of F is free (with 
respect to the relation ꝙ; see I, § 21) if and only if it is a p-independent 
set. Assume that the set (xi, Xa , x. is free. To show that the 
elements x, are p-independent we shall use induction with respect to n, 
since the case n = 0 is trivial. Let (Ai, Az, „ A,) be a non-zero 
polynomial with coefficients in F? and of degree less than p in each of 
the variables X. We have to show that f(x,, X} „ x,) #0. We 
may assume that X, actually occurs in f. By our induction hypothesis, 
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the polynomial f(x,, & 2. Xi, X) in F(x, Xa ++, X, 1) [X] is 
different from zero. Since this polynomial is of degree less than p in X, 
it is separable. Since x, is purely inseparable over F? and since it does 
not belong to Fx I, x&2, „ 4 i) (the set (xi, & 2, , x,} being free), 
it follows that x, cannot be a root of the above polynomial, and this 
proves the p-independence of the elements xi, xẽ2, , Xp 

Conversely, if the elements x, xz, : k, x, do not form a free set then 
we may assume that x, € F?(x,, & ½2 , X, 1). Since x S Fr, we may 
write x, in the form x, = g(x}, X2 °° , *. 1), where g is a polynomial 
with coefficients in F? and of degree less than p in each of the arguments. 
Then the relation g(x, xa, , X 1) — &, = 0 is a relation of linear 
dependence (over F?) between the monomial x, and the (n — 1) 
monomials xh “ 10 (O S i, < p), showing that the elements 
xi, Xa , X, are not p- independent. 

Using the general results established in I, § 21, we have therefore 
established the following facts: 


(1) A subset S of F is a p-basis of F if and only if it is a basis of F with 
respect to the relation y, or—in other’words—1f and only if S is a minimal 
system of generators of F over Fr. 

(2) There exist p-bases of F, and any two p-bases of F have the same 
cardinal number. 
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The following theorem, which is in part a generalization of Corollary 
5 of Theorem 39, establishes a relationship between p-independence 
and F?-derivations of F: 

THEOREM 43. A subset S of F is p-independent if and only if for every 
element x of S there exists a derivation D. of F|F? such that D (x) = 1 and 
D,(y) = 0 for every element y of S different from x. 

PROOF. Assume that S is a p-independent set. Let be the set of 
all subsets of S having the following property: if A is any set in the 
family # then there exists for each element x of A a derivation D, 4 
of F(A) such that D. Ar) = 1 and D., 4(y) = 0 for all elements y of 
A which are different from x. We partially order by set-theoretic 
inclusion and we show that £ is inductive. Let be a totally ordered 
subset of S. If A, Be and if, say, A C B, then it is clear that for 
each element x of A the derivation D. p is an extension of the derivation 
D.. 4. It follows that if C denotes the union of all the sets A belonging 
to s’ then for each element x of C the various derivations D. 4 
(xe AE) have a common extension D, ç to FAC) such that 
D., (x) = 1 and D, c(y) = 0 for all elements y in C which are different 
from x. Hence C e J, showing that / is inductive. By Zorn’s lemma, 
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let S’ be a maximal element of S. Were S’ a proper subset of S, we 
could choose an element z in S which does not belong to S’ and then, 
by Corollary 4 of Theorem 39, there would exist a derivation D of 
F?(S', z) which is trivial on FS“) and such that D(z) = 1 (since 
z FFS“), in view of the p-independence of the elements of S). This 
would contradict the maximality of 8. Hence S’ = S. Now, each 
of the derivations D. 5, x € S, can be extended to a derivation D, of F, 
by Corollary 4’ of Theorem 39. These derivations D, satisfy the 
conditions stated in the theorem. 

Conversely, assume that for each element-« of S there exists a deriva- 
tion D, of F/F? satisfying the conditions stated in the theorem. If 
Xi &, „ X, are arbitrary elements of S then the derivation D., 
(1 Sin) is trivial on F(x, x2. „ X. 1, & 15 „ *.) While 
D, (x,) 1. Hence x; does not belong to the field F(x,, &,, , x, i 
ki, „ .). This shows that the set {x,, xõ2, , x„} is free (with 
respect to the relation g) and hence is p- independent. O. E. D. 

We note that if F is a finitely generated extension of F? and & is a 
P- basis of F, then the derivations D., x € S, form a basis of Oe: ou 
in fact, is the meaning of Corollary 5 of Theorem 39. 


HI. IDEALS AND MODULES 


§ 1. Ideals and modules. In Chapter I we defined the concept of 
a homomorphism of a ring (I, § 12) and saw that the kernel plays an 
important role. We proved in I, §12 that the kernel is not only a 
subring but actually an ideal in accordance with the following: 

DEFINITION 1. Let R be a ring. An ideal in R is a non-empty subset 
A of R such that 

(a) If a, az E A, then ay — aE A. 

(b) Fa E A and be R, then abe A. 

(We recall our convention, made in I, § 7, p. 10, that “ring” always 
means a commutative ring.) Condition (a) of this definition simply 
states that A is a subgroup of the additive group of R. Condition (b), 
taken together with (a), implies that A is a subring of. R. But not every 
subring is an ideal; for example, in the ring of rational numbers the set 
of integers is a subring but not an ideal. Or again, if F[x] is a poly- 
nomial ring over a field, then F[x?] is a subring of F[x], but not an 
ideal. 

If R is any ring and a is any element of R, then the set of all elements 
xa, x R, is clearly an ideal. It is called the principal ideal determined 
by a and is denoted by Ra. We note that if R has an identity, then a is a 
unit if and only if Ra = R. In a ring with identity the ideal Ra 
obviously is the smallest ideal in R containing a. In the general case 
the smallest ideal containing « is the set of all elements of R of the form 
ra + na, where r € R and n is an integer; this set is denoted by (a). If 
R has an identity, then (a) = Ra. 

Another example of an ideal may be obtained by taking R to be a 
polynomial ring in n indeterminates XI, A, „ A, over a ring Ro. 
If ai, az, „ a, are fixed elements of Ry, the set of all polynomials 
(Ai, , A,) in R such that f(a, az, , @,) = 0 is an ideal. 

Every ring R (except the nullring) has at least two ideals: the entire 
ring R and the set (0) consisting of 0 alone. The latter is identical 
with the principal ideal RO; if R has an identity, the former is RI. An 
ideal of R distinct from (0) and R will be called a proper ideal. 
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If R has an identity element 1 and if an ideal A in R contains a unit 
u, then A = R, for A contains hu lu for every be R. If R is a field, 
then it has only the two (improper) ideals (0) and R1, for if A is an ideal 
in R and A * (0), then A contains an element a * O, hence contains 
aa~! = 1, hence equals R. Conversely, if R has an identity and has 
only two ideals, then R is a field; for if ae R, a * 0, then Ra # RO, 
hence Ra = R, 1 e Ra, so 1 = xa for some x € R. 

EXAMPLE. If G is an arbitrary abelian (additive) group then G can 
be made into a commutative ring by setfing ab = 0 for all a, b in G. 
This ring has no multiplicative identity. Every subgroup of the group 
G is then an ideal in the ring G. If we take for G a finite group of 
prime order then we obtain an example of a ring which has no proper 
ideals and yet is not a field. 

The above example is the most general of its kind, for we can 
easily prove the following result: if a ring R has no proper ideals and is 
not a field, then the additive group of R is cyclic, of prime order, and we 
have ab = 0 for all a, bin R. To prove this, we consider the set A of all 
elements a of R such that Ra is the zero ideal. In other words, % is the 
set of all absolute zero divisors of R. Since we have assumed that R is 
not a field, there exist elements a in R, different from zero, such that 
Ra Æ R. For any such element a we must have then Ra = (0), for R 
has no proper ideals. Hence the set A contains elements different 
from zero. On the other hand, it is obvious that A is an ideal. Hence 
x = R and we have therefore ab = 0 for alla, bin R. Every subgroup 
of the additive group of R is then an ideal of R, and therefore the 
additive group of R must be finite, of prime order, since (0) and R are 
its only subgroups. 

The concept of ideal is susceptible of an immediate generalization. 

DEFINIIION 2. Let S be a ring and R a subring of S. An R-MODULE 
in S is a non-empty subset A of S such that 


(a) If di» ay E A, then a, — a> € A. 
(b) Fa Ee A and be R, then bac A. 


Any ideal in & is clearly an R-module. In particular, the ideals of R 
are precisely those subsets of R which are - modules. We note that 
as far as the elements of S are concerned, only the operation of addition 
is involved in the module concept. Multiplication enters only between 
an element of R and an element of S. This suggests a further (and 
final) generalization. We thus come to the concept of an abstract 
module, which will be fundamental for many of the subsequent develop- 
ments in this book. 
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DEFINITION 3. Let R be a ring. A set M ts called a MODULE OVER R 
(or an R-MODULE) if 

(a) M is a commutative group (the group operation will be written as 
addition). 

(b) With every ordered pair (a, x) in which a e R and xe M there is 
associated a umique element of M, to be denoted by ax, such that the 
following relations hold: 


(1) | a(x + y) = ax + ay 
(2) (a + b)x = ax + bx 
(3) (ab)x = a(bx), 


where a, b are any elements of R and x, y are any elements of M. The 
element ax will sometimes be called the product of a and x. 

The above definition of an R-module in an overring S of R is a 
special case of the present definition, the element of M associated with 
the pair (a, x) being simply the product of a and x as elements of the ring 
S. In that special case, equations (1), (2), (3) are consequences of the 
ring axioms. 

If R has an identity element, then the R-module M is said to be 
unitary if 
(4) lx =x, forall xeM. 

If R is a ring with an identity and & is a ring containing R, then clearly 
S is a unitary overring of R if and only if S is unitary when considered 
as a module over R. 

Perhaps the best-known examples of modules are the vector spaces. 
In terms of modules the definition of vector spaces, as given in I, § 21, 
signifies that a vector space is a unitary module over a field. We shall see 
later on in this chapter (§ 12) that the elementary properties of vector 
spaces which we have established in J, § 21 (such as those relative to 
dimension, linear dependence, etc.) are also consequences of general 
theorems about rnodules. 

It must be emphasized that if M is a commutative group (written 
additively) and if R is a ring, then M may be an R-module in more than 
one way. That is, given ain R and x in M there may be more than one 
way to define the product ax so that relations (1), (2), (3) hold. (There 
is always at least one way—we may define ax to be the zero of M for all 
a in R and xe M; in this case we refer to M as a trivial R-module.) If 
we have two different definitions of the product ax then we really have 
two distinct R-modules, although the underlying group M is the same 
in both cases. If R is a subring of a ring S, then, in general, S may be 
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thought of as an R-module in various ways. However, whenever in this 
book we regard S as an R-module, we shall always mean it in the sense 
mentioned above (that is, for a in R and x in & we shall mean by ax the pro- 
duct of a and x as elements of S), unless the contrary is explicitly stated. 

As a final example, let M be any (additively written) commutative 
group. Then M can always be regarded as a J-module, where J 
denotes the ring of integers. Namely, if ne J and xe M, take nx to 
mean what it usually does, as defined in I, §4. Clearly M is unitary. 
The possibility of thus construing M as a J-module shows that any 
statement about modules implies a statement about general commutative 
groups. 

We return to the general case where M is an R-module. With every 
element a of R we can associate a mapping 7. of M into itself, defined by 


xT, = ax, xe M. 


Equation (1) above states that T, is an endomorphism of M, regarded as 
agroup. It follows that if 0 is the zero element of M, then a0 = 0 for 
allae R. Similarly, if O denotes the zero element of R, then Ox equals 
the zero of M, for Ox = (0 + 0)x = Ox + Ox, whence the assertion. 
From this it follows easily that — (ax) = (— a)x = a(— x) for any 
a E Rand x e M. We shall use the same symbol for the zeros of M and 
of R; only rarely is there any possibility of ambiguity. 

It has just been observed that with every element a of R may be 
associated an endomorphism, or, as it is sometimes called, an operator, 
T. of M (M being regarded as a group). Sometimes the elements of R 
themselves are referred to as operators. The module M is often 
called a group with a ring R of operators. 

The notion of group with operators may be generalized in two direc- 
tions. In the first place, it witl be noted that the ring property of R, in 
particular equations (2) and (3), will play no essential role until § 5. 
Hence most of the considerations up to that point could be carried 
through without change on the assumption that R is a set with each of 
whose elements is associated an endomorphism of the group M. In 
other words, with every a € R and x € M there is associated an element 
ax of M such that (1) holds; nothing more need be required. We have 
no occasion, however, to make use of this more general formulation. 

A second generalization consists in dropping the assumption that M 
is commutative. The proofs which follow do not apply without some 
modification to the non-commutative case. A treatment of the most 
general case can be found in Chapter V of Jacobson’s Lectures in Abstract 
Algebra, Vol. I. 
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§ 2. Operations on submodules 
DEFINITION. Let R be a ring and M an R-module. An R-submodule 
(or simply a submodule) of M is a non-empty subset N of M such that 


(a) If xl, xz E€ N, then x, — x, EN. 
(b) Va E Rand x e N, then axe N. 


The first condition (together with the non-emptiness of M) states that N 
is a subgroup of M. If N is a submodule of M, then it is also an 
R-module if, for a e R and x € M, we define the product of a and x to 
be ax, the product which is already defined in virtue of the fact that M is 
an R-module. 

If M is a vector space over a field F, any F-submodule is called a 
subspace; it is itself a vector space over F. 

Any given ring R may be regarded as a module over itself; its sub- 
modules are then simply its ideals. Any statement about submodules of 
a given module therefore implies a statement about the ideals of a ring. 

Every module M has as submodules the set consisting of zero alone 
(it will be denoted by (0)) and M itself. Any other submodule is called 
proper. 

If A and B are non-empty subsets of an R-module M, then the sum 
of A and B, denoted by A + B, is the set of all elements of the form 
x + y, where xe A, ye B. The negative of A, denoted by — A, is the 
set of all elements — x, where xe A. If A consists of a single element 
x, then A + B will be denoted by x + B. 

It is immediately verified that the operation of addition is commutative 
and associative and that the set consisting of 0 alone (usually denoted by 
(0)) is the zero element for this addition. But the subsets of M do not 
form a group under this addition since A + (— A) * (0), unless A 
consists of a single element. The set A + (- B), which clearly 
consists of all elements x — y, where x € A, y e€ B, will be denoted by 
A — B. 

For the most part, addition will be applied to submodules. It is easy 
to verify the fundamental fact that the sum of two submodules is also a 
submodule. In particular, the sum of two ideals in a ring R is also an 
ideal. Furthermore, if L and N are submodules of M, then L + N is 
the smallest submodule of M containing L and N, in the sense that 
L + N contains L and N, and any other submodule containing L and N 
must contain L + N. If Ni,. , NM, are submodules of M, then from 
the associativity of addition it follows that N, . + N, is defined. 


h h 
It will be denoted by & N, and clearly consists of all sums > x,, where 
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x; E N; This suggests that if N.] is any collection (finite or infinite) of 
submodules of M, where the index a ranges over some set A, we define 
>N, to consist of all sums & x,, where x, € N, and x, = 0 for all but a 


finite number of indices « Clearly XN, is the smallest submodule of 
M containing all the N.. 

A second operation on submodules is ordinary set-theoretic inter- 
section. If L and N are submodules of M, then so is L NN (consisting of 
those elements of M common to L and V). This operation is, of course, 
also commutative and associative, and the module M itself acts as 
identity for this operation since MN N = N for any submodule N. If 
Mi, „ M, are submodules of M, then M, I.. NM, is also 


denoted by A M.. 
i=] 
The two operations of addition and intersection are related by a very 
important identity due to Dedekind (the so-called modular law) between 


three submodules K, L, N of a module M: 
(5) If KDL, then KN(L+N)=L+(KNN). 
It is clear that the right side is contained in the left. On the other hand, 
if x is contained in the left-hand side, then since xe L + N, we have 
x=y +z, withyeL,zeN. Then z = x — y€ K, since xe K and 
yeLCK. Thus ze KAN, and so & SL? (ANN). 

Let R be a ring and M an R-module; let A and L be respective non- 
empty subsets of Rand M. The product of A and L, denoted by AL, 


n 
is the set of all sums > a,x,, where a; € A, x; C L and n is an arbitrary 


i= Í 


a? 


positive integer. 

It is easily verified that if A is an ideal in R or if L is a submodule of 
M, then AL is a submodule of M. For AL is clearly closed under 
subtraction. If 5 ER and if Sa,x,e AL, then Na, x, = >(ba,)x, = 
Ta (br,). From the first or second of these two last sums, depending 
on whether A is an ideal or L is a submodule, we see that bSa,x, € AL. 

The two conditions for a non-empty subset J. of M to be a submodule 
may now be expressed as follows: L LC IL, RLC L. 

If L consists of a single element x and A is closed under addition, then 
AL consists of all elements ax, where a € A; it will be denoted by Ax. 
If A consists of a single element a and L is closed under addition, then 
AL consists of all elements ax, where x € L; it will be denoted by aL. 

If R is a given ring we have seen how it may be considered as an 
R-module. If we apply the above definition of product to this particular 
case, we have a definition for the product of two non-empty subsets A 
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and Bof R. Namely, AB consists of all sums 2 a, b., a, SA, b, E B, n 


arbitrary. In particular the product of two ideale in a ring R is again 
an ideal, and the notation Ra introduced in § 1 (p. 132) for the principal 
ideal determined by a is consistent with our present definitions. 

It is possible to define also a quotient operation between modules, but 
we shall do so only for ideals (see § 7, p. 147). 


§3. Operator homomorphisms and difference modules. In 
I, §11, we have defined homomorphisms between groups. This 
definition applies in particular to modules but is too general, since it 
takes into account only the group character of M and not the fact that M 
admits the elements of R as operators. 

DEFINITION. Let R bearing and let M and M be two R-modules. An 
R-homomorphism of M into M is a mapping T of M into M’ such that 


(1) (x+y)T=x«T+yT, x,yeM, 
(2) (ax)T = a(xT), x eM, a ER. 


Equation (1) states that T is a homomorphism of M into M’ when each 
is considered as a group. As to (2), let T, and T’, be the respective 
endomorphisms of M and M’ determined by a; then (2) states that 
7.7 TT. 

If M and M“ are vector spaces over a field F, then an F-homo- 
morphism of M into M is called a linear transformation of M into M’ 
(see I, § 21, p. 33). 

When it is not desired to call attention to the specific ring R, we may 
refer to an operator homomorphism instead of an R-homomorphism. The 
terms R-homomorphism onto, R-isomorphism, R-endomorphism, R-auto- 
morphism are now self-explanatory (cf. I, §11). If M, M', M“ are 
R-modules and T and T’ are R-homomorphisms of M into M’ and of 
M’ into M” respectively, then TT” is in an R-homomorphism of M 
into M”. 

THEOREM 1. Let M and M' be modules over a ring R, and let T be an 
R-homomorphism of M into M. Then OT ts the zero of M, (—x)T = 
— (xT) for any xe M. If A and L are non-empty subsets of R and M 
respectively, then (AL) T C A(LT). The kernel of T ts an R-submodule 
of M, and T is an isomorphism if and only if the kernel is (O). If L and L 
are R-submodules of M and M respectively, then LT and L'T—* are 
R-submodules of M and M respectively. 

PROOF. The first statement follows from Theorem 1 of I, §11. If 
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a E A and x, e IL, i = 1, 2, „ then (Sa,.x,)T = d(ax)T = 
Ta (x, T) € A(LT), whence the second statement. For the third, let N 
denote the kernel of T; in accordance with the general definition given in 
I, § 11 (p. 14), N consists of all x & M such that xT = O. By Theorem 
1 of I, §11, N is surely a subgroup of M; it is a submodule since 
(RN)T C R(NT) C RO = (0), hence RNC N. The second part of 
the third statement follows from Theorem 2 of I, §11. Let us prove 
that L’T-? is an R-submodule of M. If x,yeL’T-}, then xT, 
yT e L', hence (x — ) T = xT — yT e L% so x — ye L'T—); if ae R, 
then (ax) T = a(xT) e L’, hence ax e L'T-'. Similarly for LT. 

If R is a ring, a clear distinction must be made between the R-homo- 
morphisms of R (considered as an R-module) and its homomorphisms 
as a ring. In the former case the homomorphism T must satisfy the 
condition (ax)T = a(xT) for any a and x in R, whereas in the latter case 
T satisfies the condition (ax) T = (aT)\(xT). For example, with every 
element c of R we can associate an R-endomorphism 7., defined by 
xT, = cx for xe R. Clearly (x + ) T. xT, + yT., and (ax) T. 
c(ax) = a(cx) = x T.), so that T, is indeed an R-homomorphism. 
But 7, is not in general a ring homomorphism, since this would require 
that (ax) T. = (a T.) (x T.) = (ca)(cx). Thus we would have cax = ctax 
for all a and x in R; if, for example, R has no zero divisors, then this is 
possible only if c = 0 or 1. 

It may be noted that if R has an identity, then every R-endomorphism 
T of R is of the form T., where c = 17, for if x is any element of 
R, then xT = (x1)T MIT) = cx = xT. 

Since the kernel of an R-homomorphism of an R-module is an R- 
submodule of M, it is natural to ask whether, conversely, every R- 
submodule of an R-module M is the kernel of some R-homomorphism of 
M. We shall now show that this question is to be answered in the 
affirmative. To see this, let N be any R-submodule of M. Since M is 
an abelian group, every subgroup of M is a normal subgroup and gives 
rise to a factor group. Let M be the factor group of M with respect to 
N. Since we use the additive notation for the group operation in M 
we shall denote the factor group M also by M — N (instead of by 
/ N; see I, § 11). We denote by T the canonical homomorphism of 
M onto M. 

To make an R-module of M we specify that the product of an element 
a e R and an element x + N of M shall be ax + N.* To show that 
this product is unambiguous, we must show that if x + N = y + N (so 


* This is not in general the same as the set a(x + N) according to the meaning 
this notation acquires from § 2. 
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that x — ye N ) an ax + N =ay + N. But this follows from the 
fact ax — ay = a(x — y) is in N, which in turn follows from the fact 
that N is a submodule (and not merely a subgroup) of M. It is then 
clear that 7 is an R-homomorphism. We thus have: 

"THEOREM 2. If N is a submodule of an R-module M, then the group of 
cosets x + N can be made into an R-module M which is an R-homomorphic 
image of M with kernel N. 

The R-module M which has just been constructed for any R-sub- 
module NV of M and which is denoted by M — N is called the difference 
module of M with respect to N. ‘The difference module M — N is 
also sometimes called the factor module of M by N and is denoted by 
MIN. Ihe mapping x K + N is called the canonical or natural 
homomorphism of M onto M — N. 

If N = (0), then this natural homomorphism is an isomorphism. 

"THEOREM J. Jf M' is any R-homomorphism image of M, with kernel 
N, then the elements f are in (I, I) correspondence with those of M — N, 
and the correspondence is an R-isomorphism. 

PROOF, Let T be the natural R-homomorphism of M onto M — N 
and let & be the given R-homomorphism of M onto M’. Consider the 
transformation s = S~'7' of AL’ onto M — N. If x’, „' are any two 
elements of Al’ and if & € x's, ye y's, then & = xT and 5 = yT, where 
x and y are suitable elements in x’S~' and y’S~! respectively. Since 
E+ P= (K) and x’ + y'= (x + S, it follows that & + ye 
(x + y’)s. Furthermore, if 0’ is the zero of AZ’, then 0’s consists only 
of the zero of M — N since S and T have the same kernel. It follows 
from Lemma 2 of I, § 11, that s is a homomorphism. By the same 
token also g= is a mapping (since in the above argument M’ and M — N 
can be interchanged). Hence s is an isomorphism. 'To show that s is 
an K-isomorphism, let x’ be any element of M’ and let ae R. If x is 
any element in x'S-!, then x’ =xS and r = xs =x[=x+4N. 
Since ax’ = (ax)S and ak = ax + N (ax) 7, it follows that a(x’s) = 
(ax')s, and hence s is an R-isomorphism. 

We shall use the notation AJ ~ M’ to indicate that M is R-homo- 
morphic to Af’ and the notation M œ M’ to indicate that M and M 
are R-isomorphic. 


§4. The isomorphism theorems. The two theorems of this 
section are often called the Dedekind-Noether isomorphism theorems. 


* Although this notation conflicts with the notation A — B for the set of 
differences introduced in § 2, it will always be clear from the context whether we 
are referring to one or the other meaning of the notation. 
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THEOREM 4. Let T be an R-homomorphism of a module M onto a 
module M’ with kernel N. Then there is a (1, 1), inclusion preserving 
correspondence between submodules L. of M and submodules L of M 
containing N, such that if L and L correspond then LT = L, LTI = L. 
When L and L correspond, then T induces an R-homomorphism of L onto 
L', the modules L — N and L' are isomorphic, and so are the modules 
M — Land M — L.. 

PROOF. If L is a submodule of M containing N, then L’ = LT 1s an 
R-submodule of M’ by Theorem 1. ‘That distinct L's give rise to 
distinct L”s follows from the fact that (I. 7) 7-1 = L. To prove this 
formula we first note that L C (LT) T1! trivially; on the other hand, if 
xe(LT)T-!, then xT e LT. so xT = yT with ye L, hence x — ye 
NCL, so that xe L, as required. It remains to prove that every 
submodule L’ of M actually arises in this way; this follows from the 
facts that LTI is a submodule of M (Theorem 1), that NC L’T-! 
(obvious), and that (L’7'-!)7' = L’ (since T is an onto mapping). ‘Thus 
the first statement of the conclusion is proved. ‘The isomorphism 
L — N = L’ follows from ‘Theorem 3 since T induces an R-homo- 
morphism of J. onto L’, with kernel N. ‘To prove M — L. M — L’, 
we observe that T is given as an R-homomorphism of M onto M’, and 
that x’ -> x’ + L’ is an R-homomorphism of M’ onto M — L’ (the 
natural homomorphism). ‘lhe product of these two is an R-homo- 
morphism of M onto M — L’. If x is in the kernel of this product 
homomorphism then xT -+ L’ = L, so that TeL’, xe L'T-! = L; 
and vice versa, L is contained in this kernel. Hence the isomorphism 
follows from ‘Theorem 3. 

COROLLARY. Let N and L be submodules of an R-module M with 
NCL. Then L — N is a submodule of M — N, and 

(M- NM) — (L -N) SSM -I. 

This follows from the theorem with M’ = M — N. 

‘THEOREM 5. Jf N and L are submodules of an R-module M, then 
(1) (L+N)—-N&=L-(LNN). 

PROOF. If T is the natural homomorphism of L+ N onto 
(L+ N)— N, then T induces an R-homomorphism of L into 
(L + N) — N (even though L may not contain N). We assert that T 
maps L onto (L + N) - N. For if x + N is any element of (L + N) 
— N, with xe L + N, then x =y +z, where yeLl, zeN, and 
x+N=z=y+Nz=yTeELT. Hence T induces an R-homomorphism 
of L onto (L+ N) - N. Since the kernel is obviously LAN, the 
conclusion follows from Theorem 3. 
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Any element of the left side of (1) is of the form x + N,xeL +N; 
any element of the right side is of the form y + (LAN), ve IL. The 
two elements correspond in the R-isomorphism (1) if and only if 
* - eM. 


§5. Ring homomorphisms and residue class rings. It was 
observed at the beginning of this chapter that in a homomorphism 
of one ring on another the kernel is an ideal. It will now be proved 
that any ideal in a ring is the kernel of some homomorphism of the ring. 
Since we are now interested in R as a ring and not as a module, 
our present considerations are not special cases of those of § 3, although 
some of these results can be applied. 

We first make clear the implications of the preceding sections for a 
quite arbitrary commutative (and additively written) group M. We 
may then regard M as a J-module as described in § 1. In that case every 
subgroup of M is obviously a /-submodule, and every homomorphism 
of M into another group (which is similarly regarded as a /- module) is 
necessarily a /-homomorphism. It follows that the results of §§ 14 
apply to arbitrary commutative groups, their subgroups, and their 
homomorphisms. More precisely, Theorems 1-5 are valid if in place of 
module, submodule, R-homomorphism, we write commutative group, 
subgroup, homomorphism respectively. 

Now let T be a homomorphism of a ring R onto a ring R’, and let N 
be the kernel, so that N is an ideal. The mapping T is in particular a 
homomorphism of the additive group of R onto the additive group of R’. 
From § 3 it then follows that the elements of R’ are in one to one corre- 
spondence with the cosets a + N, a ER. 

The notion of congruence is convenient in the present connection. 
If N is an arbitrary ideal in a ring R, and a, b are elements of R, then a 
and ò are said to be congruent modulo N if a — b € N, and we express this 
by the notation 

a = b(N). 
Obviously a = b (N) is another way of stating that a and b determine 
the same coset, that is, a + N =b + N. The relation of congruence 
is clearly reflexive, symmetric, and transitive. Moreover it is preserved 
under addition and multiplication. That is, 


azb(N),c=d(N) 


imply 
a + c= b d, ac bd (NV). 


For example, to prove the latter: ac — bd == (a — b)c + Wc - d) e N. 
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It follows that if a = b (N) and if f(X) is a polynomial over R, then 
f(a) = f(b) (N). 

In number theory it is customary to write a = b (mod m) if the 
difference of the integers a and b is divisible by the integer m. This is 
equivalent to the statement a = b (Jm) in our notation, where J is the 
ring of integers. 

If, then, T isla homomorphism of R onto R’ with kernel N, we see 
that aT = bT if and only if a = b (N). 

The preceding discussion suggests, as in § 3, that if we are given an 
ideal N in a ring R and wish to construct a homomorphic image R with 
kernel N, then we should take R to be the set of cosets of N. Addition 
of cosets has been defined in § 3 and we know that R is a group. We 
define multiplication of cosets by the formula 


(1) (a+ N\b + N) = ab+N.* 

We must show that this product is independent of the particular elements 
a and b of the cosets, that is, that if a = a, (N) and b = b, (N), then 
ab = a,b, (N). This has just been proved. Thus N is a set with two 
operations defined in it, and the mapping 7, defined by 


aT = a MN, a E R, 


is a mapping of R onto R. It follows from (1) that (ab) T = (aT) (T); 
that (a + 6)T = aT + bT we know from §3. From the lemma of I, 
§ 12, we conclude that N is a ring, that T is a homomorphism of R onto 
R and N is the kernel. Hence we have: 

THEOREM 6. If N is an ideal in a ring R, then the cosets a + N can be 
made into a ring R in such a way that the mapping a—a+N isa 
homomorphism of R onto R with kernel N. If R' is any homomorphic 
image of R with kernel N, then the elements of R' are in one to one corre- 
spondence with those of R, and this correspondence ts an isomorphism. 

The first statement has been proved. The proof of the second state- 
ment is similar to the proof of Theorem 3 (§ 3). 

When N is an ideal in a ring the cosets a + N are usually called 
residue classes and the ring R just constructed is called the residue class 
ring of R with respect to N. It is denoted by R/N. The homomor- 
phism a — a + N of R onto R/N is called the natural homomorphism of 
R onto R/N. 

THEOREM 7. Let T be a homomorphism of a ring R onto a ring R., with 


* It must be carefully noted that ab + N does not in general consist of sums 
of products of elements of a + N and b + N, so that this product is not the 
same as the one referred to at the end of §2. Take, for example, R = J, 
4a 2 5 2 0, N= 2 
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kernel N. Then there is a (1,1) inclusion preserving correspondence 
between the ideals W of R and the ideals A of R which contain N, such that 
if A and A' correspond, then 


AT =U, A’'T-1 =A. 
When A and A' correspond, T induces a homomorphism of A onto W, and 
ANSU, N/A S Rw. 


PROOF. The proof parallels that of Theorem 4 (though it is not a 
logical consequence of it) and so will not be given in detail. Let us 
merely prove, as an example, that &’7-! is an ideal in R. If 
a,beWT-1, then aT, bT e A'“, hence (a — b)T = aT — bT EN’, so 
that a — bew T-1. If aexn’'T-) and ce R, then a e A“, cre R“, 
hence (ca) T = (cT)(aT) E A“, so that cae AT —1. This shows that 
AT- is an ideal. 

COROLLARY. Let N and A be ideals in a ring R with MC A. Then 
A / N is an ideal in R/ M and 

(RINKAN) = R/ A. 

By analogy with Theorem 5 (§ 4) we have the following 

THEOREM 8. If L is a subring of a ring R, and N is an ideal in R, then 
the residue class ring L/L AN is isomorphic with the subring (L + NIN of 
the residue class ring RIN. 

PROOF. [Itis sufficient to observe that the natural homomorphism of 
R onto R/N induces a homomorphism of L onto the subring L’ = 
(L + N)/N of RIN and that the kernel of this induced homomorphism 
is LAN. Hence L. = L/LNN. 
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§ 6. The order of a subset of a module 


DEFINITION. Let M be a module over a ring R and let N be any 
subset of M. The set of all elements a of R such that aN = (0) is 
called the order (or the annthilator) of N. 

The order is clearly an ideal in R. The cases of interest are those in 
which N is either a submodule or a single element. The order of the 
zero of M is, of course, R itself. 

If M is simply a commutative group, and we regard it asa J-module, 
then the order of any element x of M is an ideal Min J. We know that 
A (or any ideal in /) consists of all the multiples of a uniquely determined 
non-negative integer n (cf. II, § 4, where it was shown that this property 
belongs to the kernel of any homomorphism of 7). If n > 0, then it is 
clearly the smallest positive integer m such that mx = 0, and x has 
order n in the sense of ordinary group theory. If x = 0, so that 
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the order of x is (0), elementary group theory usually speaks of x as 
having infinite order.* 

We return to the general case of a module M over a ring R. Let% 
be any ideal contained in the order of M itself. An important procedure 
in the theory of modules is the construing of M as a module over the 
ring R = R/U. If ée R, then we must define éx for every xe M. Now 
é arises as an image of some element c in R, and we define éx = cx. 
This defines éx uniquely, since if č arises also from ci in R, then 
cı — cE A, hence cx — cx = (c, — c)x = 0. (Since every Zin R is a 
residue class c + A, our definition amounts to placing éx equal to 
(c + A)x, the latter product being intended in the sense of § 3; (c + U)x 
consists of a single element of M since Ax = (0)). That M thus be- 
comes an R-module is trivial to verify. 

Any R-submodule of M will be an R-submodule, and conversely. 
The study of M as an R-module is thus equivalent to its study as an 
R-module. The latter study is often the easier since R will often have a 
simpler structure (in some sense) than R. We may say that the ring of 
operators R is too large, that it is more natura!” to use R / A as the 
ring of operators, where is the actual order of M. This special case— 
where A is the order of M and not merely an ideal contained in the 
order—is the one occurring most often in practice. In this case, the 
order of M regarded as an R-module is clearly (0). 

These considerations allow us to clarify the distinction between the 
residue class ring R / A and the difference module R — A, where R is a 
ring and A is an ideal in R. If we regard Ras an R-module, then A is a 
submodule, and we are thus enabled to define a new R-module R — A, 
as described in 8 3. Now the elements of R — A are, just like the 
elements of R/ A, the cosets of A; that is, R /A and R A are identical as 
sets. Moreover, there is an addition in each and this addition is the 
same for both. Hence R/A and R — A are identical as (additive) 
groups. 

Since R/A is a ring, multiplication is deſined between its elements. 
Indeed, if č and & are elements of R /A then ct is the coset of cx + A, 
where c and x are elements of the cosets č and æ respectively. R/ A, like 
any ring, may be regarded as a module over itself. 

Now the order of the R- module R — A surely contains A (it may well 
be larger; for instance, if R is the ring of even integers and A is the set 

* Warning: If M is an ordinary finite group, say, of order n, then the order 
of M in the sense just defined need not be /n; for instance, the order of the 


additive group of any Galois field of characteristic p is a power of p (see II, § 8), 
but the order of this group (or its annihilator) in / is always the principal ideal 


Je. 
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of integers which are divisible by 4, then the order of R A is the 
whole ring R.) Hence we may regard R— A as an R/U-module. 
This means that given an element ¢ of R/% and an element & of R — A 
there is defined a product we denote it for the moment by é-Z. 
According to the definition given earlier in this section, e · = c, where 
c is an element of the coset č. According to the definition of § 3 
(p. 139), the product c (which is meaningful since R — A is an R- 
module) is the coset cx + A, where x is in the coset à. Thus we have 
proved that ¢-% = ¢X. 

This means that not only are R — A and R/ A identical as sets and as 
additive groups, but they are also identical as R/A-modules. We may 
also express this fact by saying that the identity mapping of the R/U- 
module R — A onto the R/A-module R / A is an R / A-homomorphism. 

For this reason it is usually unnecessary to distinguish between the 
two, although sometimes in delicate arguments one must keep in mind 
that these two modules are, strictly speaking, not the same. 


§7. Operations on ideals. Let R be a ring. We proceed to 
define five fundamental operations on ideals in R. Since R is also an 
R-module, the definitions regarding the sum of subsets of a module 
(§ 2) apply also to subsets of R. Thus if A and B are subsets of R, then 
A + B consists of all a + b, a E A, be B. 

The sum A + B of two ideals A and B is likewise an ideal. Thus the 
set of ideals is closed under addition, an operation which is commutative 
and associative. 

The second operation, as with submodules, is intersection, or 
common part. If A and B are ideals, so is ANB. This operation, 
too, is commutative and associative. As with submodules we have here 
the modular law connecting surn and intersection: 


(1) If u B, then AN(B + C) = B+ (ANG), 


where A, B, © are any ideals in R. 
If A and B are non-empty subsets of R, then a definition of the 
product AB is implied by the definition of § 2. AB consists, namely, of 


all sums & a;b; where n is an arbitrary positive integer, and a, E A, 
1 


b, S B. This operation is commutative and associative. If A1, As, 
„ A, are subsets of R, then 414. A, (sometimes denoted by 


IIA.) consists of all sums of products a,a,---a,, where a, E A,, 
1 f 


i = 1, 2, „r. In particular A’ consists of all sums of products IIa. 
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where a, € A. If either A or B is an ideal, so is AB. Hence the set of 
ideals ts closed under the operation of multiplication. This operation is 
related to sum by the easily proved distributive law: 


(2) AB + C) = AB + AGC, 
where A, B, © are any ideals of R. Moreover, for any two ideals A, B, 
(3) l A CAND. 


The fourth ideal-theoretic operation is the quotient. 

DEFINITION 1. IfA and B are ideals of R, then the QUOTIENT A: B 
consists of all elements c of R such that c% C A. 

It is immediate that A: B is an ideal and that it contains A. In 
particular, A: R A; but if R has an identity then A: R= A. If C 
is any ideal such that CB C A, then C CA: B, and conversely. If 
A D B, then A: = R, and conversely if R has an identity. The 
following relationships between quotient and the first three operations 
are easily checked: 


(4) (A a) :B = A (8, 8), 


121 


(5) A: > B, =f) (A: B,, 


(6) A: BE = (A: B): C. 


For example, to prove (6), let D and E denote the left- and right-hand 
sides respectively of (6). Then by definition D( BC) C A, (DC) B C A, 
hence DC C A: B, DC (A: B): C= E. Likewise EC C A: B, 
(c) C A, ECU: BGC = D. 

The four operations above were all binary; the last one, which we 
shall now introduce, is unary, that is, only one ideal is involved in this 
operation. O 

DEFINITION 2. If A is an ideal in R, the RADICAL of A, denoted by VA, 
consists of all elements b of R some power of which belongs to A. 

THEOREM 9. The radical of A ts an ideal containing A. It satisfies 
the following rules: 


(7) If Al. C B, for some positive integer k, then VA C VB; 
(8) VAS = VANS = Va NV; 

O) vVAFB=VvVA+ 

(10) VVA = Va. 
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PROOF. That A C MA is obvious. To show that VA is an ideal, 
let ö, ce VA, so that 5 e A, ce A for some integers m,n. In the 
binomial expansion of (b — c)"+"—-! every term has a factor bic’, with 
i+j=m+n—1. Since either i g m or j either hi or c/ is in 
A, hence (b — c) -E A, and b—ce Vu. If be VA, and de R, 
then bm E A for some m; hence (db) E A and dbe VU. Thus WA is 
indeed an ideal. 

Suppose A“ C B. If ce VA, then cn E A for some m, c e Al C B, 
hence ce VB. 

Since AB C ANB, arid ANB is contained in A and in B, we have 
by (7) (with k = 1) that VAG C VA NBC VANVB. Now if 
ce VANVB, then there exist integers m and n such that c E A, 
ce B. Then cc" e AB, whence ce WAB. Thus (8) is proved. 

Equation (10) is obvious. Since A + BC VA + VVB, 

VAF+BCV VG + VB; 
since 
VA ＋ VV C VA ＋ B, VV + VBC VVA FB = V4 Y. 
This proves (9). 

If A⸗ (0), then VA consists of all nilpotent elements—that is, 
elements some power of which is O. This ideal is sometimes called the 
radical of the ring R. 

We now consider the effect of a homomorphic mapping on the five 
operations defined above. Suppose, then, that R and R’ are rings, 
T a homomorphism of R onto R’ with kernel N. If A and Bare ideals 
in R, then 
(11) A CB implies AT C VT; 

(12) (A + B) 7 = Ar + VT; 

(13) (UB) 7 = (AT) BT); 

(14) (WNB)T CAT NBT, with equality if A N or if BON; 

(15) (A: B) CAT: BT, with equality if A D N; 

(16) „ATC VAŤ, with equality if X D N. 

If A“ and B' are ideals in R’, then: 

(17) A C B' implies AT- C BT -}; ` 

(18) (A'! ＋ VJT- = WT) + VT-!; 

(19) (’B’)T-! D (UT -1)(8'T-1), with equality if the right side 
contains N; 

(20) (A“ MB) T—1 = WT NBT}; 

(21) (A“: BT = WT-1: B'T-); 

(22) V&T = WN T1. 
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Most of the statements (11) (16) are trivial. As an example we prove 
(15). If ce (A: B), then C = c. where ce A: B; then B C A, 
(c T) (BT) C AT, ce AT: BT. On the other hand, suppose c e 
AT: BT. whence (BT) C AT; since T maps R onto R’, there is an 
element c in R such thatc’ = cT. Then (c) C AT, ch C (AT) T1; 
if ADN, then (AT)T-1 =A, hence c C A, ce A: B, c = cTeE 
(A: B) T. 

To prove (17) (22), let A = ATI, B=WT-!, so W=AT, 
B' = BT, and A and B contain N. To prove (19), for example, we 
observe that A“ B'! = (AB) T, (A“ B“) T1 = ((AB) T) T1 DAB; and 
equality holds at this last point if AB D N. Again, for (21), A“: B“ 
(A: B) by (15), since A D N. Thus (A“: B.) T1 = ((A: B)) T-! = 
A: B, since A: BD AON. The others are similarly proved. 


§ 8. Prime and maximal ideals. So far we have considered ideals 
in all generality. Now we consider two important special types of 
ideals. 

DEFINITION. Let A be an ideal in a ring R. A is said to be PRIME if 
whenever a product of two elements of R is in A, then at least one of the 
factors is in A. An ideal A is said to be MAXIMAL if A * R and if there is 
no ideal between A and R. l 

Thus A is prime if b, ce R, bc e A implies be A or ce A. In 
particular, R itself is always prime; (0) is prime if and only if & has no 
zero divisors. 

We illustrate this definition by sorne examples. 

1) If J is the ring of integers and ne J, n > 1, then the principal 
ideal (n) is prime if and only if n is a prime number. This follows from 
the fact that (1) if n is a prime number then ab divisible by n” always 
implies that either a or b is divisible by n and (2) if n is not a prime 
number then, by definition, there exist integers a, b such that ab = n, 
Oc acnO<cdb<cn. 

2) The foregoing reasoning can be repeated without change for any 
unique factorization domain R, showing that if w E R then the principal 
ideal (w) is prime if and only if w is etther a unit or irreducible. (See I, 
§ 14, Theorem 4.) 

3) Let R = F[x,, æ&2 „ X,] be a polynomial ring in n variables x, 
over a field F. If ai, a2, , a, are given elements of F, then the 
elements g(x, %2 * , x,) of R such that p(a,, a2. , a,) = 0 forma 
prime ideal p in R. Since R is also a polynomial ring in the elements 
Xi — a, Xg — 4, „x, — a,, every polynomial f(x) in R can be 
written in the form b + > f,(x)(x; — a;), where b e F and the J, (v are 
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elements of R. Then f(a) = 0, that is, f(x) € p, if and only if b = O, 
showing that the n polynomials x; — a; form a basis of p. If, on the 
other hand, f(x) is not in p, so that b æ 0, every ideal in R which con- 
tains the ideal p and the element f(x) will contain b and hence also the 
element 1 (= b-b-?), and the ideal is therefore the entire ring. This 
shows that p is a maximal ideal. It is clear that in the canonical 
mapping of R onto R/p the field F is mapped onto the entire ring R/p 
(since every polynomial f(x) in R is congruent, mod p, to an element 
b of F) and that this homomorphism of F onto R/p is an isomorphism 
(since its kernel Fp contains only the zero). Thus R/p is a field, 
isomorphic with the field F. 

On the other hand, if (ai, 42, , a,) and (b,, bz, „ ö,) are two 
distinct ordered n-tuples of elements of F, then the elements 
(xi, Xo , ,) of R such that gal, az, „ a) = 0 and g(b,, bz, , 
5, = 0 do not form a prime ideal consider, for instance, the product 
(x, — a,)(x; — 5,), assuming that a, & 5. 

4) In the ring of integers / every prime ideal Jp (p, a prime number) 
is maximal, for if m ¢ Jp, then (m, p) = 1 and hence am + bp = 1 for 
suitable integers a and b. This shows that every ideal which contains 
Jp as a proper subset also contains 1 and hence is the whole ring J. 
This reasoning is applicable without any change to any Euclidean 
domain, in particular to the ring R of example 3), provided n = 1. On 
the other hand if n > 1, then the principal ideal Rx, is prime (since x, 
is an irreducible element and R is a unique factorization domain), but 
Rx, < Rx, + Rx, and the ideal Rx, + Rx, contains only polynomials 
without constant terms and hence is not the whole ring R. Hencealready 
in the polynomial ring F'[x,, æa] of two variables not every prime ideal is 
maximal. 

If A is prime and a product of two ideals B and C is in A, then one 
of the factors is in A. For if neither is, then B and C contain respectively 
elements b and c not in A. Since A is prime, be ¢ A, hence BC C A, 
contradiction. In particular if B” C A for some n O, then B CA. 
Finally if A is prime, then A is equal to its radical. 

On the other hand if A is not prime, then there exist ideals B, C such 
that 


A B, A TC, BC CA. 


For there exist elements b,c such that ö, c & A, öc e A. Then take 
B == (5) + A, © = (c) + A. 

THEOREM 10. Let A be an ideal different from R. Then A is prime 
if and only if R/U has no zero divisors. If R has an identity, A is maximal 
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if and only if R/A is a field. (Hence in a ring with identity any maximal 
ideal is prime.) 

PROOF. Let T be the natural homomorphism of R onto R/M. Then 
bc € if and only if (OT) T) = 0. From this the criterion for A to 
be prime follows immediately. From Theorem 7, § 5 we see that A is 
maximal if and only if R/ A has no ideals but itself and (0). Since R has 
an identity, so has R /A. It was observed in § 1 that a ring with identity 
is a field if and only if it has just two ideals. This proves the second 
statement of the conclusion. The third follows from the first two. 

In rings without an identity, maximal ideals need not be prime (see 
example in §1, p. 133). Prime ideals need not be maximal, as the 
example above shows. Later on (IV, § 2) we shall study an important 
class of rings in which every prime ideal different from R is maximal. 
In chapter V we shall study a theoretically important class of integral 
domains in which every proper prime ideal is maximal. 

THEOREM 11. Let T be a homomorphism of a ring R onto a ring R 
with kernel N. IfA is an ideal in R containing N, then A ts respectively 
prime or maximal if and only if UT is prime or maximal. I A' is an ideal 
in R', then A is respectively prime or maximal if and only if A TI ts N 
or maximal. 

PROOF. We may assume A R since A = R if and only if AT = R“. 
Then the condition for A (or AT) to be prime is that R /A (or R/AT) 
have no zero divisors. Since, by Theorem 7, R / A œ~ R/ AT. A is prime 
if and only if AT is prime. 

Since the correspondence between the ideals of R and the ideals of R 
containing N is inclusion preserving, if there are no ideals between R 
and A there are none between R’ and AT; and conversely. 

Since ATI contains N and (AT) T = A', the second statement 
follows from the first. 

NOTE I. If a ring R contains an identity 1, then the set & of all ideals 
of R which contain a given ideal different from R is non-empty and is 
inductive if partially ordered by set-theoretic inclusion (since 1 remains 
outside every ideal in & and since it is obvious that the set-theoretic 
union of all the ideals which belong to a totally ordered set of ideals is 
itself an ideal). Hence by Zorn’s lemma, ¥ contains maximal elements. 
We have thus proved that in a ring with identity every ideal different from 
R is contained in a maximal ideal. 

NOTE II. Zorn's lemma is also needed in the proof of the following 
general result: in any ring R the intersection of all the prime ideals of R is 
the radical of the zero ideal (that is, the set of all nilpotent elements). 
Since every ideal contains 0, it is clear that every nilpotent element is 
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contained in every prime ideal. Hence the main point that has to be 
proved is that if an element u of R is not nilpotent, then there exists a 
prime ideal not containing u. To prove this we consider the set J of 
all ideals A in R which contain no power of u. Since u is not nilpotent, 
the zero ideal belongs to V, and thus is non-empty. It is obvious 
that JY is inductive. Let, by Zorn’s lemma, p be a maximal element of 
J. Then u ꝶ p. We claim that p is a prime ideal. For, let x and y be 
elements of R which do not belong to p. Then p + (x) > p and hence 
some power un belongs to p + (x). Similarly some power u” belongs 
to p + (y). Then ut" belongs to p + (xy), and since u p it 
follows that xy ¢ p, showing that p is a prime ideal. 


§9. Primary ideals. The general concept of a prime ideal corre- 
sponds to the concept of a prime number of ordinary arithmetic. 
Primary ideals, which we shall presently introduce, correspond in a 
similar fashion to powers of prime numbers. If p is a prime number and 
m is a positive integer, then z = pn has the following property: if a 
product ab of two integers a, b is divisible by n and if a is not divisible 
by n, then some power of b is divisible by n. Conversely, any integer n 
with this property is necessarily the power of a prime number. 

DEFINITION. Let R be an arbitrary ring and let © be an tdeal in R. 
Then O is said to be primary tf the conditions a, b € R, ab € Q, a ¢ Q imply 
the existence of an integer m such that b™ € Q. 

In the sense of this definition, an integer n is the power of a prime 
number if and only if the principal ideal Jn is primary. 

Clearly every prime ideal is primary, with m = 1. A prime ideal P 
was characterized in the preceding section by the condition that in the 
residue class ring R / P the only zero divisor is zero. Similarly it is 
easily seen that an ideal Q is primary if and only if every zero divisor of 
R/ O is nilpotent. 

THEOREM 12. Let Q be a primary ideal in a ring R. If P ts the 
radical of QO, then P is a prime ideal. Moreover, if ab € Q and a ¢ Q, 
tnen b E P. Also if A and B are ideals such that AB C Q, A Œ Q, then 
B CP. 

PROOF. The second statement is obvious, and the third follows from 
it. To prove P is prime, suppose abe P, a¢%¥. Since ab is in the 
radical of Q, a = (ab) e Q for some m. Since a f P, a" Q. 
Since © is primary (6")" E O for some n, hence b e P. 

If © is a primary ideal, then its radical P is called the associated prime 
ideal of Q, and we say that O is a primary ideal belonging io the prime 
ideal P, or simply that Q is primary for P. It may be that there exists 
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an integer m such that P C OQ. (This will always be the case if the 
ring is noetherian; cf. IV, § 1, Example 2, p. 200). In this case Q is 
said to be strongly primary and the least m for which P C is called 
the exponent of Q. A primary ideal has exponent 1 if and only if it is 
prime. 

The following theorem is often useful for proving that a given ideal 
is primary and at the same time finding its radical. 

THEOREM 13. Let Q and P be ideals in a ring R. Then O is primary 
and P is its radical if and only if the following conditions are satisfied: 

(a) OC, 

(b) If be P, then bu € Q for some m, (m may depend on b). 

(c) If abe O and a ¢ ©, then be. 

PROOF. Assume (a), (b), and (c). That Q is primary follows from 
(e) and (b). From (b) we conclude that P C . To show VOC 8, 
suppose b € WO, so that b” € Q; let m be the least exponent such that 
be Q. If m = 1, this gives b e Q C ꝙ; and if m > 1, then 5b. 6e Q 
and 61, Q, hence be P by (c). The proof of the converse is im- 
mediate. 

An equivalent form of condition (c) is the following: 

If abe O and b¢ P, then ae Q. 

CokoLLARVY I. Let R be a ring with identity, and let Q and P be ideals 
in R such that: 

(a“) QC P. 

(b) Jf E P, then bu e O for some m. 

(c’) P ts a maximal ideal. 

Then Q is primary and P is its radical. 

We need only verify (c) in the hypothesis of the above theorem. 
Suppose, then, that ab E Q, b¢ P. Now ‘8 + Rb contains b since R 
has an identity. Hence P + Rb contains P properly, and since P is 
maximal, P + Rb = R. Hence there exist elements c, d such that 
(1) l=c+db, ce P, deR. 

Now by (b“), c" e Q for some m. Raising (1) to the m-th power by the 
binomial theorem we obtain 
1 = e” + d'b, where deR. 
Hence 
a = ac™ + d'(ab)e Q. Q.E.D. 
CoroLLARY 2. In a ring with identity, a maximal ideal p is prime and 


its powers are primary for p. 
We now consider further examples. Let R = F[x,y] be a 
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polynomial ring in two indeterminates over an arbitrary field F. As 
was mentioned in § 8 (Example 3, p. 150) the ideal P = Rx + Ry is 
maximal. The ideal O = Rx + Ry? is primary by Corollary 1, since 
P COQ CP. (That P? C A follows from P? = Rx? + Rxy + Ry*) 
But © is not a power of Por of any prime ideal, for that matter. For 
suppose Q = $,*, where PI is prime. Since PI! = Q CP, 
P C OC Pi, and since P and Pi are prime we have that necessarily 
P = P, so that O = Pl. Since ye P and y Q, P #Æ Q, so that 
k>1. Thus OC %2; but this also cannot be since xe Q, x ¢ B?. 
Thus we have proved that a primary ideal need NOT be a power of a prime 
ideal. 

It is also true that powers of prime ideals need not be primary. (Thus 
Corollary 2 is false if *‘maximal” is replaced by “prime”.) An 
example showing this is the following. Let F[X, Y, Z] be a poly- 
nomial ring in three indeterminates over a field F, and let R be the 
residue class ring FIA, Y, Z]/(X Y — 22). We denote by x, y, and z 
the residue classes of X, Y, and Z respectively. ‘The ideal generated in 
our polynomial ring by X and Z is prime and contains the kernel 
(XY — Z?) of the canonical homomorphism of FLX, Y, Z] onto R. 
Hence the corresponding ideal P = Rx + Rz in R is also prime. We 
have xy = 22 € $2, the element x is not in P? (since no polynomial of 
the form X + A(X, Y, Z)X* + B(X, Y, Z)XZ + C(X, Y, Z)Z? can 
be divisible by XY — Z?) and no power of y is in Pꝰ (no power of y is 
even in the prime ideal $ since clearly y is not in P). Hence Pꝰ is not 
a primary ideal. 

The above example shows also that an ideal A whose radical is prime 
need not be primary. An example of this can also be found in a poly- 
nomial ring FIA, Y] of two indeterminates. Let A be the ideal 
generated by X? and XY. It is immediately seen that VA is the prime 
(principal) ideal (X). But XY e A, X A and no power of Y belongs 
to A, showing that A is not primary. 

Various operations on primary ideals lead to primary ideals, as 
summarized in the following theorem: 

THEOREM 14. The intersection of a finite number of primary ideals all 
belonging to the same prime ideal P is again primary for P. If P is 
maximal, the same is true for finite sums and products. If O is primary 
for P and A is an ideal not contained in Q, then Q: Ais primary for P. If 
T is a homomorphism of a ring R onto a ring R with kernel N, then an 
ideal Q containing N is primary in R if and only i Q is primary in R; 
and when this is so the associated prime ideal of Q is BT, where $ is the 
associated prime ideal of Q. 
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These statements are easily proved using Theorems 12 and 13. For 
example, to show that Q: A is primary for P, we observe that 
(Q: A) ACA and A & Q, hence Q: ACR. Since also OC Q: A, 
(a) and (b) of Theorem 13 are verified. To verify (c), suppose 
ab E Q: A, ö ct P; then we must show that ae Q: A. Now we have 
b(a) C Q, and since b¢ P, aA C O, so a Ee Q: A. 

NOTE. If R is a UFD and v is an irreducible element of R, then Rr 
is a prime ideal and R7” (n = 1) is a primary ideal, with radical Rr (if 7" 
divides a product ab and does not divide a, then * divides some power 
of b). Conversely, every primary ideal q whose radical is Rr is of the 
form R., n = 1. For if 2 is an integer such that q C R, q & Ra*+}, 
and x is an element of q of the form y, y ¢ Rr, then necessarily 7" € q, 
and hence q = Rn". 


§ 10. Finiteness conditions. The elementary theory of vector 
spaces concerns itself with spaces of finite dimension; in such spaces 
there does not exist an infinite strictly ascending or strictly descending 
chain of subspaces. Similarly, the elementary theory of groups con- 
cerns itself with finite groups, or at any rate with groups which are not 
“too infinite” in some sense. The purpose of this section is the discus- 
sion of various finiteness conditions which can be imposed on a module. 

DEFINITION. A module M over aring Ris said to satisfy the ASCENDING 
CHAIN CONDITION if every strictly ascending chain of submodules 


(1) MI < M. 
is finite. 
An obviously equivalent formulation is this: If 
Mi C M. . 


is an infinite ascending sequence of submodules, then there exists an integer 
n such that 
M. = M, for in ＋ l, 142 

By reversing the above inclusion signs and by replacing the word 
„ascending by descending we can similarly define the descending 
chain condition. We use the abbreviations a. c. c. and d. c. c. respectively 
for the ascending and descending chain conditions. 

Clearly, if a group is finite, then the group (regarded as a / -module) 
satisfies both chain conditions. The additive group of integers is an 
example of a group (a J- module) satisfying the ascending but not the 
descending chain conditions. On the other hand, consider the field F 
of rational numbers and the quotient ring J, formed by the fractions a/b, 
where a, b € J and b is not divisible by a given prime number p. It is 
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easily proved (as in I, § 20) that every proper additive subgroup of F 
which contains J, is of the form p-"J,. Thus the difference group 
F — J, satisfies the d.c.c. but not the a. c. c. 

A module is said to satisfy the maximum condition if every non-empty 
collection C of submodules has a maximal element—that is, if there 
exists a submodule in C which is not contained in any other submodule 
in the collection C. The minimum condition is similarly defined. 

THEOREM 15. A module M satisfies the ascending (descending) chain 
condition tf and only if it satisfies the maximum (minimum) condition. 

PROOF. If M does not satisfy the a.c.c., then there exists an infinite 
strictly ascending sequence {M,} of submodules, and the collection of 
all the M, clearly has no maximal element. On the other hand, 
suppose M does satisfy the a.c.c. and let C be any non-empty collection 
of submodules. Since C is not empty there exists a submodule M, in 
C. If M, is not maximal in C, there exists an M, in C which contains 
M, properly. If M, is not maximal in C, there is an M, in C properly 
containing M,, etc. Since M satisfies the ascending chain condition 
this process must stop, and thus a maximal element of C is reached. 

The equivalence of the descending chain condition with the minimum 
condition is similarly proved. 

In view of the equivalence of the chain conditions with the maximum 
and minimum conditions the two will be used interchangeably, depend- 
ing on which is more convenient in a given context. 

The following theorem is basic for determining how the chain condi- 
tions are affected by certain operations. 

THEOREM 16. Let M be a module and N a submodule. Then the 
ascending (descending) chain condition holds in M if and only if it holds in 
both N and M — N. 

PROOF. If the a. c. c. holds in M, then it obviously holds in N, and 
because of the correspondence between the subinodules of M — N and 
those of M containing N, it holds likewise in M — N. 

Conversely, let us suppose both N and M — N satisfy the a.c.c. To 
prove that M does also, we first note that if L and L’ are two submodules 
of M such that 


LCL, L+N=eaLl'+N, LNAN=L'NN, 


then L= WL’. Namely, L'=L'N(L’+N)=L'N(L+N)2L+ 
(L' NN) (by the modular law (5), §2, p. 137) = L + (LNN) = L. 
Suppose now that (Li is an ascending sequence of submodules of M. 
In order to show that this sequence remains ultimately constant, it is 
sufficient to show, in view of the remark just made, that each of the 


— on e 
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ascending sequences {L, + N}, {L; NN} remains ultimately constant. 
For the latter sequence this follows from the a.c.c. in N. For the 
former, it follows from the a.c.c. in M — N in view of the correspond- 
ence between submodules of M — N and those of M containing N. 

Thus the theorem is proved for the a.c.c. The d.c.c. is treated 
similarly. 

CoroLLARY. Let Mi, Mi, , M, be submodules of a module M such 
that M = MI + M. . ＋ M.. If each M, satisfies the ascending 
(descending) chain condition, then so does M. 

By induction it is sufficient to consider the case n = 2. In view 
ef the theorem it is then enough to show that M — M, satisfies the 
chain condition in question. That it does, follows from 


M— M, = (M, + M,) -= M, = M, = (M, N Mə), 


since this last module satisfies the chain condition, by the theorem. 

Let R be a ring and M an R-module. A basis of M is a set {x,} of 
elements of M such that no proper submodule of M contains all the x,. 
The module M is said to have a finite basis, or to be a finite R-module, if 
it has a basis consisting of a finite number of elements. It is said to be 
cyclic if it has a basis consisting of a single element. 

If (x,] is any set of elements of M, then the smallest submodule of M 
which contains all the x, consists of those elements of M which can be 
written in the form of a finite sum 


AX, + a, p + A, + 1c. + N , e m. 


where the a, are in R and the m, are integers. This module shall 
be denoted by the symbol ({x,}), or by (x1, & 2, , x,) if {x,} is a finite 
set (xi, Xa „ x.). If (x,] is a basis of M then every element of M 
is a finite sum of the above indicated form. In particular, if M is cyclic, 
with basis {x}, then every element of M is of the form ax + mx, where 
a E R and m is an integer. 

If R has an element 1 and M is a unitary R-module, with basis {x,}, 
then the integral multiples m,x, can be omitted from the expression of 
the elements of M in terms of the x,, since any integral multiple mx of 
an element x of M is itself of the form bx, b € R, namely, mx = (m I)x. 
Hence in this case, M is the sum of the modules Rx,. In particular, if 
M is cyclic, with basis {x}, then we can write M = Rx. This shows that 
an abelian group as regarded a /-module in the way described in § 1 
(p. 135) is a cyclic module if and only if it is a cyclic group in the usual 
sense. If a ring R with identity is regarded as a module over itself, 
then its cyclic submodules are its principal ideals (§ 1, p. 132). 
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THEOREM 17. Let M be a module over a ring R. Then M satisfies the 
ascending chain condition if and only if every submodule of M has a finite 
basis. 

PROOF. Suppose every submodule of M has a finite basis. If [N.] 
is an ascending sequence of submodules of M, then the union N (in 
the set-theoretic sense) of all N; is clearly a submodule of M. By 
hypothesis, N has a finite basis, say N = (xi, x2, „ X,). Since each 
x; is in N, it is in some N,, hence there is an integer n such that x, € V,, 
J = l. , n. Thus NC N» so that N; = N, for i >n. Thus the 
a. c. c. is proved. 

Conversely, let us assume the a. c.c. If N is an arbitrary (but fixed) 
submodule of M, then in the collection of all submodules of N having 
finite basis (such exist, for example, (O)) let V“ be a maximal element 
(Theorem 15). If x is any element of N, then N’ + (x) has a finite 
basis, since N’ does. By the maximality of N’, N’ + (x) = N’, so 
that xe N’. Thus N = N’, and N has a finite basis, as required. 

So far the properties of the ring R have played no essential role. We 
now prove a theorem which relates the chain conditions in an R-module 
M to the chain conditions in R. Since a ring R may be regarded as an 
R-module, the chain conditions in R have meaning; they say simply 
that a strictly ascending (or descending) chain of ideals in R must be 
finite. 

THEOREM 18. Let R be a ring with identity, and let M be a unitary 
module over R having a finite basis. Then if R satisfies the ascending (or 
descending) chain condition, so does M. 

PROOF. If (xi, , x} is a finite basis for M, then M = Rx, +-+ 
Rx,. To prove the theorem it is sufficient, by the corollary to Theorem 
16, to consider the special case where M is a cyclic module Rx. In this 
case, suppose {N} is an ascending chain of submodules of M. For each 
1, let A, be the set of all elements à of R such that axe M.. Then A, 
is easily seen to be an ideal in R, and N; = A,x since every element of 
M (and hence of N, in particular) is of the form ax, ae R. Moreover, 
it is clear the sequence of ideals (A, is ascending. Since the a. c. c. is 
assumed in R, there is an n such that A, = A, for i >n. Since 
N, = Ax, N; = N, for i >n, and the a.c.c. is proved in M. The 
proof for the d.c.c. is similar. 


§ 11. Composition series. In the preceding paragraph we have 
considered conditions which make every increasing or decreasing 
sequence of modules to be finite. In the present section we consider 
more precisely how many modules can occur in such sequences. 
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Let M be an R-module. A normal series in M is a descending (but 
not necessarily strictly descending) finite chain of submodules 
(1) M = M>? MI MIO OM, = (0), 
beginning with M and ending with (0); the integer r is called the 
length of the normal series. 

Note again that the inclusions in (1) need not be proper—that is, we 
may have M. i = M; for some or all i. If, however, all the inclusions 
are proper, that is, if we have 


(2) M = M, > M, > M, > 2 M, = (0), 
then the normal series in question is said to be without repetitions. 

A refinement of the normal series (1) is a normal series obtained by 
inserting additional terms in the series (1). In particular, if no addi- 
tional terms are inserted, we speak of an improper refinement. 

DEFINITION 1. A COMPOSITION SERIES of M is a normal series without 
repetitions for which every proper refinement has repetitions. 

In order that a norma! series (2) without repetitions be a composition 
series it is clearly necessary and sufficient that there exist no R-sub- 
modules between M,_, and M,, i I. „r. In other words, in 
view of Theorem 4, § 4, it is necessary and sufficient that each difference 
module M. 1 — M; (i = 1, 2, - „ r) be simple, where an R-module is 
said to be simple (or irreducible) if it has exactly two submodules. These 
must necessarily be itself and (0); the module (0) is not simple according 
to this definition. A simple module can be described as one having a 
composition series of length one. 

Not every module has a composition series—for example, the additive 
group of integers. 

The following theorem on composition series is fundamental: 

THEOREM 19 (JORDAN). If an R-module M has one composition series 
of length r, then every composition series of M has length r, and every 
normal series without repetitions can be refined to a composition series. 

PROOF. The theorem is trivial for r = 1. Hence we proceed by 
induction, assuming the theorem true for modules having a composition 
series of length less than z. For our module M we have a composition 
series 
(3) M = M, > Mi > M; > 2 M, = (0). 

By the induction hypothesis M can have no composition series of length 
less than r. The first statement of the theorem is proved, therefore, if 
we can show that every normal series 


(4) M =N, > NI N N. >N, = (0) 
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without repetitions has length at most r. This will also prove the second 
statement, since if (4) is not already a composition series, we may insert 
an additional submodule without repeating any M,; this process must 
lead to a composition series in exactly r — s steps, if the above assertion 
is correct. 

To prove this assertion we must show that s S r. We note that (3) 
shows that M, has a composition series of length r — 1. If N, = M, 
then from (4) we get a normal series for M, without repetitions and of 
length s— 1; by induction hypothesis s— 1 <r— 1, Sr. If 
N, < M, then (4) yields a normal series for M, without repetitions and 
of length s; again by induction hypothesis we have s < r — l, and a 
fortiori s Sr. 

We may y thus confine aneve: to the case where Ni is not contained 
in M, at all. Since there are no submodules between M, and M, it 
follows that M, + N, = M. Now by Theorem 5, § 4, 


M— MI =(M,+N,) — M, = NI — (M,NN)). 


Since M — M is simple, so is Vi — (Mi NN), hence there are no 
submodules between N, and M, MMI. Consider the diagram 


M, 
1 
= NI +N, M,NN,>--- > (0). 
ä 
NI 


Since Mi has a composition series of length r — 1, and Mi M VI < M, 
every normal series without repetitions of M, NN, has length at most 
r — 2, and hence M, N N, has a composition series of at most this length. 
Since there are no submodules between N, and Mi VI, N, has a 
composition series of length at most r — 1. By induction hypothesis, 
- 1Sr— l, s Sr. This completes the proof. 

We thus see that if an A-module M has a composition series at all, 
then all of its composition series have the same length. This common 
length will be called the length of M and will be denoted by MT). 
Thus a simple module is of length one, and the module (0) is of length 
zero. If M has no composition series we set H) = œ; in that case 
there exist normal series without repetition of arbitrarily great length. 
We can then state: 

THEOREM 20. If N is a submodule of the R-module M, then 


KM) = KN) + {M — N). 
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(This is to be interpreted as meaning, in particular, that if either side is 
infinite, so is the other.) 

PROOF. Let l 
(5) i N= NON NI TY N. = (0) 
be any normal series of N without repetitions. Since by Theorem 4, 
§ 4 and its corollary every submodule of M — N is of the form L — N, 
where L is a submodule of M containing N, it follows that any normal 
series of M — N without repetitions has the form 


(6) M—-N=L,—N>1L1,-—N> I. - N (0), 
LI L, J = Il. „s. 
We thus obtain for M a normal series 
(7) M= LN LI D NIL. N Ni N N. 5 (0) 
without repetitions and of length s+ t. Hence if either MV) or 
(M — N) is infinite, then either f or s can be made arbitrarily large, 
hence (H) = œ. On the other hand if they are both finite, then we 
may assume (5) and (6) to be composition series. It then follows that 


(7) is a composition series of M, whence the theorem. 
COROLLARY. If L and N are submodules of M, then 


(8) KL) + EN) = UL + N) + LAN). 
We make use of the relation 
(9) (L+N)—-N=L—(LNN) 


and of the evident fact that R-isomorphic modules have the same length. 
If either L) or (N) is infinite, so is {L + N), and (8) is trivial. If 
both are finite, then the right side of (9) has finite length, hence so does 
the left, hence so does L + N, by the theorem. Equation (8) now 
follows from the theorem. 

We have, so far, spoken of composition series and have observed that a 
module may not have one. Certainly any finite (commutative) group, 
considered as a /-module, has a composition series. More generally: 

THEOREM 21. A necessary and sufficient condition that a module M 
have a composition series is that it satisfy both chain conditions. 

PROOF. If M has a composition series of length 7, then clearly every 
strictly ascending or descending chain has, at most, r + 1 elements. 
Conversely, suppose M satisfies both chain conditions. Let My = M. 
If M. # (0), let M, be maximal in the collection of submodules 
properly contained in M,; if M, * (0), let M, be similarly defined, etc. 
We thus get a strictly descending chain 

M= Mo Mi r M. 
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such that no additional submodule can be inserted between two succes- 
sive members of the chain. Since this chain cannot be infinite, we must 
have M, = (0) for some r. Thus we have a composition series. 

Composition series will often play a role in what follows. For most 
of the applications the three preceding theorems are sufficient, but 
occasionally the stronger result contained in the Jordan-Hölder Theorem 
is needed. First we introduce the following terminology: if 


(10) M = MOD MIO OM. = (0) 
is a normal series of M, then the difference modules M, , — M; 
(i = 1, 2, , 7) are called the normal differences of the series. If (10) 


is a composition series the difference modules are called « omposition 
differences. Iwo normal series are said to be equivalent if the differences 
of one can be paired with the differences of the other so that paired 
differences are R-isomorphic. 

Equivalent normal series have the same length, and this relation of 
equivalence is transitive. 

THEOREM 22 (HOLDER). If a module has a composition series, then any 
two composition series are equivalent. 

PROOF. By Theorem 19 we know that any two composition series 
have the same length. Hence let them be 
(11) M= MO N MI Y M. = (0) 
(12) M= No N Ni N NM. = (0) 
The proof will proceed by induction on the length of M. Since the 
theorem is trivial for length 1, we assume it true for all modules of length 
less than 7. If in the above series M, = N,, then we have two composi- 
tion series for Mi, and by the induction hypothesis they are equivalent. 
Since M — M, = M — N,, so are the given series for M. 

Assume, then, that M, * Ni, so that M = M, + Ni. By taking a 
fixed composition series for M, N N, we obtain two composition series 


for M: 
(13) M=M,+N,>M,>M,NN,>---> (0). 
(14) M= MI T NI N NI N Mi NI (0). 
That these are actually composition series follows from the R-isomor- 
phisms 

M — M,=N,—(M,NN,), M — NI S MI — (MI NAN), 
and from the fact that M — Mi and M — N, are simple. From these 


same isomorphisms it follows that the composition series (13) and (14) 
are equivalent. Since (11) and (13) have the member M, in common it 
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follows from the preceding paragraph that they are equivalent. In like 
manner (12) and (14) are equivalent, whence (11) and (12) are also. 

According to this theorem, then, the composition differences of an 
R-module are uniquely determined up to R-isomorphism. 

CoROLLA RV. IfM has finite length and N is a submodule of M, then 
the composition differences of M are those of N and those of M — N taken 
together. 

Let us assume that (5) and (6) above are composition series for 
N and M — N, whence (7) is a composition series for M. The 
differences for M are N,_y—N, (j=1,:--,t) and L,_,—L, 
(i = 1, „s). SinceL,_, — L, S (L. Ii — N) — (L, — N), and the 
latter are the differences for M — N, the corollary follows. 

In the theory of rings the following extension of the composition 
series concept is often useful: 

DEFINITION 2. Let N be a submodule of an R-module M. A NORMAL 
SERIES BETWEEN M AND N is a chain 


M= M D MI O. . M. = N. 


It is said to be a COMPOSITION SERIES BETWEEN M AND N if there are 
no repetitions and if there is no submodule between M,_, and M., i = 1, 
r E T 

Obviously a normal (or composition) series between M and N leads to 
a similar series of M — N, and conversely. Hence if there exists a 
composition series between M and N, all such composition series have 
the same length and any normal series between M and N which has no 
repetitions can be refined to a composition series between M and N. 


§ 12. Direct sums. In this section we consider decompositions of 
a module into simpler components. 

DEFINITION 1. Let R be aring, M an R-module, and Mi, Mz. „ M, 
submodules of M. The submodules Mi, „ M, are said to be INDEPEND- 
ENT if i 

M:N (Mı r + M. -i + Mipi t: ＋ M.) = (0), 


i= 1, 2. „. 


It is immediate that this condition is equivalent to the statement 
that if 
x, + ere + x, = O, x; S M,, 


then x, = O, i I, 2. „ r. This criterion is often easier to apply 
than the definition. 
DEFINITION 2. The R-module M is said to be the DIRECT SUM of the 
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submodules Mi, „ M, if it is the sum of these submodules and if these 
submodules are independent. We then write 


M= MIO OM, 


It is easily checked that M is the direct sum of Mi, „ M, if and 
only if each x in M can be represented uniquely in the form 


* = Xi T ＋ x, x, SM.. 
It is obvious that if Mi, „ M, are any submodules of M, then M, + 
.. + M, is the direct sum of the M, if and only if the M, are inde- 
pendent. Hence we often use the expression “the sum M, k. + M, 


is direct” to mean that the M, are independent. 
If M= M, O. @M, and if each M, is itself a direct sum: 


M. = M: O M2 S., 


then it is easily proved, by the criterion following the definition of 
independence, that M is the direct sum of all the M,, taken together. 
Conversely, if M is the direct sum of certain submodules M,, and if we 
define 

M. = Ma + M.: 
then this sum is itself direct, and M is the direct sum of the M,. The 
modular law (see (5), § 2) holds for direct sums also: 


(1) If KƏL, then KN(L@N)=L@(KNN). 
This is to be interpreted to mean that if the sum on the left side is direct, 
so is the one on the right and vice versa. 

The statement that M is the direct sum of twosubmodules M, and M, 
is clearly equivalent to the two statements 

M=M,+M, Ii MA. = (0). 
From this and Theorem 5, § 4 it follows that: 
If M = M, O M, then M, ts R-isomorphic to M — MI. 


From the corollary to Theorem 20, § 11, we get that (37) = MM.) + 
KM.), and by induction we obtain: 


KM, S OM.) = KM,) T + A.). 
In particular if each M, has finite length, so does their direct sum. 
Direct sums are of importance, since a module is determined to within 
an R-isomorphism by its direct summands, as proved in the corollary tu 


the following theorem. 
THEOREM 23. Let M and N be R-modules. For i I. „, r, let M, 
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and N; be submodules of M and N respectively, and let T, be an R- 
homomorphism of M; into N.. Finally, assume that 
(2) = M O. O 
(3) N= NI T N,. 
Then there exists one and only one R-homomorphism T of M into N which 
coincides with T; on M.. If each T, is onto, so is T. If each T, is an 
isomorphism and if the sum (3) is direct, then T is an isomorphism. 

PROOF. If xe M, then we can write 


(4) x=x +: +4, æ, SM.. 
Hence if the required T exists at all we must have 
(5) xT =xTi 1. J K, T,, 


and so T is unique. To prove F exists we define it by (5); since the 
representation (4) is unique, xT as defined in (5) is uniquely determined. 
It is easily checked that T is an R-homomorphism. If each 7, is onto, 
so is T, since MT M. T = M, T. = N; and hence MT = N. Now 
suppose each T; is an isomorphism and (3) is direct. If, then, xT = 0, 
it follows that Fr, T, = 0. Since (3) is direct, æ, T. = 0, hence each 
x, = O, so x = 0 Thus 7 is an 5 

CoRoOLLAR VL. I M= MI O O M,, V= NI O M N,, and 
if M, is R-isomorphic to V, (i I. , r), then M and N are R- 
isomorphic. 

Despite this corollary, the structure of M cannot, in general, be con- 
cluded directly from the properties of the M,. For example, the 
submodules of M cannot necessarily be determined merely because we 
know the submodules of the M,. Our ignorance of the submodules is 
only very slightly mitigated by 

THEOREM 24. Let M= MI O M,, let N, be a submodule of 
M; (i = 1, „ 17), and let 

N=N +4: ＋ N,. 
Then this sum is direct, and M — N is a direct sum of submodules R- 
isomorphic to the difference modules M; — N,. 

PROOF. That this sum is direct—that is, that the N; are independent 
—is obvious. Let T be the natural homomorphism of M onto M - N. 
Then clearly 

M—N=M,T+:---+M,T. 
To show this sum is direct, suppose 0 = x,T T. x,T, where 


*. S M.. Since (2 r =0, Ce, e N= Ni I. +N, hence 
1 1 
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x, e N; C N, so x, T = 0, as was to be proved. It remains to show that 
M,T = M,—N,. This follows from the fact that T, acting on M,, 
has N; as kernel, since M, NN = N.. 
The following theorem, which is useful in the theory of rings, relates 
the direct sum concept to what we might term direct intersection.’ 
THEOREM 25. Suppose that the R-module M is the direct sum of 
submodules Mi, „ M,, so that 


(6) M= MIT T M,, 
(7) M, (MI . ＋ M. + Mia ts > + M,) = (0), 

i= I, r. 
If we place 


(8) N. = MIT. T M;i T NM 1417 -+ M., 1 1 7, 
then 

(9) (0) NN. 

(10) VV, ＋ (Ni AN, 8 NN,) = M, i Il. ix, 
(11) ie co k “NN; ANN; aN: “AN, i 1, „r 
Conversely, if we are given submodules Ni, , N, of M satisfying (9) and 
(10), and if we define M; by (11), then (6), (7), (8) hold. 

(Note that (9), (10), (11) are dual to (6), (7), (8) in the sense of being 
obtained from them by interchanging sum and intersection, M and (0), 
M, and N,.) 

PROOF. We make the preliminary observation that we have immedi- 
ately 
(12) M; + N; = M, M; AN; = (0). 

This is true whether we are given the M, and then define the N; in terms 
of them, or vice versa. 

Suppose first that we are given M = M, O.. © M, and define N, 
by (8). Then (11) can be proved by repeated application of the modular 
law, but it is easier to proceed by direct computation. Suppose, then, 
that a [VS and write x = x, “ + x,, XE My Since æ EN, 


(j #1), x, = 0 [by (8)]. Hence x = x, SM.. That M. C NN, is 


yá; 
obvious. Thus (11) is proved. As for (9), we have 
NN NN, = N MCV. NN,) = N NM, = (0), by (7). 


Equation (10) follows from (12). 
Now suppose we are given the N, satisfying (9) and (10), and define 
M, by (11). Since M; + N; = M, we may write, for any x in M: 
t= x; + Yi x, E Mp Y, & N., i 1, eae ef 
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Then for any j between 1 and r, 


— Ce, = (x —x)— Fx, E Ny 
‘ i 7 
5 = y,EN,, and x, & M, CN, 1 Thus x — Tx, € 
= (0), so x = Dr,, and M = M, T: - + M,—that is, (6) holds. 
Thal (7) holds (directness of the sum) follows from 
M. U TM, CM., MM, = (0). 


1 
So it remains only to prove (8). That N, > 2 M, is obvious; we have 


indeed just used this fact. From the modular law we conclude 


N; = mM, e + (N. MM.) = > M, 
II 
This completes the proof of the theorem. 
DEFINITION 3. If M is an R-module and N a submodule, a COMPLE- 
MENT OF N is a submodule N' of M such that 


N@N =M. 


If every submodule of M has a complement, M is said to be COMPLETELY 
REDUCIBLE. 

The submodules M and (0) have (0) and M respectively as unique 
complements. In general, however, complements (when they exist) 
need not be unique. This can be seen from the situation in vector 
spaces (which we shall presently study in detail), where every subspace 
has a complement (see I, § 21) (so that they are completely reducible), 
and where it is well known that the complements are never unique 
except for M and (0). Although they are not unique, the complements 
of N are all R-isomorphic, since each is R-isomorphic to M — N. 
Moreover, if one complement of N contains another, they are equal. 
For suppose N’ and N” are complements of N, N’ > N”; then 

N’ = N'AN” + N) N“ + (N’'NN) = N" + (0) = 

As just observed, vector spaces are completely reducible. An 
example of a module which is not completely reducible is the additive 
group of integers. Here there exist proper subgroups and the inter- 
section of any two is also proper, so no sum can be direct. 

THEOREM 26. If M is completely reducible, so is every submodule. If 
L and N are submodules such that L C N, then every complement of N is 
contained in a complement of L, and every complement of L contatns a 
complement of N. 
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PROOF. To show that the submodule N is completely reducible we 
must find a complement of L in N. Now L has a complement L' in M, 


L@L'=M. 
Then 
N=NN(L@L'))=L@(NNL’, 


so that L has NL’ as complement in N. 

Let N be any complement of N; if L” is a complement of L in N, 
then N’ + L” is a complement of L (in M). On the other hand, let L’ 
be any complement of L; if N’ is a complement of NN L’ in L': 


(13) (NNL') @N'=L’, 


then N’ is a complement öf N (in M). For, by (13), N + N’ contains 

L'; of course it contains L, so N+ N'DL+L' =M. But also 
NNN’ =(NNL')NN’ = (0), 

by (13). So M= NON. 

CoRkoLLAR V. If a completely reducible module satisfies either chain 
condition, then it satisfies the other, and hence has finite length. 

For a strictly ascending chain of submodules would lead to a strictly 
descending chain of their complements, and vice versa. 

THEOREM 27. A necessary and sufficient condition that an R-module M 
be completely reducible and of finite length is that it be the sum of a finite 
number of simple submodules. When this is so, then M 1s, in fact, a 
DIRECT sum of simple submodules, the direct summands are uniquely 
determined up to R-isomorphism, and their number is IM). 

PROOF. We regard (0) as the direct sum of the empty collection of 
submodules. 

Suppose first that M is completely reducible and of finite length, so 

that M satisfies both chain conditions. We say that every submodule of 
M is a direct sum of simple submodules. For if not, then in the set of 
those which are not, let N be one which is minimal. Now N # (0), 
and also N cannot itself be simple. So N contains a submodule N’ such 
that (0) < N’ < N. Since M is completely reducible, so is N, hence 
there exists a submodule N” such that 
(14) N' ON” =N. 
Since (0) N', N” < N. Since N’ and N” are proper submodules of 
N, the minimal property of N implies that N’ and N” are both direct 
sums of a finite number of simple submodules. Then (14) implies that 
also N. is such a direct sum, whence a contradiction. Hence every 
submodule of M is a direct sum of simple ones, as claimed. 
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Now suppose 

(15) = MI. M,, 

where each M, is simple. We first show that M is completely reducible. 
Let N be any 3 submodule of M, and let M, be the first of the 
modules Mi, „ M, which is not contained in N. Since M; is simple, 
N N M;, = (0), so the sum N + M, is direct. If VM M, = M, then 
M, is a complement of N; otherwise let M, be the first M, not contained 
in N ® M.. Then, as above, the sum (N ®© M.,) +M, is direct. 
Continuing i in this way we obtain integers ij. , i, ‘such that 


NOM, OM, S. G M. = M. 


Thus N has a complement, and hence M is completely reducible. 
Furthermore, we have shown that N has a complement which is a 
direct sum of certain of the M, involved in (15). In particular (0) has 
such a complement, so that 


= NI ON. O. G N., 


where the N, are certain of the M;. Thus M is a direct sum of simple 
submodules, and M) = t since each AV,) is 1. 

It remains to show that the N, are uniquely determined up to an 
R-isomorphism. We assert that 


is a composition series. For it is certainly a normal series, and the j-th 
normal difference is 


(N; S Ni S ON) — (Nj41 OG O Ni, 
which is R-isomorphic to N,. Since each NM, is simple, the above 
normal series is indeed a composition series. Moreover, it has been 
shown that the NM, are isomorphic to the composition differences, which 
by the Hölder Theorem (Theorem 22, § 11) are uniquely determined up 
to R- isomorphisms. 

We now give a decomposition theorem for modules which need not be 
completely reducible. 

DEFINITION. An R-module is said to be INDECOMPOSABLE if it is not 
the direct sum of two proper submodules. 

For example, the additive group of integers is indecomposable. A 
module # (0) which is both indecomposable and completely reducible 
is clearly simple. 

THEOREM 28. An R-module M satisfying the descending chain condi- 
tion is a direct sum of a finite number of indecomposable submodules. 
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PROOF. We prove that every submodule is such a direct sum. For 
if not, let N be minimal in the set of all submodules not sums of this 
type. Then N # (0), and N cannot be indecomposable, N = N’ @ N”. 
The proof is completed as in the first half of the proof of Theorem 27. 

By means of the direct sum concept we can not only decompose 
modules into simpler ones but also can build up big modules from little 
ones. 

THEOREM 29. Let Mi, „ M, be modules over a ring R. Then 
there exists a module M which is the direct sum of submodules Mi, „ M, 
such that M, is R-tsomorphic to M, Moreover, M is uniquely determined 
up to R-isomorphism. 

PROOF. The uniqueness follows from Theorem 23, Corollary. To 
prove existence, define M to consist of all ordered n-tuples 


+= (11, Xa, „ x,), x, e M.. 
If y = (U Ya» ` „ Y,) is another member of M and if a E R, we define 


x + y = (xi + 1, a T5, „ , ＋ 5, 
ax = (axl, *, , ax,). 


Thus M clearly becomes an R- module. We define M, to consist of all 
(xis * , x,) such that x, = 0 for j #4. It is obvious that 


M= MI S GM, 
and that 
x; — (0, „ 0, x,,0,---, 0), x; S M, 


is an R isomorphism of M’; onto M,. 

On the basis of the results of this section we can develop very quickly 
the elementary properties of vector spaces. In § 1 we have observed 
that a vector space M over a field F is a unitary F-module. The sub- 
modules of M are then its subspaces. If N is subspace of Mand N & (0), 
then the order of N (as defined in § 6) is (0); an equivalent statement is 
that if ax = 0 (where ae F and x e M), thena=Oorx=0. If N 
is a simple vector space—that is, if N has no proper subspaces—then 
for any x € N, x Æ 0, it must be true that Fx = N, and conversely if 
x * 0 is in a vector space, then Fx is a simple subspace. 

Let x,, , x, be elements of M. We recall that these elements are 
said to be linearly independent over F if a relation 


a,x, 1 + ax, = O, a, EF, 


implies a, = --- = a, = 0; and that they are said to form a (finite) 
basis of M if they are linearly independent and if every element of M is 
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of the form Ca: x,, a; E F.* Equivalent formulations of these definitions 
1 


in our terminology are as follows: The elements x,, , , x, are linearly 
independent if and only if each x, is * O and the subspaces Fx., --- , Fx, 
are independent (in the sense of Definition 1, given in the beginning of 
this section); they form a finite basis for M if and only if each x, is # 0 
and 

M = Fx, S @ Fx. 

As we have observed above, each Fx, is simple, hence of length 1, so 
that if x,,-- , x, forma basis of M, then (M) =r. Thus the number 
of basis elements is always the same. In the usual theory of vector 
spaces, this number is called the dimension of the vector space; we have 
thus proved that it is the same as the length. 

It follows from what we have said and from Theorem 27 that a vector 
space with a finite basis satisfies both chain conditions and is completely 
reducible. Consider now the following four properties of vector spaces: 


(a) Existence of finite (vector) basis. 
(b) Finite length. 

(c) Ascending chain condition. 

(d) Descending chain condition. 


We assert that they are all equivalent. For we have just proved that (a) 
implies (b), and, of course, (b) implies (c) and (d). To show that (c) 
implies (a) we observe that (c) implies at any rate that M has a finite 
module basis over F. Since every principal module Fx is, in the present 
case, a simple module, we have that M is a finite sum of simple modules. 
Hence, by Theorem 27, M is a finite direct surn of simple modules, 
that is, (a) is satisfied. We prove now that (d) implies (c), that is, that 
the d.c.c. implies the a.c.c. If, namely, the a. c. c. is not satisfied, there 
clearly exists an infinite sequence of vectors 


Xj Xy 
in M such that every finite subset is linearly independent. If we define 
M, to consist of all finite linear combinations 
ar T 47 1* 1 +X; a, EF, j S i, 
j otherwise arbitrary, then clearly 
Mi r M. I M. 


* It should be carefully noted that, while any basis of a vector space M is also 
a module basis of M over F, the converse is not true, because of the additional 
condition of linear independence which we have imposed on the elements of a 


vector basis. 
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violates the d.c.c. Thus we have proved the equivalence of (a) to (d), 
so that in a vector space either chain condition implies the other and 
hence also finite-dimensionality and complete reducibility. 

In §3 we defined a linear transformation of one vector space into 
another as an F-homomorphism of the one into the other. If æ and yare 
vectors in two vector spaces and x æ O, then the mapping 


ax —> ay, (a € F) 


is clearly a linear transformation of Fx onto Fy. From this remark and 
from Theorem 23, it follows that if x1, , x, constitute a basis for a 
space M and if 51, „ Y, are elements of a space L, then there is one 
and only one linear transformation of M into L such that x, T = y; 
1 = I, e n. ö 

We shall see various other examples where properties of vector spaces 
can be deduced from theorems on modules. 


§ 12>, Infinite direct sums. Let A be an arbitrary (finite or 
infinite) set of elements and let ꝙ be a mapping of A into a set whose 
elements are groups. For any element a of A we shall denote by G, the 
group g(a). We shall say then that we have a set of groups (G.] which 
1s indexed by the set A. We do not assume that ¢ is univalent; it there- 
fore may very well happen for two distinct indices a and b that G, = G, 

The set product of the set of groups {G,} indexed by A shall be by 
definition the set of all functions f on A such that for any element a of A 
the value f(a) of f is an element x, of G,. We shall identify any such 
function f with the vector x = {x,}, where a varies in A, and we shall 
call x, the component of x in G, (the term vector is used here in a sense 
which is more general than the one in which that term was used in I, 
§21). The set product of the G, is therefore to be thought of as the 
set of all vectors {x,}. 

The group structure of the G, allows us to define multiplication in the 
set product of the G, as follows: if x = {x,} and y = {y,}, then 
xy = {x,y} (Xa Ya E Ga). It is then immediately seen that the set 
product of the G, becomes a group. This group will be denoted by 


II G, and will be called the complete direct product of the groups G, 


The identity of the complete direct product is the vector {e,}, where e, 
is the identity of G,, and the inverse of any element {x,} is the element 
(r.. 

The following assertions are straightforward and their proofs may be 
left to the reader: 


§ 12bis i INFINITE DIRECT SUMS 173 


— — — — — . — 


(1) If Ha) is a set of groups indexed by the set A, such that for each a 
the group H, is a subgroup of G,, then the complete direct product of 
the H, is a subgroup of the complete direct product of the G., and it is 
an invariant subgroup if each H, is an invariant subgroup of G.. 

(2) If B is a subset of A and if C denotes the complement of B in A, 


then the complete direct product LI G, is isomorphic with the invariant 
eB 


subgroup Tl H, of Tl G, where we have set H, = G, if ae B and 
acA acA 


H, = (e,) if a E C. 

If each G, is a commutative group then also the complete direct 
product of the G, is commutative. In that case, if the additive notation 
is adopted for the group operation in each G, the same notation will be 
used for the complete direct product of the G, and the latter will be 
referred to as the complete direct sum of the G, and will be denoted by 
> Ga 
acA 

If each G, is a module over one and the same ring R, then the 
complete direct sum of the G, can be made into an R-module by setting 
a-{x,} = {a · x( E R, x, E C,). If each G, is a module over a ring R, 
which depends on a (so that the set of rings {R,} is itself indexed by the 
set A) then the complete direct sum of the G, can be made into a module 
over the complete direct sum of the R, by setting {u,}-{x,} = {u,-x,} 
(u, S R., Xa € G,). It is understood that a complete direct sum of 
rings R, is viewed as a ring in virtue of the following definition of 
multiplication: {u,}{v,} = {u,v,}. 

We shall seldom have occasion to use complete direct products or 
complete direct sums. More important for our purposes will be the 
concept of a weak direct product, or simply direct product (or direct 
sum, in the commutative case). We proceed to define this concept. 

Let G be a group and let {G,} be a set of subgroups of G, indexed by 
a set A. We say then that G is a weak direct sum of the subgroups G, if 
the following conditions are satisfied: (a) for a * b each element of G, 
commutes with each element of G,; (b) for each element x of G there 
exists one and only one element {x,} of the complete direct product of the 
G, such that x, = e, for all a in A, except for a finite number of indices 
al, Ap, ` „ Ap and such that x = x, Xa, .. The element x, is 


then called the component of x in the group G. We write G = II G, 
ae 


to indicate that G is the weak direct product of the subgroups G. We 
shall, as a rule, omit the word weak and speak simply of G as being a 
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direct product of the subgroups G,. In the additive (commutative) case 
we shall use the term weak direct sum (or simply direct sum). 

The proofs of the following assertions are straightforward and may be 
left to the reader: 

1) If G is a direct product of subgroups G, then G is isomorphic with 
a subgroup of the complete direct product of the G,, distinct from 


ñ G. if A is an infinite set. The isomorphism we allude to is the one 
acA m 

in which to each element x of G corresponds the element (x of II G., 
acA 


where x, is the component of x in G, 
2) If G is a direct product of subgroups G, and if G’, denotes the 
subgroup of G which is génerated by the subgroups G,, b & a, then 


(a) each G, is an invariant subgroup of G; 
(b) G is generated by the groups G,; 
(c) G,NG’, = (e), where e is the identity of G. 


J) Conversely, if (G,] is a set of subgroups of G satisfying conditions 
(a), (b) and (c) then G is a direct product of the groups G.. 
4) Let {G,! be a set of groups indexed by a set A and let H be the 


subgroup of || G, consisting of the elements {x,} such that x, = e, for 


aE, 

all a in A, except for a finite number of indices. Let H, be the subgroup 
of H consisting of the elements {x,} such that x, = e, for b a. Then 
H, and G, are isomorphic groups, and H is a direct product of the H.. 

In the case of R-modules C, the group H defined in 4) is easily seen 
to be a submodule of the complete direct sum of the G.. 

It is immediately seen that in the case of groups (or modules) indexed 
by finite sets our present definitions coincide with those given in the 
preceding section. 


§ 13. Comaximal ideals and direct sums of ideals. We now apply 
the results of § 12 to the theory of rings. Let R be an arbitrary ring. If 
we regard R as an R-module then the definitions of § 12 apply, and it is 
meaningful to speak of direct sums of submodules of R—that is, of 
ideals of R. Because of its importance we give the definition explicitly 
for the special case at hand: 

DEFINITION 1. The ring R is said to be the direct sum of the ideals 
RI, R, „ R. if 


(a) R=R, T R. 1 ＋ R,, 
(b) R. N(R, T + R. Ii T R. i . + K,) (0), i 1. , n. 
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We write, as before, 
(1) R = Ri G R G OR, 

We note that when (1) holds, the ideals R, mutually annihilate one 
another; that is, 

R, R, = (0) for i * j. 
This follows from N, R, C R, R, = (0) if i * j. As a result, an ideal 
in R, (R, being considered as a ring) is also an ideal in R. 

To make essential use of the ring structure of R we must place some 
restriction on it. Hence in the remainder of this section we assume that R 
has an identity element, to be denoted as usual by 1. 

THEOREM 30. Let R be a ring with identity. Let Ri, R, , R, be 
subrings of R such that 
(2) R= R, + R. 1 + R., R, R, = (0) for i j. 

Then each R, is an ideal and the sum (2) is direct. All elements of R, are 
zero divisors unless. R, = (0) for all j & i. If as, b. E R, for i = 1, 2. 
n, then 
(ai T. ＋ ,) + (1 T 4 6, 
(3) = (a, ＋ 50 T + (4, bn), 
(ai . ＋ 4% 057 T 4 5, = a,b, T + 4,0, 


There exist uniquely determined elements e, such that 


(4) 1 r en, et C Re, 
and it follows that 
(5) ei? = ei, ei e, = 0 for i * J, R, = Re, 


and e, is the identity of R,. 
If A is an ideal in R, there exists a decomposition 


(6) A= Ai S: A,, A, an ideal in R,; 
this decomposition is unique, and in fact, 
(7) A; TT R, A 


The residue class ring R/ A is a direct sum of rings isomorphic (as rings) to 
the rings R. A,. The ideal A is a maximal or prime or primary ideal if and 
only if all but one of the A, coincide with the corresponding R, and the 
remaining A; is respectively maximal, prime, or primary. 

PROOF. From (2) and the fact that R, is a ring it follows that 
RR, = R; C R, so R, is an ideal. If ce Ri, then by (2) Re = Ric; 
and if also ce R. 14. 4 R., then Re = Ric = 0, hence c= 0. 
Thus | 

R N(R: T ＋ ER.) = (0), 
and n — 1 other relations of this sort together imply that the sum (2) 
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is direct. The relation R, R, = (0) implies that each element of R, is a 
zero divisor unless R, = (0) for j * i. Relation (3) is obvious, as is the 
existence of unique e, satisfying (4), and also that ee, = 0 for i * j. 
Multiplying (4) by e; we find e, = e,. If ce R, (4) implies c = ce,, 
and hence also R; = Re,. 

Suppose A is an ideal in R. If a decomposition (6) exists, then 
RA = R, A, = A, whence (7). Existence of a decomposition follows 
by multiplying (2) by A: 

A = RA = RA O ORMA; 
R, A is an ideal in R, since R, (R, A) = R, A = RA. 

If T is the natural homomorphism of R onto the ring R/ A, then it is 
easily proved that R /A is the direct sum of the ideals R, T and that R. T 
is isomorphic to R,/ A, (cf. proof of Theorem 24 of § 12). 

Now for the last statement: Suppose A is primary in R, A * R. 
Then not every R,T can be (O), say, R,T æ (0). Since no power of 
ei can be zero, it cannot be a zero-divisor in R/A (since A is primary), 
hence R,T = (0) fori > 1. Thus if A is primary, R,T = 0 for: > 1 
and in Ri / A (S R,T = RT) every zero divisor is nilpotent, so that 
A, = R, for 2 > 1 and Ai is primary in Ri; the converse is obvious. 
Similarly (and even more simply) for A prime or maximal. 

An element e of a ring such that e? = e is called an idempotent; two 
idempotents e and e’ are said to be orthogonal if ee’ O. Thus witha 
direct decomposition of the ring R we have associated a decomposition 

IS ei T. ＋ e 
of the identity of R into orthogonal idempotents. Conversely if such 
orthogonal idempotents are given, it is easy to see that R is the direct 
sum of the ideals Rei, „ Re,. 

We point out that if S is a ring and S = S, M OS, with R; & S,, 
then R = S; cf. proof of Theorem 23 of § 12. Also, if R’,,---,R’, 
are arbitrary rings, there exists one and (up to isomorphism) only one 
ring R which is the direct sum of ideals R, isomorphic to the R’,. 
The ring R may be defined (cf. Theorem 29 of § 12) to consist of all 
(ai, , a,), a, S R', addition being defined in the obvious way, and 
multiplication by 

(ai. „ 4%) (bi. „ Dn) = (a,b, ++ , anba) 

DEFINITION 2. Let R be a ring with identity. A set of ideals 

Ai, „ A, in R is said to be PAIRWISE COMAXIMAL if each A, Æ R and 


A, ＋ A, =R for i j. 
If n = 2, we say simply that X, and N, are comaximal. 
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The definition, of course, implies A, x£ A for i * j, also that 
A, Æ (0). This concept allows us to give a sort of dual decomposition 
to the direct sum, and in a stronger form than in Theorem 25, § 12. 
First: 

THEOREM 31. Let R be a ring with identity, and let Ai, , A, be 
ideals in R. The A, are pairwise comaximal if and only if their radicals 
are. If an ideal B is comaximal with each A,, then it is comaximal with 


Ai: NA, and Ai A, If Ai, , A, are pairwise comaximal, 
then 

(8) AN NW = Al A,; 

if, moreover, bi, , b, are elements of R, then there exists an element b in 
R such that 

(9) b = b(U,), i = 1, „n. 


PROOF. If Al and %, are comaximal, obviously VA, and VA: are. 
Conversely suppose VAI + VA, = R. Then by the formulas on the 
radical (Theorem 9 of § 7, p. 147): 

R = VR = VVA, + VO, = VÄ, + A,, 
since only R has R as radical (since 1 € R), 4, + A, = R. (Or directly: 
from R = VU, + Vu, we obtain 1 = ci + cy, c. S VĂ, ci e A,, k 
an integer; since in the binomial expansion for 1 = (c, + c})*-? each 
term has a factor cfc, with i 2 k or j Z k and hence is in A, or Ag, 


it follows that 1 e A, + A:.) 
If B is comaximal with each A,, then 


BHA =R, i= l, an. 


To prove B comaximal with II A,, and hence a fortiori with A,, we 
i 1 
observe that 
R= k*=[[(8+ A,) CB + IIA, CR. 
i 


We have here used the fact that multiplication of ideals is distributive 
with respect to addition (cf. § 7, relation (2)). 
Suppose the A, pairwise comaximal. If = 2, then 
(A, NA) = (A, + ANA, NA.) = A (A, N Aa) + AA, NA) 
CAMA, + UA, = A, Ms. 
Assuming (8) true for n — 1 factors, and observing that A, is comaximal 
with Ai . NAi we have 
(Ai i.. A, i) MM, = (A1 0. A, 1A, = (AI. A, 1A, 
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Suppose, in addition, the elements b, to be given. If n = 2, then 
1 = a, + a, with a, € A,, so that 
a, = (Ai), ag = 1(H,), a1 = 1(A:), a = O(A,). 
Placing b = b,a, + ba, we get 
b = 5(A,), i = 1, 2. 
Assuming the last statement in the theorem to be true for n — 1, we 
have an element b’ such that 


(10) 1 i = Il, n -I. 

Since A, and %,N- Ae (,—1 are comaximal there is an element b such 
that 

(11) b = (2, nN e A, 1), 5 — 5A, ). 

From (10) and (11) 6 = 5, (A,), i 1. „n -I. 

The last statement of Theorem 31 is a generalization of the well- 
known fact that if mi, , m, are integers which are relatively prime 
in pairs, and if bi, , 5, are arbitrary integers, then the simultaneous 
congruences 

x S b; (mod m,), i I, vn, 
have a solution. 

THEOREM 32. Let R be a ring with identity. Let Aj, , A, be ideals 
such that 
(12) (0) = AN A,, A, ＋ A, R for i Hj. 

If we place 

(13) R, = WGA A, 10 A, 100 A,, i = I, en, 

ten 

(14) R= RIO R.,, R, = RM, 

(15) A, = RI T. T Rii T Rii to +R, 
Conversely, if R is a direct sum of ideals Ri, , R, and if we define A, 
by (15), then (12) and (13) follow. 

PROOF. Suppose the X, are given, satisfying (12). From the preced- 
ing theorem it follows that A, + n A, = R, so that the second half of 


Theorem 25 of (§ 12) may be applied to give the first part of (14) and 
also (15); here the A, play the role of the N.. In view of (14) we have 


l=e . e, e, S R.. 


The mapping a — ae, is clearly a homomorphism of R onto Ri, and 
indeed the elements of R, are fixed inthis mapping. The kernel consists 
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n 
of those a such that ae, = 0, that is, a = > ae,; hence the kernel is Ai, 


a2 
and R, = R/U,. Similarly, R; = RJA, for i = 2. „ n. 

If R is a direct sum of the N, and we define A, by (15), then we apply 
the first half of Theorem 25, with the R, playing the role of the M,. 
Then (13) and first part of (12) follow. From (15) and (14) it follows 
that R = R; + A,, hence a fortiori R = A, + A, for j # i. 


§ 14. Tensor products of rings. All rings which are considered 
in this section are assumed to contain a given field k as subring. It is 
furthermore assumed that the element 1 of k is also an element 1 of 
each of the rings. We shall sometimes refer to our rings as algebras 
over k. 

If A and B are subrings of a ring C, we shall denote by [4, B] the 
smallest subring of C which contains both rings A and B. 

Let A and B be two given algebras over k. 

DEFINITION 1. By a product of A and B (over k) we mean the composite 
concept (C, p, ) consisting of an algebra C over k, a k-isomorphism ꝙ of 
A into C and a k-isomorphism of B into C, such that C = [Aọ, By]. 

DEFINITION 2. Two products (C, œ, d) and (C“, o', W) of A and B 
are said to be equivalent if there exists an isomorphism f of C onto C such 
that ꝙ = yf on A and / = df on B. 

This relation of equivalence is clearly reflexive, symmetric, and 
transitive, and thus we can speak of equivalence classes of products of 
A and B. It is also clear that if the above isomorphism f exists at all, 
it is uniquely determined, for C is generated by Ag and B.] and we must 
have f = i on Ag and f = 4-14’ on By. 

DEFINITION 3. A product (C, ꝙ, ) of A and Bis called a tensor 
product of A and B (over k) if the rings Ap and By are linearly disjoint 
over k (see II, § 15). 

THEOREM 33. There exist tensor products of A and B. 

PROOF. Let {x,} be a vector basis of A over k and let (%] be a vector 
basis of B over k. We consider the set of all ordered pairs (x,, y,) and 
the set C of all formal finite sums >c,,(x,, yg), with coefficients c in k. 
Then C is in a natural way a vector space over k, the set of all ordered 
pairs (x,, y,) (that is, the set-theoretic product of the two bases {x,} and 
{y,} of A over k and B over k respectively) being a vector basis of C over 
k. We will find it convenient to use the following notation: if x = Jax, 
and y = bay are elements of A and B respectively (a,, 5 € k), then 
xo y shall denote the element > Ca. hx, Yp) of C. In particular, we 
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have x, o y, = (x,, Ya). It is clear that xo y = 0 if and only if x = O or 
y = 0. The following relations are obvious: 


(1) (x+x')oy=xoy+x'oy; (x, x’ € A; ye). 
(2) xo(y+y’)=xoy+xoy'; (ve A:. „ EB). 
(3) (x o y) = cx oy S x Och; (x E A, ye B; c e ). 


We shall now define a multiplication in C. It will be sufficient to 
define the products (x, o % · (x, o y,) of any two basis elements of C, for 
then the product of any two elements of C will be determined by 
linearity, that is, by the requirement that the multiplication be distribu- 
tive and that we have c(x, o ya) d(x, o / = cd (x, O %) (x, o %)). We 
set . 

(4) (x, 0. % i (x, 0 Ya) = & K o Vays: 

It is obvious that the multiplication thus defined is commutative and 
distributive. To verify the associative law, it is only necessary to verify 
the validity of the following relations: 

(6) lx. o, o %- (x. 0 Yer) = (Xa o) Ie, © VAa o Ye). 

These relations follow, however, from the associative laws in A and in 
B, for it is immediately seen that both sides of (5) are equal to x,x,x,- © 
YpYaYg- We note that the above definition implies (in view of (1) to (3)) 
that we have (x o y)(x’ o y') = xx’ o yy’, for any elements x, x’ of A and 
any elements y, y’ of B. 

The mapping : a->ao1, a e A, is obviously a homomorphism of 
A into C (note that we have aa’o1 = (ao I) (a“ o 1), for any elements 
a and a’ in A). Since aol #0 if a #0, ꝙ is an isomorphism. 
Similarly the mapping /: b 1 o b, b E B, is an isomorphism of B into 
C. The two mappings ꝙ and / coincide on k, for if cek, then 
col =c(lol)=10c. We shall identify c with co 1 for any c in k. 
Then (C, ¢, ) becomes a product of A and B over k, in the sense of 
Definition J, for we have (x, o yg) = (x,0 1)(1 o % and hence C = 
[Ay, BV]. The two subrings A’ = Ag and B = Bẹ of C are algebras 
over k and are k-isomorphic with A and B respectively. 

We now prove that A’ and B’ are linearly disjoint over k. The 
elements x, o 1 form a basis of A’ over k, and similarly the elements 
10 y, form a basis of B' over k. We have (x, 0 1)(1 o y,) = x, 0 %, and 
therefore the products (x, o 1)(1 o %) are linearly independent over k. 
The linear disjointness of A’ and B’ now follows from II, § 15 (Lemma 
1). The proof of the theorem is now complete. 

THEOREM 34. (The universal mapping property of tensor products.) 
A necessary and sufficient condition that a product (C, p, Y) of A and B 
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(over k) be a tensor product of A and B is that given any two k-homo- 
morphisms g and h of A and B respectively into a ring R there should exist 
a homomorphism f of C into R such that f = ig on Ay and f = $-*h 
on B}. * 

PROOF. Every element ę of C has an expression of the form 


E = > ¢(a,)¥(5,), where a, € A and b, EB. We set f(€) = > g(a;)h(b;). 


Then f is a transformation of C into R (perhaps not single-valued) which 
satisfies the following two conditions: a) for any £ in C the set f(£) is 
non-empty; b) if wef(é) and vef(n), then u+vef(é + 7) and 
uv €f(&y). It follows from Lemma 2 of I, § 11, that f can be asserted 
to be univalent (and hence a homomorphism), provided the set f(0) 
contains only the zero of R. We shall show now that this last condition 
is indeed satisfied if (C, p, d) is a tensor product of A and B, and this 
will prove the necessity of the condition since we have f = ig on 4 
and f = in on By. 

Let 0 = C,) be an expression of the zero in C. We fix a 


basis (x,] of the vector space > ka, (over k) and a basis {¥,} of the vector 
space >kb,, and we express the a, and the b; in terms of these basis 
elements: a; = Cen „ 5. = Ste (c., d ER). From the above 


expression of 0 and by the ‘near disjointness of Ag and By over k it 
follows that 


(6) Tc d,, = 0, all œ and £. 


10% ig 


We have g(a;) = 24 (x.) and h(b,) = 24, Aly). Hence Celan (ö 
= 2 ( Tendiu atx. )A(y,), and this is ar in view of (6). T his com- 


pletes the proof of the necessity of the condition. 

Conversely, assume that the product (C, g, Y) satisfies the condition 
stated in the theorem. We fix a tensor product (C“, 9’, ) of A and B 
and we proceed to show that the two products (C, p, v) and (C“, ', Y) 
are equivalent. This will complete the proof of the theorem. 

By assumption, there exists a homomorphism f of C into C’ such that 
f = 979’ on Ag and f = 4-19’ on By. Since C' is a tensor product, 
it follows from the first part of the proof that there also exists a homo- 
morphism F of C’ into C such that f’ = g’-' on Ag’ and f’ = Y 1% 
on By’. Then ff’ is a homomorphism of C into itself which is the 
identity on both Ag and By. Since C = [Ag, By] it follows that ff’ is 
the identity on C. Similarly, F is the identity on C. Consequently f 
is an isomorphism of C onto C, and since f = ꝙ i on Ag and f = p~p 
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on By, the two products (C, p, Y) and (C', ', Y) are equivalent, as was 
asserted. 

COROLLARY 1. Any two tensor products of A and B are equivalent. 

This has been established in the second part of the above proof. 

COoRoLLARY 2. If a given product (C, p, ) of A and B admits a 
homomorphism f into a tensor product (C', ', V) of A and B such that 
f = gip on Ag and f = -'W’ on Bẹ, then (C, ¢, ) is itself a tensor 
product of A and B, and f is an isomorphism of C onto C. 

Also this has been established in the second half of the above proof. 

We shall now introduce a canonical model of a tensor product of 
our two rings A and B whose construction is intrinsically related to these 
rings (the construction in the proof of Theorem 33 uses bases of A and 
B and is therefore not intrinsic). 

We consider the set-product A x B, that is, the set of all ordered 
pairs (a, b), a E A, be B. We denote by M the set of all formal finite 
linear combinations Dela b;) of elements of A x B, with coefficients 


c;ink. We convert Mi into a vector space over k, with A x B as basis, 
by defining addition and scalar multiplication in an obvious way: 


(2 (as, b; )) + (24: (a; b; )) = Le, + d,\(a;, b), 
4e (an b; )) ag Tae (an 5%, 


where the c, d, and d are elements of x. We now also define multi- 


plication in M by first defining the product of any two elements (a, 5) 
and (a', 6’) of A x B as follows: 
(a, 5)(a’, b’) = (aa’, bb’) 

and then defining the product of any two elements of M by linearity. 
It is immediately seen that with this definition of multiplication M 
becomes an algebra over k (however, note that the field x is not contained 
in M). 

Let N denote the ideal generated in M by all the elements of the follow- 
ing form: 
(7) (a + a’, b) — (a, 6) — (a', b), (ca, b) — c(a, b), 

\(a, b + b’) — (a, b) — (a, b’), (a, cb) — c(a, b), 

where a, a’ € A; b, b'e B;cek. We denote by T the residue class ring 
M / N and by p the canonical homomorphism of M onto T. For any 
element a in A and b in B we denote by a & b the N- residue of (a, b). 
Finally we denote by g the mapping a — a @ 1 of A into T, and by & the 
mapping 5 1 @ b of B into T. It is immediately seen that g and A 
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are ring homomorphisms. We have p(c(a, b)) = ca, b)) = ca & b, 
and since every element of M is a sum of terms of the form c(a, b), with 
c in k, ain A and b in B, it follows that every element of T is a sum of 
elements of the form a & b. On the other hand, we have (a, b) = 
(a, 1)(1, b), whence a @ b (a @ 1)(1 @ 5). This shows that every 
element of T is a finite sum of products of elements a & 1 of the ring 
Ag and elements 1 @ b of the ring Bh. In other words, we have 


(8) T = [Ag, Bh). 
Let us now fix a tensor product (C, p, V) of A and B (over k). The 


eee a: Dedan b,) Tech 


is a ring homomorphism of M onto C. The relation (a + 40% (b) 
= (a)y (b) + / (b) shows that the elements of M of the form 
(a + a’, b) — (a, b) — (a', b) belong to the kernel of ø. Similarly, all 
the elements of the form (7) belong to the kernel of o, that is, the kernel 
of o contains the kernel of p. Hence o = pr, where r is a homomor- 
phism of T onto C. 

For any a in A we have g(a) = o((a, 1)) = (a ® 1) = (g7)(a). 
Since @ is an isomorphism, it follows that g is an isomorphism of A onto 
Ag and that the restriction of + to Ag is an isomorphism of Ag onto Ag. 
Similarly we find that Y = hz on B, that h is an isomorphism of B onto 
Bh, and that the restriction of 7 to Bh is an isomorphism of Bh onto By. 
We note that g = h on k and that consequently we can identify any 
element c of k with the corresponding element g(c) = c @ 1 = A(c) = 
1@c. With this identification, g and h become k-isomorphisms of A 
and B respectively into T. Hence, by (8), T ts a product of A and B, 
over k. In view of the existence of the homomorphism of T into C, 
with the properties described above, it follows, by Corollary 2 to 
Theorem 34, that (T, g,h) is a tensor product of A and B. This, 
canonically constructed, tensor product of A and B will be denoted by 


A ® B, or simply by A @ B. 


The following relations are easily verified: A@ B =B Q A, 
(A ® B)@ C=A®Q(BOC). The proofs may be left to the reader. 

From now on we shall regard A and B as subrings of the tensor product 
A@B. More precisely, we identify every element a of A with 
the corresponding element g(a) = a @ 1 and every element b of B 
with the corresponding element 1 & b. With this identification, the 
tensor product A ® B = (7. g. Ii) is now (T, I, I), where 1 stands both 
for the identity mapping of A and the identity mapping of B. 
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In the preceding considerations the nullring was excluded because 
we have always assumed that our rings contain an element 1. However, 
this assumption played no role whatsoever in the definition of the ring 
A Q B, and this ring is obviously the nullring if either A or B is the 
nullring. 


EXAMPLES 

1) If A is a field, then A Bis a ring containing the field A. Any 
basis {y,} of B over k is also a basis of A & B over A. In particular, 
k SB B. 

2) If A = RIA] (= RLX,, X,. Xn] and B = MIT] (= R| FI, 
Vi, , V.) are polynomial rings in n and m indeterminates 
respectively, then the polynomial ring C == k[X, Y] in n+ m in- 
determinates is generated by A and B, and it is clear that A and B are 
linearly disjoint over k, in C. Hence kLX, Y] = k[X]@ & VI. 

A similar result holds for polynomial rings in infinitely many variables. 

Let A be an ideal in A and B an ideal in B. We shall denote by 
(A, B) the least ideal in A ® B which contains A and B. In other 
words, (A, B) is the ideal in A O B which is generated by the elements 
of Mand B. We denote by a, B, and h the canonical homomorphism of 
A onto AJA, of B onto B/B, and of A & B onto A & B/A, B), 
respectively. Since the restriction of h to A has kernel which contains 
A it follows that 4 = ag on A, where ꝙ is a k-homomorphism of AJA. 
Similarly, k = Bf on B, where / is a k-homomorphism of B/ B. 
Furthermore, since A & B is generated by A and B, the ring 
48 B(A, B) is generated by (A/ A) y and (B/B)y. 

THEOREM 35. The rings AJA @ B/ B and (A & / A, B) are k- 
isomorphic. More precisely: the homomorphisms ꝙ and ; are isomorphisms, 
and (A & B(A, B), p, ) is a tensor product of A/A and B / B. 

PROOF. If either A or B is the unit ideal, then both rings coincide 
with the nullring. We shall therefore assume that A x A and BB. 
Under these assumptions we first show that (A, B) NA =A and 
(A, B) OB = V, and that consequently ꝙ and / are isomorphisms. By 
Theorem 34, applied to the rings C = A ® B and R= A/A & BI, 
there exists a homomorphism g of A & B into A/A & B/ B such that 
g =a on A and g ß; on B. The kernel of g contains A and B and 
consequently also (A, B). Therefore A N(A, B) C A NKerg = A, 
showing that (A, B) NA =A. Similarly, (A, B) NB = B. 

Since the kernel of g contains (A, B) we have g == hf, where f is a 
homomorphism of A ® B/A, B) into the tensor product AJU & B/B. 
Since g = a on A while k = ag on A, it follows that ¢f is the identity 
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on AfA, or—equivalently—that f=g-! on (A/A). Similarly, 
f = on (5/ B/. By Corollary 2 of Theorem 34 this completes the 
proof of the theorem. 

We shall now give some results concerning zero-divisors in given 
rings and in their tensor products, First of all, we have the following 
lemma: 

LEMMA. If an element a of A is not a zero-divisor in A, it is not a zero 
divisor in A & B. 

The proof is immediate. For if we have af = 0, where £e A QB 
we can write £ in the form € = > a,b,, where the a; are in A, and the b; 


are elements of B which are linearly independent over k (and hence also 
over A). From >(aa,)b, = 0 follows then aa, = 0, a; = 0, and hence 


COROLLARY. The total quotient ring K of A & B contains the total 
quotient rings of A and B. More precisely: the quotient ring of Ain K 
is a total quotient ring of A, and similarly for B. Furthermore, these total 
quotient rings of A and B are linearly disjoint over k (as subrings of K). 

Every regular element of A has an inverse in K (since every regular 
element of A is also a regular element of K, by the lemma). Hence we 
can speak of the quotient ring of A in K, and this quotient ring will be a 
total quotient ring of A (I, § 19, Corollary 3, p. 43). If {b,/b} is a set of 
elements of the quotient ring of B (b, b; € B. b regular in B) and if these 
elements are linearly independent over Å, then also the b, are linearly 
independent over k and hence also over A. From this it follows at once 
that also the quotients %% are linearly independent over the quotient 
ring of A. 

The following theorem includes the above lemma as a special case: 

THEOREM 36. Let A’ and B' be subrings and subalgebras of A and B 
respectively. If no element of A’ which is different from zero is a zero- 
divisor in A, and if, similarly, no element of B which is different from zero 
is a zero-divisor in B, then every element of A’ & B' which is a zero- 
divisor in A Q B is already a zero-divisor in A © B’. (Note that 
A’ ' is canonically identifiable with a subring of A & B.) 

PROOF. Let x’ be an element of A’ O' which is not a zero-divisor 
in A’ B' and assume that we have x’z = 0 for some element 2 of 
AQB. We write z = a,b, with a; € A and b, € B, and we extract 


from the set (a,] a maximal subset ſu,] of elements u, which are linearly 
independent over A’, Similarly, we extract from the set (h, a maximal 
subset {v,} of elements v, which are linearly independent over B.. 
We note that from our assumptions it follows that both A’ and B’ are 
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integral domains. Hence, there exist elements a’ and f’ in A’ and B’, 
both different from zero, such that a'a; = Cain, Pb; = Db iVm 


where the a’,,, belong to A’ and the b';„ belong to B'. We have there- 
fore 


(9) a’ B. = > (Ted in) Mm 
and | 
(10) 0 = = > Lal a iu v, 
We set 
(1 1) e = x'D A imb in 
Since Y'm, EIA, B'] we can write these elements in the form 
(12) Yman = 2 Compa? pb o 
0 


where the cs are in k, the a’, are elements of A’ which are linearly 
independent over k and the b’, are elements of B’ which are linearly 
independent over k. The linear independence of the v, over B’ and the 
linear independence of the 5’, over k shows easily that the products 
b' Un (elements of B) are linearly independent over k. Similarly the 
products a’,u,, are linearly independent over k. The linear disjointness 
of A and B over k implies therefore that the products u,,v,a',b’, are 
linearly independent over k. Now relations (10), (11), and (12) yield 
the relations 
Tc. , v, pO ¢ = 0. 

Hence the elements c,,,,, are all zero, and therefore also the elements 
Yun are all zero. Since x’ is not a zero-divisor in A’ SB, it follows 
from (11) that Ca %, = 0, and hence by (9), we have a2 = 0. 


Since 0 3 a’ € A’, it follows from the preceding lemma that a’ is not a 
zero-divisor in A & B. Hencef’z = 0. Similarly, since 0 # p'e B., it 
follows that z = 0. This shows that x’ is not a zero-divisor in A ® B 
and completes the proof of the theorem. 

COROLLARY. Let K and K be fields containing k and let B be a tran- 
scendence set in K (for instance, a transcendence basis), Then, in the 
tensor product K 8 K, the elements of B are also algebraically inde- 


pendent over K’, every element of the polynomial ring K [B], different 
from zero, ts regular in K 8 K', and the total quotient ring of K 9 K’ 


contains the tensor product K g K'(B). 
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Any finite set of distinct monomials xx. - - ie, x; E B, is a set of 
linearly independent elements over k. Hence these monomials are 
also linearly independent over K, which proves the first assertion of the 
corollary. The, rings k[B] and K are linearly disjoint over & (in 
K 8 K)) and they generate the ring K [B]. Hence we have K BI 


k[B] & K’. Since we are now dealing throughout with integral 

domains, the preceding theorem shows that every non-zero element of 

the polynomial ring K [B] is regular in K & K’. Consequently the 
k 


total quotient ring of K & K contains the field K (B). We assert that 
k 


K and K (B) are linearly disjoint over k(B). Since K'(B) is the quotient 
field of k(B)-K’ (this latter ring being the ring of quotients of K IB] 
with respect to the multiplicative system of the non-zero elements of 
KB)), it will be sufficient to show that K and k(B)- K’ are linearly disjoint 
over ). However, this follows at once from the linear disjointness of 
K and K over k and from the fact that the vector space (B) · K over 
k(B) has a basis consisting of elements of K. The elements of such a 
basis are a fortiori linearly independent over & and hence also over K, 
and the linear disjointness of K and K (B) over k(B) follow now from 
the lemma of II, § 15. The ring generated by K and K (B) in the total 
quotient ring of K 8 K is therefore isomorphic with K 2 K (B). 
(B) 


§ 15. Free joins of integral domains (or of fields). Our object 
in this section is to apply the concept of tensor products toward the 
determination of all possible ways in which two abstract integral 
domains over k (or two fields over k) can be freely embedded (in a sense 
that will be specified below) in a bigger field. We proceed to prepare 
the ground for this application. 

Let R and R’ be integral domains containing a given field k as subfield. 

DEFINITION 1. By a free join of two integral domains R/k and R/ 
(relative to k) we mean the composite concept (Q, 7, 1) consisting of an 
INTEGRAL DOMAIN O containing k, a k-isomorphism t of R into 2 and a 
k-isomorphism 1 of R into Q, such that the following conditions are 
satisfied: (1) Q = Rx, R'1']; (2) the subrings Rr and Rr of Q are free 
over k (see II, § 16, Definition 2). 

A similar definition can be given for the case of fields, namely, as 
follows: 

DEFINITION 2. By a free join of two extension fields K|k and K / of k 
we mean the composite concept (F, 7, 1) consisting of A FIELD F containing 
k, a k-tsomorphism + of K into F and a k-isomorphism 1 of K into F such 
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that the following conditions are satisfied : (1) F ts the compositum (Kr, K 7) 
of the two fields Kr, Rr, that is, no proper subfield of F contains both 
fields Kr and K r; (2) Kr and K rare free over R. 

We note, in the case of fields K and K’, that if condition (1) of 
Definition 2 is satisfied and if we denote by S the subring [K7, K] of 
F, then (F, 7, 7’) is a free join of the fields K and K if and only if 
[S, 7, 7’] is a free join of the integral domains K, K’, in the sense of 
Definition 1. On the other hand, if (Q, 7, 7’) is a free join of two integral 
domains R/k and R /R, and if K, K’ and F denote quotient fields of R, R 
and Q respectively, then r and 7’ can be canonically extended to iso- 
morphisms 7, and 7’, of K and K’ respectively, into F, and then it is 
immediately seen that (F, 7,, 7’,) is a free (field-theoretic) join of the 
fields K and K’, over k. Thus, Definitions 1 and 2 are essentially 
interchangeable. From the standpoint of tensor products it is more 
convenient to use Definition 1 of free joins even in the case of fields 
K / and K /R, despite the fact that the free join, in the sense of Definition 
1, is itself not necessarily a field. 

The existence of free joins of R/k and R'/k can be shown as follows: 

We fix a transcendence basis B = x,] of R/ and a transcendence 
basis B = {x’,} of R'|k. We then consider a pure transcendental 
extension x (Yi, ( ) of k, where the y; and the y’ ,aré “indeterminates ” 
and where the sets (y] and {y’ ;} have the same cardinal number as Band 
B' respectively. Let Z denote an algebraic closure of the field 
R({y;}, {y’,}). There exists a k-isomorphism vo of k({x;}) onto A({y;}) 
such that x,t = y, Since the quotient field of R is an algebraic 
extension of k({x,;}) and Z is algebraically closed, 7 can be extended 
to an isomorphism 7 of R onto some subring L of T (see II, § 14, 
Theorem 33). Similarly, there exists an isomorphism r’ of R’ onto 
some subring Z’ of C such that each element of k is mapped into itself and 
each x’, is mapped into y’, Let Q = II., I. J. Then it is immediately 
seen that (Q, 7, 7’) is a free join of R and R“. 

Let (Q, 7, 7’) and (*, 7*, 7’*) be two free joins of R/ and R /R. 
Let 

L = Rr, L' = Rr“; L* = Rr*, LX = R * 


Then 717“ is a k-isomorphism of L onto L, and similarly 7 —17“* 
is a x- isomorphism of L’ onto L’*. 

DEFINITION 3. Two free joins (Q, r, 7’) and (On, *, 7 of R/k and 
R“/k are said to be equivalent if there exists a k-isomorphism of O onto 
92* such that I coincides with 1 17* on Rr and with t'—1r'* on R. 

We note that if there exists an isomorphism / satisfying the above 


§ 15 FREE JOINS OF INTEGRAL DOMAINS 189 


conditions, this isomorphism is uniquely determined, for Q is generated 
by Rr and R’7’. 

To find all the equivalence classes of free joins of R/k and R’/k we 
consider the tensor product R R’. Since in studying the free joins 
of R/k and R/ it is permissible to replace these rings by arbitrary 
k-isomorphic rings, we identify R and R’ with suitable subrings of 
RO R'. We have now therefore: R © R = R, R'], and R, R' are 
linearly disjoint over k. 

Let (Q, 7, 7’) be a free join of Rjk and R'/k. By Theorem 34 (§ 14), 
there exists a homomorphism f of RG R into Q such that f = r on 
R and f= r on R'. Since 2 = [R7, R'], f isa mapping of R & R 
onto Q and is uniquely determined by the above conditions. We shall 
call f the canonical homomorphism of R & R onto (, 7, 7’). 

THEOREM 37. The kernel of the canonical homomorphism f of RO R. 
onto a free join (Q, 7, t’) of R and R over k is a prime ideal p all elements of 
which are zero-divisors in RG R'. If f, is the canonical homomorphism 
of RO R“ onto another free join (O1, 71, t',;) of R and R' over k, then 
(Q, 7, T’) and (Qi, 71, 71) are equivalent free joins of R and R if and only 
if f and f, have the same kernel. Furthermore, if y is any prime ideal in 
RO R“ all elements of which are zero-divisors in R O R', and if 9, ꝙ 
denote the restrictions to R and R respectively of the canonical homo- 
morphism of RO R“ onto R® R'/p, then (R & R'/p, p, ꝙ ) is a free 
join of R and R over k. 

PROOF. Let B be a transcendence basis of R/k and let similarly B’ 
be a transcendence basis of R’/k. The rings R and R’ contain the poly- 
nomial rings & [B], k|B'], and since R and R“ are linearly disjoint over k 
it follows that B N B’ is the empty set and that the elements of BU B’ 
are algebraically independent over k. Thus R &® R’ contains the 
polynomial ring ki B, B'] (= k[B} & k[B']; see Example 2, § 14, p. 184). 
Since R, R' and x [B, B'] are integral domains, it follows from Theorem 
36, § 14, that no element of &[B, B'], different from zero, is a zero- 
divisor in RG R’. Thus the total quotient ring of R @ R’ contains 
as subring the quotient field k(B, B’) of k[B, B’]. Since every element 
of R is algebraically dependent on k(B) and every element of R' is 
algebraically dependent on k(B’), it follows that every element x of 
RO R' (= IR, R']) is algebraic over & B, B'), that is, satisfies an equa- 
tion of the form 


(1) ap" + ax- R. +a, x+a,=0, 4, E KIB, B). 


The proof of this assertion is the same as the proof of the similar 
assertion in field theory (see II, § 3, p. 60). The fact that the total 
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quotient ring of R @ R' may not be a field implies no changes in the 
proof; what matters is that we are still dealing with algebraic dependence 
relative to a field, namely, relative to the field (B, B’). It all amounts 
to proving that if x, y are elements of RO R' which are algebraic 
over k(B, B'), then also every element of the ring &[x, y] is algebraic 
over k. If x satisfies an algebraic equation of degree n, over k, and y 
satisfies an algebraic equation of degree m, then it is seen at once that 
k[x, y] is a finite dimensional vector space over k, spanned by the 
monomials x, O Si n, OS m. This shows that the powers 
1, z, 22, ., zun of any element z of k[x, y] are linearly dependent 
over k. ne 

Let x be an element of the kernel p of the canonical homomorphism f 
of R Q R onto (Q, 7, 7’). We consider an equation (1) of least degree 
n satisfied by x over IB, B’]. We have, then, a,epNA&(B, B]. 
Now, since (Q, 7, 7’) is a free join of R/k and R/, it follows that 
Brf B'r = 9 and that the elements of BrU B'r’ are algebraically 
independent over k. Hence the restriction of f to k[B, B’] is an iso- 
morphism, that is, p NA[B, B’] = (0). Thus a,=0. On the other 
hand, by our choice of the relation (1), we have agx"! + a,x"-1 +4 --- 
+ a 1 Æ 0. Therefore x is a zero-divisor. 

Assume that (2, 7, 7’) and (O1, 7,, Ti) are two free joins of R/k and 
R'/k, and let p and pi be the kernels of the canonical homomorphisms f 
and f, of R R' onto Q and Q, respectively. If the two free joins 
(Q, 7, 7’), (Qis 71, Ti) are equivalent, let y be the k-isomorphism of Q 
onto Q, such that / = 7-1 on R7 and / = 1 on R'. Then fẹ 
is a homomorphic mapping of RO R' onto (21, 71, 7’,) such that 
fy = 7, on R and fy = 7’, on R'. Hence f = fy, and since is an 
isomorphism it follows that the kernels of f and f’ coincide. Conversely, 
if Ker f = Ker /, then it is clear that if we sct p = then ẹ will be 
an isomorphic mapping of Q onto 2, such that V = 7-17, on Rr and 
$ rl on R'r', and hence (Q, 7, 7’) and (92;, 71, 71) are equivalent 
free joins of R and R’ over k. 

Finally, if p is any prime ideal in R @ R“ consisting entirely of zero- 
divisors, then by the lemma proved in § 14 we know that pNR = 
pO R’ = (0), and we have pointed out above that only the zero in 
EIB, B'] is a zero-divisor in R @ R', whence p MRI, B'] = (0). From 
this it follows that the canonical homomorphism g of R @ R’ onto 
(R & R) /p induces isomorphisms of R, R' and k[B, B']. From this it 
follows at once (after identifying kg with &) that the rings Rg and R 
are free over k (in (R @ R’)/p). This completes the proof of the 
theorem. 
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COROLLARY 1. If two prime ideals p and pi in R R“ consist entirely 
of zero-divisors and if p > pi, then p = pi. 

For let x be any element of RG R’ which is not in p, and let 

box" + bix"! +--+ +5, = (pi), b; e RIB, B’), 
be a congruence mod pi, with coefficients in k[B, B'], of least degree m, 
satisfied by x (there exist such congruences since x even satisfies an 
exact equation cf type (1)). Then ö, 0, for in the contrary case we 
could divide the congruence by x (since x ¢ pi), and therefore b, & p 
(since pNk[B, B'] = (0). So xp, for ba” + bi- I.. 
＋ „ Spi Cp. This shows that p = p.. 

COROLLARY 2. If the zero-ideal in R R is primary (or equivalently: 
if every zero-divisor in RG R' is nilpotent), then any two free joins of 
R{k and R' are equivalent. 

For in that case the radical of (0) is a prime ideal p containing all the 
zero divisors of RO R', and any other prime ideal in R R' must 
contain p. 

Theorem 37 gives us a necessary and sufficient condition for the 
unicity of a free join of R/k and R’/k (up to equivalence); it is that 
R & R' contain only one prime ideal consisting entirely of zero-divisors. 

We shall derive below another important necessary and sufficient 
condition for the unicity of a free join. We first introduce the notion of 
quasi-linear disjointness: 

DEFINITION 4. If Sis a unitary overring of a field k, of characteristic p, 
two subspaces L and L' of S are said to be quasi-linearly disjoint over k if 
the following condition is satisfied: whenever elements xi, Xa, '* -, X, Of 
L and elements x 1, & , ++, * Of L are such that for any integer e = 0 
the p*-th powers of the x; are linearly independent over k and the p'-th 
powers of the x'; are linearly independent over k, then the mn products 
x;x'; are also linearly independent over k. 

Quasi-linear disjointness is clearly a symmetric .relationship between 
subspaces L and L and is relative to the preassigned ground field. If the 
characteristic is zero, then quasi-linear disjointness coincides with 
linear disjointness, if we set p = 1 in that case. 

The following property is equivalent to quasi-linear disjointness and 
will be the one most frequently used in the sequel: 

(QLD). Whenever x, æ&ũ 2, „ %, are elements of L such that for any 
integer e = O the p- t powers of the x; are linearly independent over k, then 
Xi Xp , X, are linearly independent over L. 

For assume that L and L’ are quasi-linearly disjoint over & and let 
there be a relation of the form Tui, = 0, Where the u“, are in L and 
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the x, satisfy the condition stated in (QLD). We denote by M, the 
subspace Ru of & (e S 0). It is clear that dim M, E dim M. . 1. 


Let s be an integer such that dim M, = dim M, for alle 2 s. We wish 
to prove that the uw’; are all zero. In the proof, we may replace the 
elements x, by their p‘-th powers y,, for also the y; satisfy the condition 
stated in (QLD) and since the 9, satisfy also the relation Cuy. = 0. 


We may therefore assume, without loss of generality, that s = 0, that is, 
that the spaces M, all have the same dimension, say, dimension m. 
Let (& 1, & 25, ', x] be a basis of Mo over k and let w; = >a; v ,, 


J 
where the a,, are in k. For any integer e the p*-th powers of the x’, 
will span the space M, and therefore will be independent over k. There- 
fore, by the quasi-linear disjointness of L and L’ over k, the products 
x,x' are also linearly independent over k. Since the relation > u' x, = 0 


yields the relation J a, x, x O, it follows that all the a,, are zerò and 


tJ 
that consequently also all the u“, are zero. 

The proof of the converse, that is, that (QLD) implies quasi-linear 
disjointness, is straightforward (and is similar to the proof given in II, 
§ 15, in the case of linear disjointness). 

THEOREM 38. Let (Q, 7, 1’) be a free join of two integral domains R/k 
and R'|k. A necessary and sufficient condition that every free join of R{k 
and R'|k be equivalent to (Q, t, 7’) is that the rings Rr and R' be quasi- 
linearly disjoint over k. 

PROOF. Assume that Rr and R' are quasi-linearly disjoint over k. 
It will be sufficient to show that the kerne! p of the canonical homo- 
morphism f of R & R’ onto 2 consists entirely of nilpotent elements, for 
then it will follow that every prime ideal of R R’ will contain p and 
hence that p is the only prime ideal in R & R“ which consists of zero- 
divisors (Corollary 1 to Theorem 37). Let z then be an element of p. 


We write z in the form z = > x,x';, with x; € R and x’; € R', and we 
181 


choose this expression of z in such a manner that the number m of terms 
x, is minimum. We denote by A(z) this minimum number m. Ina 
similar way we define A(z‘) for any integer e E 0. We set A(z) = 0 if 
z =Q. Since 2 Fx, N it follows that 27) < A(z), and more 
generally, that A4 2“ = M2) if e S p. We choose one integer p such 
that A(z) < A(z‘) for all e. We shall show that 2% = 0, and this will 


| h 
prove our assertion. Assufning the contrary, let 2 = > uu, where 
181 
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= A(z) Æ O, u, E R, u“, ER. Since xz e p, we have SM. 710 0. 


Now, since 7 is an isomorphism of 5 and since none of the u, is zero, the 
above relation implies that the u % 7 are linearly dependent over Rr. 
By the quasi-linear disjointness of Rr and R'“ over k it follows that 
there exists an integer e such that the elements 1% r are linearly 
dependent over k. Then also the elements u’ are linearly dependent 
over Å, and this obviously implies that (a2 <_A(z?*), in contradiction 
with our choice of p. 

For the proof of the necessity it will be more convenient to pass to the 
quotient fields K and K’ of Rr and R' in the quotient field F of Q. 
Our assumption is now to the effect that every free join (F*, ꝙ, g’) of K 
and K over k is equivalent to (F, 7, 7’), that is, that there exists an 
isomorphism / of F onto F* such that ¢ = ꝙ on K and 4 = g'on K. 
We have to prove that K and K are quasi-linearly disjoint over k. The 
proof will be divided into several parts. We shall denote by 2 an 
algebraic closure of the field F. 

1. We shall first assume that K is a finite separable extension of R. 
Let [K: k] = and let w be a primitive element of Kk. We shall 
prove that in this case K and K are not only quasi-linearly disjoint-but 
even linearly disjoint over k. To prove this it will be sufficient to show, 
in view of the lemma of II, § 15, that 1, w, w?,---,w"~? are linearly 
independent over K’. In other words, we have to show that the minimal 
polynomial f(X) of w in A[X] 1emains irreducible in K'[X]. Let 
Wi, 6 , „ W, be the roots of f(X) in > (w, = w), and let g; be the 
k-isomorphism of k(w,)(= K) onto k(w;) such that g (i) = t. If 
FX =K (0), then (F“, p;, 1) (where 1 denotes the identity map of K 
is a free join of K/k and K /& (since K is an algebraic extension of *). 
Since, by assumption, all free joins of K/k and K / are equivalent, it 
follows that , can be extended to a K - isomorphism of K (eo) onto 
K (b,). This signifies that the n roots w; of f(X) are also conjugates 
over K and that consequently f(X) is irreducibie over K., as was 
asserted. 

2. The following assertion is obvious: if every field L between k and K 
which is finitely generated over k has the property that L and K are quasi- 
linearly disjoint (resp., linearly disjoint) over k, then also K and K are 
quasi-linearly disjoint (resp., linearly disjoint) over k. On the other hand, 
we assert the following: if all the free joins of K/k and K ſ are equivalent, 
and if L is any field between k and K such that K is an algebraic extension 
of L, then also all the free joins of L|k and K'/k are equivalent. For let 
(L*, p, p’) be a free join of L/ and K /, and let 4 be an algebraic 
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closure of L*. Since K is an algebraic extension of L, the isomorphism 
g of L can be extended to an isomorphism g, of K into 4. Then 
if F* denotes the compositum of Kg, and K in 4, (F*, 9), 9’) is 
a free join of K/k and K’/k. Hence there exists as isomorphism ¢ of 
(K, K’) onto F* such that / = p, on Kandy = g'on K’. The re- 
striction of % to (L, K’) maps isomorphically (L, K’) onto LX and is 
equal togon L. This shows that (L*, ꝙ, ꝙ) is equivalent to ((L, K), 
1, 1). 

3. From parts 1 and 2 it follows at once that our theorem holds in 
the case in which K is a (finite or infinite) separable algebraic extension 
of k, and that in that case K and K are linearly disjoint over k. Now, 
let K be an arbitrary algebtaic extension of k and let L be the maximal 
separable extension of k in K. By part 2, all the free joins of L/k and 
K'/k are equivalent, and hence L and K are linearly disjoint over k. 
This obviously implies that K and K’ are quasi-linearly disjoint over k. 
(If x’, & 2, „ X m are elements of K such that, for any integer e = O, 
the p*-th powers of these elements are linearly independent over k, then 
the p*-th powers of these elements are also linearly independent over L, 
for all e = 0, and therefore x’,, & a, , Xm are linearly independent 
over K since if ci, cz. „ c, are elements of K, then c”, cz“, „ c,P* 
are in L for some e = 0.) We have therefore completed the proof of the 
theorem in the case in which K is an algebraic extension of k. 

We now consider the general case. Let K, bea field between k and 
K such that K, is a pure transcendental extension of k and K is an 
algebraic extension of Ko. We denote by K’, the compositum (Ko, K’) 
in F and we regard K and K as extensions of Ky. We assert that all 
free joins of K / Ko and K Ko are equivalent. Let (F“, o, o“) be a free 
join of K/K, and K y Ko. We have to show that there exists an iso- 
morphism ¢ of F onto F* such that ¢ = o on K and / = o’ on K. 
Let oi be the restriction of o to K’. The field K H is the compositum 
of K, (= Kav’) and K Oi (= K. Hence F“ is the compositum of 
Ko and K o (since Kg C Ka). Since K and K are free over k, also 
K, and K are free over k. Therefore also K, and K o are free over k 
(since o’ is a k-isomorphism of (Ko, K) onto (Ko, K o)). Since & is 
an algebraic extension of Kg, it follows at once that Ko and K oi are 
free over k. Thus (F, o, o) is a free join of K/k and K'/k. By our 
assumption, there must exist an isomorphism ꝙ of F onto F* such that 
o on K andy = g'on K’. Then we have ¢ = o’ on K’, (since 
both o and o are equal to the identity on K, and o =o’, on K). 
This proves our assertion. 

It follows now, by part 3 of the proof, that K and K are quasi- 
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linearly disjoint over Ko. Now let x,, xs, ---,x,, be elements of K 
such that æ1 0, x “, „ , are linearly independent over k, for all 
e 2 0. Then, for all e = 0 the elements x,*. xõ½2 “, „ x, are also 
linearly independent over Ko, since K, and K are linearly disjoint over x 
(see Lemma, Corollary 1, II, § 15). Since the x; belong to K and 
since K and K are quasi-linearly disjoint over K, it follows that 
Xis x2, °°, %,, are also linearly independent over K, and this establishes 
the fact that K and K’ are quasi-linearly disjoint over k. 

The proof of the theorem is now complete. 

CokolLLARVY I. Jf K/k and K'/k are two abstract extension fields of k 
and if Kr and K V are quast-linearly disjoint over k for one particular free 
join (F, 7, 1) of K/k and K /h, then all the free joins of K/k and K'|k 
are equivalent. 

In view of this corollary we can now define linear or quasi-linear 
disjointness of two abstract fields K/k and K /R as follows: we say that 
K and K' are linearly or quast-linearly disjoint over k (as abstract fields) if 
for one particular free join (F, 7, 7’) of K/k and K'Jk the fields Kr and 
Kr are linearly or quasi-linearly disjoint over k (as subfields of F). Our 
lemma insures that this definition is independent of the choice of the 
free join of K/k and K / (note that linear disjointness implies quasi- 
linear disjointness). Dealing with abstract fields K and K’ which are 
quasi-linearly disjoint over a common subfield k, we shall frequently 
identify them with their isomorphic images Kr and K , in a free join of 
K/k and KR. We shall therefore often regard K and K’, without 
further ado, as subfields of a bigger field F such that F is the compositum 
of K and K and such that K and K (as subfields of F) are free over k. 
Our lemma insures that this identification is not ambiguous, for in the 
presence of quasi-linear disjointness the free join F is uniquely deter- 
mined to within equivalence. 

COROLLARY 2. A necessary and sufficient condition that all free joins 
of two integral domains R/ and R'|k be equivalent to each other is that 
the. zero ideal of R & R be primary. 

The sufficiency has already been proved (Corollary 2 to Theorem 37). 
On the other hand, if all free joins of R/k and R’/k are equivalent to each 
other, then, given a free join (Q, 7, 7’) of R/k and R /R, the rings Rr 
and R are quasi-linearly disjoint over k. But then, by the first part 
of the proof of Theorem 38, every zero-divisor of R & R is nilpotent. 

THEOREM 39. Given two field extensions K and K of a field k such 
that one of these two fields is a separable extension of k, then the tensor 
product K & XK has no nilpotent elements (other than zero). 
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PROOF. Let, say, K be a separable extension of k. Since every 
element of K & K’ is contained in a tensor product K, & K where K, 
is a subfield of K which is finitely generated over k, we may assume that 
K is finitely generated over k. Then K will be separably generated 
over k (II, § 15, Theorem 35). Let B be a separating transcendence 
basis of K/k. By the Corollary to Theorem 36 (§ 14) the elements of B 
are algebraically independent over K’ and the total quotient ring of 
K 8 K contains the tensor product K 8 K (B). Consequently it 


is W to show that every zero-divisor of R 2 K. i is nilpotent. 


This time the field K is a separable algebraic N of the basic 
field (B). Hence we have achieved a reduction to the case in which K 
is a separable algebraic extension of k. 

It is clear that any zero-divisor in K & K is already a zero-divisor 
in some subring K, & K’, of K & K, where K, and K are subfields 
of K and K’ which are finitely generated over k. Hence we may now 
assume that K is a finite separable extension of k. 

Let x be a primitive element of K/k and let f(X) be the minimal 
polynomial of x over k. Since K=A{[X]/(f(X)) and since 
AIX] K = K'[X] it follows from Theorem 35 that K & XK = 
K'[X]/({(X)). Since f(X) is a separable polynomial, it is a product of 
distinct irreducible polynomials in K'[X]. Consequently K & K is 
a direct sum of fields, and thus K & K has no nilpotent elements. 

CorROLiary. If R is a perfect field, then K 8 K“ has no nilpotent 


elements (other than zero). 

If k is a subfield of a field K, we say that k is quast-maximally algebraic 
(q.m.a.) in K if every element of K which is separable algebraic over k 
is contained in k. We say that k is maximally algebraic (m.a.) in K if 
k coincides with its algebraic closure in K. 

We shall need the following lemma in which some elementary results 
of V, F 1, 2, 3, are used. 

LemMMA. If k is m. a. (or q. m. a.) in a field K and tf KR = K (H) is a 
purely transcendental extension of K, the set B being at the same time a set 
of generators and a transcendence basis of K /K, then also &) is m.a. (or 
9. m. a.) in K. 

PROOF. It is clearly sufficient to prove the lemma in the case in 
which B is a finite set. In that case, using an induction on the number 
of elements of B, we can assume that B consists of a single element, say, 
t. 

Let a be an element of K(#) which is algebraic over Mf). There 
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exists a polynomial d(T) in k[T] (T, an indeterminate) such that adi) 
is integral over Aſt] and therefore also over K[#]. Since K Ii] is integrally 
closed in K(t), it follows that ad(t) is an element t) of K[t]. We have 
a relation of integral dependence for g(t) over At]: 


(2) (ye + a(i] T. + a(t) = O, at) S kft). 


Since ¢ is a transcendental over K, (2) must be an identity in f. If 
we substitute for f any algebraic quantity € over k, (2) shows that 
0 E) is algebraic over k. Thus, the polynomial (T) in K[T] is such 
that for any value of 7 in the algebraic closure k the corresponding 
value of (T) also belongs to k. Since & contains infinitely many 
elements, any formula which gives the coefficients of a polynomial 
(T) of degree q in terms of the values of that polynomial for q + 1 
distinct values of 7 (for instance, the Lagrange interpolation formula) 
shows that the coefficients of T) are algebraic over k. Since these 
coefficients are in K, the assumption that & is m.a. in K implies that the 
coefficients of (T) are in k, and that therefore a = g(t)/d(t) e k(t), 
showing that A(z) is m.a. in K (t). If we assume only that k is q.m.a. in 
K, then whe coefficients of (T) are purely inseparable over k. Therefore 
there exists a power p' of the characteristic p such that [(t)]? e A{7], 
whence a € k(t), showing that A(t) is q.m.a. in A(t). This completes 
the proof of the lemma. 

Using the above lemma we now prove the following result: 

THEOREM 40. If K and K are two field extensions of a field k and if 
k is g. m. a. in one of these two fields, then K and K are quasi-linearly 
disjoint over k. 

PROOF. We identify K and K’ with subfields of a field F such that 
F is the compositum of K and K’ and such that A and K are free over 
k (in F). We assume that k is q. m. a. in K. We have to show that K 
and K are quasi-linearly disjoint over E. 

Let B’ be a transcendence basis of K’/k. Since the elements of B’ 
are algebraically independent over K, it follows easily that in order to 
prove that K and K’ are quasi-linearly disjoint over & it is sufficient to 
show that K(B’) and K are quasi-linearly disjoint over the field 
k(B’). Now K is an algebraic extension of k(B’), and, by the above 
lemma, k(B’) is q.m.a. in K(B’). We have therefore achieved a 
reduction to the case in which k is q.m.a. in K, and K is an algebraic 
extension of k. Let now x’,, 4 , 6, x’, be elements of K such that 
for any integer e E 0 the p*-th powers of x’, are linearly independent 
over k. We have to show that the x’, are linearly independent over K. 
It will be sufficient to show that for some e 2 0 the p*-th powers of the 
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x’, are linearly independent over K. Since for some e 2 0 the p*-th 
powers of the x’; are separable algebraic over k, it follows that we may 
assume that the x’, are separable algebraic over k. Let w be a primitive 
element of k(x’,, & 1, „ %) over k and let p(X) be the minimal 
polynomial of w over k. Let m be the degree of g(X). To show that 
the x’, are linearly independent over K, it is sufficient to show that 
Í, w, we, . „ w"-! are linearly independent over K, that is, that g(X) 
remains irreducible over K. Now, if g,(X) is an irreducible factor of 
g(X) in K[X], then the coefficients of g, belong to a splitting field of 
g(X) over k, and hence are separable algebraic over k (since w is separ- 
able algebraic over k). Since k is q.m.a. in K it follows that the co- 
efficients of g,(X) are in x, whence g,(X) = g(X). This completes the 
proof of the theorem. 

COROLLARY I. If k is an algebraically closed field and K, K' are any 
field extensions of k, then K & K ts an integral domain. 

By the above theorem and by the Corollary 2 to Theorem 38, every 
zero-divisor in K & K is nilpotent. On the other hand, by the 
corollary to Theorem 39, K & K has no nilpotent elements other than 
zero. 

COROLLARY 2. If kis g. m. a. in K and tf K ts a separable extension of k, 
then K 8 K is an integral domain. 


Obvious. 


IV. NOETHERIAN RINGS 


§ 1. Definitions. The Hilbert basis theorem. Let R be a ring 
(we recall that the term “ring”? always means commutative ring). 
When R is regarded as a module over itself. the submodules of R are 
identical with the ideals of R. Thus the following finiteness conditions 
are equivalent, as follows immediately from III, § 10, Theorems 15 
and 17. 

a) (Ascending chain condition,” or a.c.c.) Every strictly ascending 
chain A, < Az < Az f ideals of R is finite. Or alternatively: 
Given an ascending chain Ai CU, C A, C y ideals of R, there exists 
an integer n such that A, = + y= A,, 2: K 

b) (“ Maximum condition.’ >) In every non-empty family of ideals of 
R, there exists a maximal element, that is, an ideal not contained in any 
other ideal of the family. (Of course such a maximal element need not 
be a maximal ideal of R.) The maximum condition implies that every 
ideal A 3 R is contained in a maximal ideal, as is easily seen by con- 
sidering the family of all ideals x R containing A.“ 

c) (Finite basis condition.“) Every ideal A of R has a finite basis; 
this means, according to III, § 10, that A contains a finite set of elements 
aj, „ a, such that A = Ra, 1. ＋ Ra, + Ja, + Jag +--+ + Ja,, 
where / is the set of integers (such a set is called a basis, or a set of 
generators, of A). If R has an identity then A = Ra, T. +Ra,. 

The rings satisfying conditions a), b) and c) play the most important 
role in this book. Since these rings were first studied by Emmy 
Noether, we give the following definition: 

DEFINITION 1. A ring is called noetherian if it has an identity and if 
it satisfies the equivalent conditions a), b), and c). A noethertan domain 
is a noetherian ring without proper zero-divisors. 

Let us now give typical examples of reasonings about noetherian rings. 

1) Every homomorphic image R of a noetherian ring R is noetlierian. 
We use here the finite basis condition: the inverse image of an ideal 


* This is true in every ring with unit element (see III, § 8, Note I, p. 151). 
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A“ of R’ is an ideal A of R, and the image in R of a finite set of generators 
of A is a finite set of generators of A“. 

2) In a noetherian ring R, every ideal A contains a power of its radical 
VU. We use again the finite basis condition. If {c,, -- - , cyl is a finite 
basis of VA, then there exists an integer k such that c. e A for i = 1, 

„ h. Let n = h(k — 1) ＋ 1. A basis for (VA) is then provided 
by the power products IIe, , where Te. =m. Since m > h(k — 1), 


one at least of the exponents e, is not less than k, and this proves that all 
these products are in A, and therefore that A contains (VA)” 

3) Every non unit a in a noetherian domain R is a product of irreducible 
elements (cf. I, § 14, p. 21). We use here twice the a.c.c. We first 
define, by induction on n, a sequence {a,} of elements of R satisfying the 
following conditions: (1) a, = a, (2) a, is a proper divisor of a,_,. The 
ideals Ra, form a strictly ascending sequence; thus the sequence {a,} 
must be finite, and its last element is irreducible. We have thus proved 
that every non-unit in R has an irreducible divisor. This fact provides 
us with a new sequence (,] of elements of R defined in the following 
way: 61 =a, b,_, = 5,p, where p, is irreducible. As above, this 
sequence is finite, and its last element ö, is irreducible; therefore 
a = Pz ` pub, is a product of irreducible elements.* 

4) Every ideal N in a noetherian ring R contains a product of prime 
ideals. We use here the maximum condition. Suppose that the 
family (F) of ideals in R which do not contain any product of prime 
ideals is non-empty. Then (F) has a maximal element A. The ideal 
A cannot be prime since A e (F); hence there exist ideals B, C, properly 
containing A and such that BC C A (IIT, § 8, p. 150). Since A is a 
maximal element of (F), B and C do not belong to (F) and therefore 
contain products of prime ideals. Therefore BC, and thus also A, con- 
tains a product of prime ideals. This contradiction shows that (F) is 
empty. We note that in particular the ideal (Q) in a noetherian ring is 
a product of prime ideals. 

The theorem which follows below—the celebrated Hilbert basis 
theorem—taken together with its corollaries shows that noetherian rings 
exist and that the class of these rings is very extensive. This theorem 
will not actually be used in the present chapter, except for providing 
examples. It is however fundamental for the theory of polynomial 
ideals (vol. 2, chapter VII). 


* In general such a factorization is not unique. 
+ Note that since R itself is a prime ideal, every prime ideal p is a product of 
prime ideals (namely p = Rp). 
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THEOREM 1. If R ts u noetherian ring, then so is any polynomial ring 
in a finite number of indeterminates over R. 

We give two proofs of this theorem, one making use of the maximum 
condition and the other of the basis condition. The second proof is 
substantially that given by Hilbert, who stated the theorem for the case 
when R is a field or the ring of integers. 

We note that by induction it is sufficient to consider the case of a 
polynomial ring S in a single indeterminate x over R. For the first 
proof we need the following lemma: 

Lemma. IT A ts an ideal in S and if i is an integer > O, let L, (A) denote 
the set of elements of R consisting of O and of the coefficients of x' of all ele- 
ments of A which are of degree i. Then {L,(U)} ts an increasing sequence 
of ideals in R. If B is any other ideal in S such that A C B and 
LAU) = LB) for i = 0. 1, 2, , then = B. 

PROOF OF THE LEMMA. That L. (A) is an ideal and is contained in 
L. i(A) follows from the fact that if f(x) € A, g(x) € A and ae R, then 
f(x) + g(x), af(x) and xf(x) belong to A. Let now g(x) be an element 
of B of degree i. Since L(A) = IL, (B), there exists an element /,(x) of 
A, of degree i, such that g(x) — Fx) is of degree at most i — 1. Using 
the fact that A is contained in B we note that g(x) — f;(x) also belongs to 
B and it follows that we can define, by induction on 3, a sequence 
{f;4.(*)} G = 9, 1, 2, - . ) of elements of A such that f. (x) is either zero 
or is of degree i — j and such that the polynomial g(x) — (/,(«) + ,, (x2) + 
. . . T)) is of degree at most: — j — 1. This last polynomial is 
necessarily O when 7 = i, and thus g(x) E A. This completes the proof 
of the lemma. 

FIRST PROOF OF THE THEOREM. Let (A,), s = 0,1, - - -} be an increas- 
ing sequence of ideals of S. Consider the double sequence {L,(U,)} of 
ideals of R. When either i or j is fixed, the corresponding simple 
sequence (L, (A)) is increasing. Let L, (A,) be a maximal element of 
the above double sequence. We have L. (A,) = L. (A,) if i > p and 
j 2 9. and thus L, (A,) = L. (A,) for i > p andj 2 9. On the other 
hand, if we take i fixed, the a.c.c. shows that there exists an integer n(1) 
such that L. (A,) = L. (A, )) for every j > ni), and what we just have 
seen signifies that for i > p, one may take ni) = g. Hence the integer 
n(i) is bounded, and there exists an integer no such that L.(A,) = L.A.) 
for every i, and for every j 2 nọ Hence, by the lemma, A, = A, for 
every j > no, and this completes the proof. 

SECOND PROOF OF THE THEOREM. Let A be an ideal in S. Denote by 
£ the set of elements of R consisting of 0 and of the coefficients of the 
highest degree terms of all elements of A. The set L is an ideal in R, 
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as follows from the fact that L is the union of the ideals L. A) defined 
in the above lemma. [This can also be proved directly: if a,b eL 
there exist elements f(x), g(x) of A having respectively ax’, bx‘ as highest 
degree term; if, for example, r > s, then the polynomial f(x) — lx) 
is in A, and (if a æ b) has (a — b) as highest degree term; thus 
a—bex;ifce R, cf (r) e A and ca E L.] Since R is a noetherian ring, 
the ideal £ has a finite basis (aj, , ap}. Let f,(x), ---,f,(x) be ele- 
ments of A having respectively ai, , a, as highest degree term coeffi- 
cients; these elements generate an ideal A! C A. Let g be the highest 
integer among the degrees of the f(x), let g(x) be an element of A of 
degree > q, and let ax* be its highest degree term. Since a € Q, let us 
write a = > cia, (c; E€ R), and let us consider the element g(x) = 
Tc of W [d, = degree of f,(x)]. The polynomial g(x) — g,(x) 


7 


is an element of A, of degree < s — 1. By successive applications of 
this procedure, we get a sequence {g,(x)}(j = 1, 2. .) of elements of 
A', having strictly decreasing degrees, such that the polynomial 
g(x) — [g,(x) T. + g,(x)] is of degree < s — r. This polynomial is 
of degree < q 1 as soon as r = s —q + 1. 

Let us now take care of the elements of A of degree < 9. They form 
a submodule A, of the R-module generated by {1, k, , i, and 
since R is noetherian, A, is finitely generated (III, § 10, Theorems 17 
and 18). What we just proved shows that A = W + A,. Therefore 
the ideal A is finitely generated. 

Let us, however, complete the proof without making use of the results 
in chapter III. The ideal L(A) defined in the lemma has a finite basis 
{a; (j = l. (i). Let /, (r) be an element of A having a, . as 
highest degree term. We prove that the ideal A is generated by the 
f(x) (Rk = 1. „n) and the f; (x) [for 0 < i < q land 1 <j S n(z)]. 
In fact, given any element g(x) of degree < q — 1 of A, we may lower 
its degree by adding to it a linear combination of the f; (x). By at most 
g applications of this process we get an element of A of degree 0, which 
is therefore a linear combination of the f,({x). This completes the 
proof. 

CoroLLARY I. A polynomial ring in a finite number of indeterminates 
over a field, or over the ring of integers, is noetherian. 

COROLLARY 2. Let R be a noetherian ring, and let S be a ring unitary 
over R and containing elements i, „ Y, such that S = RI Yi. „ Yal- 
Then S is also noetherian. 

This is an immediate consequence of Theorem 1 and of the fact that 
S is a homomorphic image of the ring of polynomials in n indeterminates 
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over R (I, § 18, Theorem 12). We may note also that the proof of the 
theorem itself applies to Corollary 2 if slight changes are made. 


` 

§ 2. Rings with descending chain condition. A large part of 
ideal theory is concerned with rings satisfying the ascending chain condi- 
tion. For many purposes the descending chain condition (d.c.c.) is too 
restrictive. For example, the only integral domains which satisfy the 
descending chain condition are the fields. For, if a is a non-zero ele- 
ment of such an integral domain R, then applying the d.c.c. to the des- 
cending sequence {Ra"} of ideals, we find that there exists an exponent 
n such that Ra" == Ra il. Hence there exists an element b in R such 
that a” = bat, or a”(1 — ba) = 0. Since a" # O, we deduce that 
ba = 1, so that a has an inverse and R is a field. 

As a consequence it follows that if a ring R satisfies the d.c.c. then every 
prime ideal $ of R, P * R, is maximal. For, also the integral domain 
R/ Y satisfies then the d.c.c. and is therefore a field, whence P is maximal 
in R. 

Any finite ring, in particular the ring of residue classes of the ring J 
of integers modulo an integer # 0, satisfies the d.c.c. For modules and 
groups we have noticed that neither chain condition implies the other. 
For rings, however, the d.c.c. implies the a.c.c.: 

THEOREM 2. Let R be a ring with identity. For R to satisfy the d.c.c. it 
is necessary and sufficient that it satisfy the a.c.c. and that every prime ideal 
of R different from R be maximal. 

PROOF. We first show that if the ideal (0) is a product of maximal 
ideals, (0) = PI P,, then either chain condition implies the other. We 
consider the sequence R PI > PIP: D PIP P/, = (0) of 
ideals of R, and we will prove that if either chain condition is satisfied, 
then that sequence can be refined to a composition series and hence R 
satisfies both chain conditions (III, § 11, Theorem 21). The difference 
R-module Pi P. — PI P, 1, is clearly annihilated by P,, 
whence it may be considered as a module over R/, (III, § 6, p. 146), 
that is, as a vector space over the field R/. Our assertion now follows 
from the fact that in a vector space either chain condition implies that 
the vector space is finite dimensional and admits a composition series 
(III, § 12, p. 171). 

Let us now assume that R satisfies the a.c.c. and that every prime 
ideal of R, different from R, is maximal. We have proved in § 1 
(p. 200) that every ideal of R contains a product of prime ideals. In 
particular, (0) is a product of prime, and therefore maximal, ideals, 
whence R satisfies the d.c.c. 
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Assume conversely that R satisfies the d.c.c. We have already seen 
that every prime ideal P in R, different from R, is then a maximal ideal. 
It remains to be shown that (0) is a product of maximal (or prime) 
ideals. Let D be a minimal element of the set of those ideals which are 
products of prime ideals. We suppose that D = (0), and will derive a 
contradiction. We set A = (0): D. Since D # (0) and R contains an 
identity, we have A > R, whence the family of ideals in R properly 
containing A is non-empty. Let B be a minimal element of this family. 
The ideal P = A: B contains A; we claim it is prime. In fact, if c ¢ P 
and d é P, we have cB + A = dB + A = B since both cB + A and 
dB + A contain A, are contained in B and are distinct from A; thus 
cdB+U=—c(dB+A+A=—=cBVB+A=—B, cd & A, and cd¢F, 
showing that P is prime. Since PB CA, we have DPB = (0) and 
(O): DP D B >A = (O0): D. This proves that DP < D, in contradic- 
tion with the minimality property of D. Q.E.D. 

In the last part of the proof we have actually shown that in a ring with 
d. c. c. (here R /A), the annihilator of a proper minimal ideal is prime (and 
thus maximal). 


§ 3. Primary rings. In this section we study a rather special class 
of rings, and prove that every ring with d. c. c. is a direct sum of rings of 
this type. 

DEFINITION. A primary ring R is a ring with identity which contains 
at most one prime ideal Æ R. 

From the existence ot at least one maximal ideal in a ring with 
identity, we deduce that a primary ring R has exactly one prime ideal 
M æ R, and that this ideal is maximal. 

Any field is a primary ring. More generally, if © is a primary ideal 
of an arbitrary ring R, having a maximal ideal M as associated prime 
ideal, then R/ O is primary. For, if P / Q is a prime ideal of this ring, 
different from R/O, then P is a prime ideal of R containing Q and $ 
also contains the radical M of Q. This implies M = P since M is 
maximal, showing that M/ O is the only prime ideal in R / Q, different 
from R / Q. In particular, the ring of residue classes modulo a power of 
a prime integer is primary. 

When we limit ourselves to noetherian rings, there is a converse to 
the above property: in a noetherian primary ring R, the ideal (0) is primary 
for the unique prime ideal P of R; for, (0) is a product of prime ideals 
(§ 1, p. 200) and is thus a power of P. In this case we notice also that 
R satisfies the descending chain condition, since every prime ideal of 
R is maximal (§ 2, Theorem 2). 
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The following lemma will be used: 

Lemma. In a ring R having only one maximal ideal M, every idem- 
potent e is either O or 1. 

If e Æ 0, e & 1, then the relation e? = e (which is equivalent to 
e(1 — e) = 0) implies that e and 1 — e are zero divisors and cannot 
therefore be units in R. Thus the ideals Re and R(1 — e) are proper 
ideals. As they are contained in maximal ideals, they are contained in 
M. Therefore e e M, 1 — e e M and 1 = e + (1 — e) e M; a contra- 
diction. 

THEOREM 3. A ring with identity R which satisfies the descending 
chain condition is the direct sum of noetherian primary rings, and this 
decomposition is unique. 

PROOF. As was seen in § 2, (0) is a power product PII). Ba 
of maximal ideals P, which may be assumed to be distinct. For i% j 
the ideals 8,4) and P ŽO) are comaximal (that is, their sum is &) 
by Theorem 31 of III, § 13, and this theorem shows also that 
(0) = BAO N PDN --- NM PAX. We denote by R, the intersection 
/. It follows from Theorem 32, of III, §13 that R is the 


direct sum of the ideals R, (1 < i < n), and that the ring R, is isomor- 
phic to R / P...). Since this last ring is primary (and noetherian) as was 
noticed before, the existence of the direct decomposition is proved. 

As for uniqueness we observe that to a direct sum decomposition 
R= Ri R OG F, there corresponds a decomposition of the 
identity 1 into a sum | = ei 1 +e, of orthogonal idempotents 
(that is, such that e, e, = 0 for i * j), and conversely. Now, if & is any 
primary ring, then no two proper ideals of S are comaximal, and hence 
(III. § 13, Theorem 32) S is not a direct sum of ideals in S. In other 
words, the element 1 of S is not the sum of two idempotents f, g distinct 
from O and 1. Applying these remarks to the rings: R, we see that if the 
summands R, are primary, no e, is the sum of two idempotents e,/, e, g 
distinct from 0 and e,. Hence, if we have two decompositions 
1 = Je; = > f; of 1 into orthogonal idempotents, we deduce from the 


t J 
relation e; = >e,f, that e; is equal to one of the idempotents e. J,, say 


J 
e; = ef ji): Similarly i, = Je 1070 · Thus e; = AFE * eS aotit 
which implies 1 = iſj (i)] since the idempotents e; are orthogonal an 
x 0. Hence the idempotents e, and f; are in one to one correspondence, 
and the relations e; = efi) and fin = fine; Show that they differ 
only by their indexing. Q.E.D. 
Note that the ideals PI, , P, are the only prime ideals of R: for, 
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any prime ideal P in R contains (0) = N P., thus contains some P,, 
whence P = P.. This shows that R has only a finite number of prime 
ideals. This last fact is also an immediate consequence of the des- 
cending chain condition. For, suppose that we have an infinite 
sequence (P,] of distinct prime ideals of R. Then the sequence of 
products (A, PI P,] is decreasing, and A, = A, 1 for a suitable 
n. From Pi P., = PI P, P. 1 we deduce that P. 1 contains 
the product Pi P, and hence also some P, for i Sn. This is a 
contradiction, since all the prime ideals of R are maximal. 


§ 35. Alternative method for studying the rings with d. c. e. 
Let R be a ring with identity satisfying the d.c.c. One shows as in 
92 (p. 203) that every prime ideal in R is maximal. Denote by r the 
intersection of all maximal ideals of R. As R satisfies the d.c.c. r is 


already a finite intersection of maximal ideals of R, say t = ñ m.. We 


claim that mi, m, *, m, are the only prime ideals of R. For, assume 
that there is a prime ideal p in R, distinct from the m.. As m, is maxi- 
mal, we have m, Œ p, and there exists an element x; in m, such that 
&, F p. Since p is prime, we have y = x1 , ¢ p; on the other hand, 
from y e m, for 1 < i Sn, we deduce that y € r, in contradiction with 
the fact that p contains r. We have thus proved: 

Lemma 1. A ring R with identity satisfying the d. c. c. has only a finite 
number mi, , m, of prime ideals, all of them maximal. 

We note that we have also shown above that none of the ideals m, 
contains the intersection of others. ‘This, however, has to do with the 
following general property of maximal ideals which is valid in any ring 
and which is precisely what we have just proved above: if mi, m, , m, 
are maximal ideals in a ring R, then they are the only prime ideals of R 
which contain the intersection m, Nm, Um 

The following result holds in arbitrary rings with identity (and is also 
of importance in the non-commutative case): 

LEMMA 2. Let R be a ring with identity. The intersection r of all the 
maximal ideals in R ts the set of all elements a in R such that 1 + xa is a 
unit for every x in R. 

PROOF. Consider first an element a in t and the principal ideal 
(1 + xa) generated by 1 + xa. If this ideal were contained in a maxi- 
mal ideal m, we would have 1 + xa e m, a e m (since a € r), and thus 
1 e m, which is impossible, since m R. Hence (1 + xa) = R* and 


* We use here the fact that, in a ring R with identity, every ideal distinct from 
R is contained in a maximal ideal (ef. III, § 8, Note I, p. 151). 
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1 + xa is a unit. Conversely, if 1 + xa is a unit for every x, let us 
suppose that a is not contained in some maximal ideal m. Then 
m + (a) = R, and there exists an element x in R such that 
1 + xa e ma contradiction. Therefore a belongs to all maximal ideals. 

LEMMA 3. Let R be a ring with identity satisfying the d.c.c. The 
intersection r of all maximal ideals in R is the set of all nilpotent elements of 
R, that is, the radical of (0).* 

PROOF. Let first a be a nilpotent element of R: al = 0. Since a 
belongs to every ideal of R, it follows that a belongs to every prime 
ideal of R, hence aer. Conversely, if a € r, the d.c.c. applied to the 
descending sequence of principal ideals (a“) shows that there exist an 
integer h and an element x in R such that aè = xa*+1, that is, such that 
(1 — xa)a* = 0. Since aer, 1 — xa is invertible by Lemma 2, and 
hence a* = 0. 

We now prove that r is a nilpotent ideal, that is, that some power r 
of r is (0). More generally: 

Lemma 4. In a ring R satisfying the d.c.c. every ideal a, all the elements 
of which are nilpotent, is nilpotent. 

PROOF. The d.c.c. applied to the descending sequence {a"} shows 
that there exists an exponent h such that b = a = atl = -.., Let 
us suppose that b * (0), and let us consider the family (F) of all ideals 
w in R such that bw x (0). Since b? = b æ (0), we have b e (F) and 
(F) is non-empty. From the d.c.c. we deduce that (F) admits at least 
one minimal element; let v be such an element. Since bv # (0) there 
exists an element c in v such that be * (0); thus v > (c) e (F), where (c) 
denotes the ideal Re + Jc (the least ideal containing c), and v = (c) 
since v is minimal in (F). On the other hand we have b-be = bèc 
be x (0), and therefore bc e (F); this implies be = (c) as (c) is minimal 
in (F). In particular we have c = bc, with beb, whence c = be = 
bèc = . = H Since b is a nilpotent element it follows that 
c = O, in contradiction with bc * (0). Therefore b = (0), and a is a 
nilpotent ideal. 

We are now in position to prove the structure theorem for rings satis- 
fying the d. c. c. (Theorem 3, § 3). In fact, since r is a finite intersection 
mi. N m, of maximal ideals m,, it is also the product of the m, 
(III, § 13, Theorem 31). From v = (0) (Lemma 4) we deduce that 
(0) = mim me, and that (0) = m; N mẹ N--- N m, (again 
by Theorem 31 of III, § 13). The remainder of the proof is as in the 
proof of Theorem 3 of § 3. 


* A more general version of Lemma 3 has been proved in ITI, § 8, Note II, 
pp. 151-152. 
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REMARK 1. For the proof of uniqueness of the decomposition 
R= RI O. @ R of R into primary rings, one may observe that such 
a decomposition gives at the same time a representation of (0) as an 
intersection pi  --- N p. of powers of maximal ideals (cf. III, 
§ 13, Theorem 32) and a representation r = p, 1--- N p, of the 
radical r of (0) as an intersection of maximal ideals. By Lemma 1 this 
last representation is unique, the p; being all the maximal ideals in R. 
Concerning the first one we notice that p, = p, i i = ---; in other 
words, (i) is the smallest exponent for which the sequence {p,‘} stops 
decreasing, and this determines p, (i uniquely. 

REMARK 2. The burden of the second part of the proof of Theorem 2 
(§ 2), namely, the proof that the d.c.c. implies the a.c.c. and the maxi- 
mality of every prime ideal, rested on proving that under the assumption 
of the d.c.c. the zero ideal is a product of maximal ideals. In this sec- 
tion we have given a second proof of this assertion and hence also a new 
proof of Theorem 2. 


§ 4. The Lasker-Noether decomposition theorem. The 
theorem we are going to prove in this section states that in a noetherian 
ring every ideal is a finite intersection of primary ideals. In many 
respects this theorem reduces the study of arbitrary ideals to that of 
primary ideals. The theorem does not extend, however, to non- 
noetherian rings, even if infinite intersections are allowed. The 
theorem was first proved, in the case of polynomial rings, by the chess 
master Emanuel Lasker, who introduced the notion of primary ideal; 
his proof was involved and computational. To Emmy Noether is due 
the recognition that the theorem is a consequence of the a.c.c., and the 
proof given here is substantially hers. 

The theorem follows immediately from two lemmas. Let us call 
irreducible an ideal which is not a finite intersection of ideals strictly 
containing it. Observe that a prime ideal is irreducible; but a primary 
ideal need not be. For instance, in a polynomial ring R = R[x, y] in 
two independent variables x and y, over a field k, the ideal m = (x, y) 
is maximal; its square (x?, xy, y?) is therefore primary, but we have that 
m? is the intersection of the two ideals m? + R-x and m? + R. y. 

LEMMA I. Ina ring R with a. c. c. every ideal is a finite intersection of 
irreducible ideals. 

PROOF. Suppose that there exists an ideal for which the assertion of 
the lemma is false. Then the family (F) of all ideals of R which are not 
finite intersections of irreducible ideals is non-empty, and, by the maxi- 
mum condition, admits a maximal element a. Since a cannot be 
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irreducible, it is an intersection b Mc of two ideals strictly containing a. 
By the maximal character of a in (F), b and e are finite intersections of 
irreducible ideals, and so is a; a contradiction. 

LEMMA 2. In a ring with a. c. c. every irreducible ideal is primary. 

PROOF. Let q be an ideal of R, and suppose that it is not primary, 
that is, that there exist elements b, c of R, not in q, such that bc € q and 
that no power of b lies in q. The ideals (q: (br)] form an increasing 
sequence, and, by the a.c.c., there exists an exponent n such that 
q: ( = q:(b"+!). We claim that 
(1) q = (a + Rb") N (a + (¢)). 
It is clear that the ideal on the right-hand side of (1) contains q. Con- 
versely, if x is an element of that ideal, we have x = u + yb = 
v Tac + mcu, vea, y,zeR, m an integer). Since bc eq, we have 
bxeq, and thus yb"t!eq. From q:(b") = q: (b) we deduce that 
yb" S q, x Eq, and this establishes (1). Together with the hypothesis 
on b and c, the relation (1) shows that q is not irreducible: for q + (c) > & 
since c ¢ q, and q + Rb" > q since b"+! e Rb", bet! ¢q. Q.E.D. 

We could now state the decomposition theorem, but we prefer to give 
a somewhat sharper formulation of this theorem. For this formulation, 
the following definition is needed: A representation a = a, of. an 


2 
ideal a as an intersection of primary ideals q, (or briefly: a premary 
representation of a) is said to be irredundant (or reduced) if it satisfies the 
following conditions: 
(a) No q; contains the intersection of the other ones. 
(b) The q, have distinct associated prime ideals. 
Given a representation a = . q, of an ideal a as a finite intersection 


of primary ideals, one can find an irredundant one as follows: First we 

group together all the q; which have the same associated prime ideal p,, 

and take their intersection q’ ,, which is primary for p, (III, § 9, Theorem 

14); then a = J a', and, if some q’, contains the intersection of the 
J 


others, we omit it, and proceed in the same way until condition (a) is 
satisfied. We have therefore proved (in view of Lemmas 1 and 2) the 
following theorem: 

THEOREM 4. In a ring R with a.c.c. every ideal admits an irredundant 
representation as finite intersection of primary ideals. 

We now characterize the ideals which are their own radicals. 

THEOREM 5. Let R be a ring and let a be an ideal of R admitting an 
irredundant primary representation a = Ma,. For a to be its own 


radical, it is necessary and sufficient that all q; be prime ideals. 
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PROOF. If the q, are prime, we deduce from x” € a, that x" € qi, x E q,, 
thus xea and a = Va. Conversely, if a = Va, let p; be the radical 
of q; and let x be any element of f) p, Then a large enough power a” 


1 
of x lies in each q; and thus also in a, which shows that x € a and that 
a = N pP; This last representation of a is irredundant, since otherwise 


we would have for some j:a = N p. D n q, Da, whence a = n q;, in 


contradiction with the E T of the given primary 8 
n q; Now, if y Ep, there exists z € B) p, such that 2 ¢ p,; we have 


ygzeaC q,, and thus y e q; and q; = p, "This completes the proof. 
The following simple properties will be useful: 
A) If a prime ideal p contains a finite intersection Na,, it contains 


some q, (III, § 8, p. 150); if the q; are primary, then p contains the asso- 
ciated prime ideal p, of one of them. 
B) If a prime ideal p is a finite intersection Ip, of prime ideals, it 


contains one of them, by A), and thus is equal to it; the other p, contain 
then this p. 


§ 5. Uniqueness theorems. Having proved the existence of the 
primary decomposition, one is naturally led to the question of the 
uniqueness of that decomposition. It can be shown by examples that 
the primary ideals q, of an irredundant representation a = Na, need 


not be uniquely determined by a. For instance, if a is the ideal 
(X?, XY) in a polynomial ring x X, Y](k, a field), then for every ele- 
ment c of k we have a corresponding irredundant decomposition 
q, Ma, of a, where q, = (X) and qa, = (Y — cX, A)). (See also 
Theorem 22 given further on, in §11). However, we will prove that 
their associated prime ideals are unique (Theorem 6) and that the most 
important” among the q; themselves are also uniquely determined 
(Theorem 8). We shall achieve this by giving intrinsic characteriza- 
tions of these ideals in terms of a alone. 

THEOREM 6. Let R be an arbitrary ring and a an ideal of R admitting 
an irredundant primary representation a,; and let p; = Va; Fora 


prime ideal p of R to be equal to some p, it is necessary and sufficient that 
there exist an element c of R not contained in a and such that the ideal 
a: (c) is primary for p. sad prime ideals p, are therefore uniquely deter- 
mined by a. 
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PROOF. Given an index i there exists c € Na ¢ di, since the repre- 
a 


sentation is irredundant. For such an element c, the ideal a:(c) 
evidently contains q; and is contained in p,. On the other hand, if 
xy e a: (c) and x Fp, we have xyc € a C q,, whence yc E q,, since x ¢p,, 
and consequently yc € a since yc € (c) C f) a,; this shows that y € ad: (c). 


wit 
It follows then from ITI, § 9, Theorem 13, that a:(c) is primary for p,. 
Suppose conversely that for some element c, not in a, the ideal a:(c) is 
primary for a given prime ideal p. Writing a: (c) = f){q,:(c)} and 


taking radicals, we get p = V, :(). The first part of the proof, 


applied to the case a = q,, shows that the radical Vq,: (c) is p. unless 
c S q,, in which case that radical is R. Hence p is the intersection of 
some of the p., and is therefore one of them [(B) of § 4, p. 210]. Q.E.D. 

The (uniquely determined) associated prime ideals of the primary 
ideals occurring in an irredundant primary representation of an ideal a 
are called the associated prime ideals of a, or simply the prime ideals of a. 
This terminology is consistent with the one used for primary ideals. A 
minimal element in the family of associated prime ideals of a (that is, an 
associated prime ideal of a which contains no other prime ideal of a) is 
called an isolated prime ideal of a; a prime ideal of a which is not isolated 
is said to be imbedded. The isolated prime ideals of a admit the fol- 
lowing very simple characterization: 

THEOREM 7. Let R be an arbitrary ring, a an ideal of R admitting a 
finite irredundant primary representation a = a,, and let p; = Vai. 


For a prime ideal p of R to contain a it is necessary and sufficient that p con- 
tain some pi. The isolated prime ideals of a are the minimal elements of the 
family of prime ideals which contain a. 

PROOF. The second assertion results from the first one. It is clear 
that, if p contains some p,, it contains a. Conversely, if p contains 
a = a,, it contains some p; by A) of § 4. 


If a = aq, is an irredundant primary representation of a, the ideals 


q, are said to be the primary components of a (relative to the given decom- 
position); and q; is called isolated or imbedded according as its associated 
prime ideal p, is isolated or imbedded. We now characterize the iso- 
lated primary components of a in terms of a alone: 

THEOREM 8. Let R be an arbitrary ring, a an ideal of R admitting an 
irredundant finite primary representation a = Ja, and p, the associated 


prime ideal of q. The set q'; of elements x of R such that a:(x) Œ p, is an 
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ideal of R which is contained in qq. If q; is an isolated primary component 
of a then q, is equal to q.. The isolated primary components of a are there- 
fore uniquely determined by a. 

PROOF. The third assertion follows from the second and from the 
uniqueness of the isolated prime ideals of a (Theorem 6 or Theorem 7). 
It is clear that if x € q', then yx € q', for all y in R. If x, and x, are in 
g', there exist elements 77,, 172, not in p,, such that 7,x, E a and vg € a. 
We have then 7,7,(x, — x,) € a and 7,7, Ẹ p, (since 7, ¢ p 7, ¢ p; and 
p, is prime), whence x, — x,€q',. This proves that q’, is an ideal. If 
x E€ q, then xr E a for some 7 not in p,. We have then xr E q;, 7 p,, 
whence x e q,, and this establishes the first assertion of the theorem. 
Now, suppose that q, is isolated. For  # i, we have p, Œ p, and there 
exists b, € p, such that b, p,; let s(j) be an exponent such that 6 C0 €q; 
and let b = |] 5, %. Since p; is prime we have b F p,; and, for any 

JF 
x in q; we have bx E a, thus x Eq, anda, Ca; Q.E.D. 

REMARK. The element b constructed above (when q; is isolated) 
satisfies the conditions b ¢ p, and a: (b) = q;. Using this element b, we 
see that if a is an ideal which is primary for p; and contains a, then q 
must contain q,; for, we have q > bq; and q > q; since b ¢ p,. 

The uniqueness of the isolated primary components of a is a special 
case of a more general result. Leta = qa, be an irredundant primary 


decomposition of a, p, the associated prime ideal of q,, and M the family 
of all p.. A subset L of M is said to be an isolated system of prime ideals 
of a if, when p, is in L, all the prime ideals of a contained in p; are in L. 
A system L reduced to an isolated prime ideal is an isolated system. 
Given an isolated system L of prime ideals (p,) of a, the intersection 
a, of the corresponding primary components is denoted by a, and is 


9 

called an isolated ideal component of a. We will prove that a, is uniquely 
determined by a and by the isolated system L, and is independent of the 
given irredundant primary decomposition of a. Given a maximal ele- 
ment p, of L, the set L. of all elements p, of L such that p, C p, is ob- 
viously an isolated system, and since L is finite, it is the union of the 
L.; thus a, = Ja,, and we are reduced to proving the uniqueness of 


az,. As in Theorem 8 one shows the existence of an element b ¢ p, 
which lies in the intersection of all q, whose associated prime ideal p, 
does not lie in L,; we then have ba L, Ca. Let q'; denote (as in Theorem 
8) the set of all x such that a: (x) C p, Since ba, C a and b F p, it 
follows that a, Ca', On the other hand, if p, is any member of L, 
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then q’,Cq’, (since p, C p,) and hence, by the first assertion of 
Theorem 8, we have q, Ca; Hence q’, C az , showing that q’, = a, . 
This equality characterizes a, in terms of a and L, alone and shows the 
uniqueness of by. 

In a ring R in which every proper prime ideal is maximal, imbedded 
components do not exist, since, when the ideal (0) is prime, it can only 
be an associated prime ideal of itself. ‘Thus: 

THEOREM 9. Let R be a noetherian ring in which every proper prime 
ideal 1s maximal. Then every ideal a of R is, in a unique way, a finite 
irredundant intersection of primary ideals, a is also, in a unique way, a pro- 
duct of primary ideals belonging to distinct prime ideals. 

PROOF. The first assertion is obvious. Now, let a = Ca, be the 


irredundant primary representation of an ideal a and let p, = V/q;. 
If some p, is not maximal, then p, = q; = (0), whence a = (0) is prime, 
and our assertion is trivial. If each p; is maximal it follows that 
a= La, (see III, § 13, Theorem 31, relation (8)). Ifa = a’, is an- 


other representation of a as a product of primary ideals a'; whose 
associated prime ideals are distinct maximal ideals, then, again by 
Theorem 31 of III, § 13, we have a = Ja“, and this primary repre- 


J 
sentation of a is irredundant, by property A) stated at the end of § 4 
(since the p, are distinct and maximal). Hence the q’, coincide with 
the q;, except for order. Q.E.D. 

REMARK CONCERNING PASSAGE TO A RESIDUE CLASS RING. Let R be a 
ring, a and b two ideals of R such that bCa. The property that a be 
prime (or primary) is a property of the factor ring R/a, viz. that R/a is a 
domain (or that every zero divisor in R/a is nilpotent). Thus, if a is a 
prime (or primary) ideal of R, the ideal a/b of R/b is prime (or primary). 
Also the radical of a/b is Vaſb. Consequently, if a = (ja, is an 
irredundant primary representation of a and if p. = Va, then 
a/b = (}(q,/6) is an irredundant primary representation of a/b, and the 


p. /b are the associated prime ideals of a/b. Furthermore, to isolated (or 
imbedded) prime ideals and components of a correspond isolated (or 
imbedded) prime ideals and components of a/b. 


§ 6. Application to zero-divisors and nilpotent elements 
THEOREM 10. Lei R be a ring and a an ideal of R admitting a finite 
irredundant primary representation a = a,. The radical of a is the 


intersection of the isolated prime ideals of a. 
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PROOF. Since the radical of a finite intersection is the intersection of 
the radicals, the radical of a is the intersection of all associated prime 
ideals p, of a. From this intersection we may delete the imbedded 
prime ideals. 

COROLLARY. In a noetherian ring R the set of nilpotent elements is the 
intersection of the isolated prime ideals of (0) (that is, of the minimal prime 
ideals of R; cf. the last part of Theorem 7). 

We observe also the following consequence of Theorem 10: Va is 
prime if and only if a has a single isolated prime ideal. Now, it will be 
proved later on (see § 11, Theorem 21) that in a noetherian domain there 
always exists an ideal having a preassigned (finite) set of associated prime 
ideals æ (0). It follows that Va may be prime without a being primary. 
The following example may serve as a simple illustration: in a poly- 
nomial ring k[x, y] over a field k let p, = (x), p, = (x, y), a = pi Np,”. 
Then pi and p, are prime, p}? is primary, a is not primary (for, pi Np, 
is an irredundant primary representation of a) and Va = pi. 

THEOREM 11. Let R be a noetherian ring, a and b two ideals of R such 
that a Æ R. Then a = a:b if and only if b is contained in no prime ideal 
of a. 

PROOF. We use the properties of quotient ideals given in III, § 7. 
Let a = fìn, be an irredundant primary representation of a, and let 


p. = Vq, If b is contained in no p,, then, from (a:b)b Ca Cq,, we 
deduce a:b C q; and hence a:b = a since the quotient a:b obviously con- 
tains a. Conversely, if a:b = a, we have a:b‘ = a for all s. If, con- 
trary to our assertion, b is contained in some p,, say b C p,, then there 
exists an exponent s such that b: C p, C q, (since p, has a finite 
basis), and we have q,:b* = R, whence a = a:b: = {)(q;:b‘) = 


2 
N (a,:b) > a; > a, whence a = a, contradicting irredundance. 
11 181 171 


COROLLARY I. For an ideal b of a noetherian ring R to be contained in 
some associated prime ideal of an ideal a of R, it is necessary and sufficient 
that a:b # a. 

This is a restatement of Theorem 11. Notice that this corollary 
gives the uniqueness of the maximal associated prime ideals of a. 

CoRoOl.LARVY 2. For an element x of a noetherian ring R to belong to 
some associated prime ideal of an ideal a of R, it is necessary and sufficient 
that there exist an element y ¢ a such that xy e a. 

Apply Corollary 1 to the ideal b = (x). 

COROLLARY 3. In a noetherian ring R the set of all zero-divisors is the 
union of all the associated prime ideals (isolated and imbedded) of (0). 
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Apply Corollary 2 to the ideal a = (0). 

REMARK. An ideal of a noetherian ring R is entirely composed of zero- 
divisors if and only if it is contained in some associated prime ideal of 
(0). This follows from Corollary 3 and from the following fact, which 
is sometimes useful: if an ideal a is contained in a finite union (J y, of 


prime ideals, it is contained in one of them. In fact, we may suppose that, 
for i * j, we have p, Cp, for, otherwise, neither the hypothesis nor the 
conclusion is affected if p, is deleted. Suppose now that a is contained 
in no p:. For any 2, it is then true that the ideal aN n p, is not con- 


tained in p; [see property A) at the end of § 4, p. 210]. if a, is an element 
belonging to this ideal but not to p,, then the element La, is in a without 


i 
being in any »,—a contradiction. This last result shows also that a 
finite union (Jp, of prime ideals is never an ideal, except in the trivial 


case where all p, are contained in one of them. However, a non-trivial 
finite union of ideals may be an ideal if the ideals are not prime. For 
example, if R is any finite, additive non-cyclic group and if we set xy = 0 
for all x, y in R, then (x) * R for all x in R, but U () is the unit ideal. 


Or also, if k is a finite field and R is the residue class ring 
EX, YI(X?, XY, Y?) = k[x, y] (where x and y are the residues of 
X and Y) then the finite union (J (ax + by) is the ideal (x, y). 

nee a,bek 


§ 7. Application to the intersection of the powers of an ideal. 
For proving the main theorem of this section we need two lemmas: 

Lemma 1. Let R be a noetherian ring, a and m two ideals of R. There 
exists an integer s and an ideal a' of R such that ma = a No’ anda’ mi. 

PROOF. Let (a'; CHa“ ,)) be the set of primary components of ma 
whose associated prime ideals contain (do not contain) m. We take 
a’ = Ne 7a = Ma" j. Then ma = a’ Na”, and there exists an integer 


s such that m’ Ca’. On the other hand, if we fix an element y, 
in m such that y,¢ Va“, then we have for any element x in 
a: yx e ma Ca“, which implies x €q",; therefore a C a”. Since 
ma C a, we have ma = ma Na = a’ Na" Na = a’ Na, and the lemma is 
proved. 

Lemma 2. Let R be an arbitrary ring with identity, a and m two 
ideals of R such that a admits a finite basis (xi, , x.) and a = am. 
Then there exists an element z in m such that (I — z)a = (0). 

PROOF. Denote by a, the ideal (x,, , x,) (whence a, = a) and set 
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a 1 = (0). We shall prove, by induction on i, the existence of an ele- 
ment 2, in m such that (1 — 2 a Ca,; then 2, 1 will be the element z 
we are looking for. For i = 1 it suffices to take z, = 0. From 
(1 — 25 a Ca, and from a C ma, we deduce 0 — 3% a C m1 - z a C ma,; 


in particular we have (1 — z,)x; = > mi with z;;em. Thus 


j= 
(1 — z; — 2,,)x;€a;4,,,and we may take 1 — cae = (1 —2z,)\(1— z; — 2;,). 
A neater proof of Lemma 2 can be obtained if we are willing to use 
determinants, the theory of which can be developed in any com- 
mutative ring as well as in a field. Since a ma we have relations of 


the form x; = > y;;%;) where y;; E m, or lè; — y,;)x; = O, where ö,, 


is O or 1 aecarding as i and j are distinct or equal. If d denotes the 
determinant |6,;; — y,;|, the usual argument leading to Cramer’s rule 
shows that dx, = 0 for all j, that is, da = (0); and the rule for developing 
a determinant shows that d is of the form 1 — z with z e€ m. 

THEOREM 12 (KRULL). Let R be a noetherian ring and m an ideal of R. 


In order that N m” = (0), it is necessary and sufficient that no element 
næ | 


of 1 — m be a zero-divisor in R.* 

PROOF. If an element 1 — z of 1 — m is a zero-divisor, say 
(1 — z)y = 0 with y Æ O, we have y = zy = z?y = --- = 2%y, and y 
belongs to (} m”. Conversely, assume that no element of 1 — m is a 


zero-divisor in R, and let a- m. By Lemma 1 we have 


ma DaNm = a and thus ma = a; therefore, by Lemma 2, there 
exists z in m such that (1 — z)a = (0), and since 1 — z is not a zero- 
divisor we conclude that a = (0). 

We note that in the above proof we have used Lemma 1 (which will be 
especially useful to usin chapter VIII on local algcbra) for the purpose 
of establishing the equality ma = a. This equality can also be proved 
in a somewhat simpler fashicn, as follows: 

Let am = q, be an irredundant primary decomposition of am. 


Since am C a, in order to prove that am = a we have only to show that 
aC q; for all i. Now, we have am C q;. Hence, if m C p, then cer- 
tainly a C q;. If m Cp, then for some integer n we have m” C q,, and 
hence again a C m” C q,. 

CoRoOLLAR Y I. J R is a noetherian domain and if m is an ideal of R 
different from R, then ] m" = (0). 


* By 1 m we mean the set of elements of the form 1 — , r EM. 
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This corollary shows that if m # (0) (and R being a noetherian 
domain) then m? # m? for p * q; for otherwise—if, say, p < g—we 
would have m? = mri, thus, upon multiplication by m, me = 
mot! = mb, and m = m? by induction on 2. We would then get 
the contradiction m? = (0). 

COROLLARY 2. J R ts a noetherian ring such that the non-units of R 
form an ideal m (that is, if R is a local ring”; see § 11, p. 228) then 
N m = (0). 

In fact, since no element of 1 — m is in m. every element of 1 m 
is a unit, and cannot be a zero divisor. 

By Corollary 3 to Theorem 11 of § 6, the set of zero divisors in the 
noetherian ring R is the union (J p, of the associated prime ideals of (0). 


Thus, the condition of Theorem 12 may be written “(1 — m) Np; = Q 
for every i, or equivalently “m + p; * R for every i.“ Thus, by 
passage to a residue class ring R/a (see Remark at the end of §5) 
Theorem 12 yields the following result: 

THEOREM 12’. Let R be a noetherian ring and let m and a be two 
ideals of R. In order that N (a + m”) = a, it is necessary and sufficient 


that m + p, Æ R for every 3 prime. ideal p, of a. 
Given an ideal m of a ring R, an ideal a of R is said to be closed 
(with respect to m) if ] (a + m”) = a. 


In fact, we can define a topology on R by taking the powers {m”} as a 
neighborhood system for 0, the neighborhoods of an arbitrary x in R 
being the residue classes {x + m). It is easy to check that R becomes 
in this way a topological ring, that (f) m" = (0) means that it is Haus- 


dorff space, and that f) (a + m”) = a means that the ideal a is closed. 


One can then consider the question of the completeness of R with 
respect to this topology. These questions are of great importance in 
the theory of local and semi-local rings; this theory will be developed 
in chapter VIII. The following lemma is, actually, a well-known topo- 
logical fact: 

LEMMA 3. Given a ring R, an ideal m of R and a family Ja,] of ideals 
of R which are closed (with respect to m), the intersection ‘A a, ic closed. 


This follows from the obvious inclusion ( A a,) ＋ mC N (a, + m”) 


and from the associativity of intersections. 
We now determine the “closure” of an ideal: 
THEOREM 13. Given a noetherian ring R and two ideals m and a of R, 
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the intersection ſi (a + m”) is the intersection of those primary components 


q; of a whose radical p, satisfies the relation m + p; Æ R. 
PROOF. Let b = Na. Since each q; is closed (Theorem 12’), b is 


closed (Lemma 3), and we have b = f) (b + m”). Let now {q’,} be 


the other primary components of a and {p’,} their radicals. Since 
m + p'; = R, m is comaximal with each p“, thus with each q’,, thus 
also with the intersection b’ of the q’,, and consequently m” is comaxi- 
mal with b' (III, § 13, Theorem 31); in other words, b’ + m” = R for 
every n. We therefore have b = (b’ + m”)b = b'b + m") Ca + m” 
for every n (in topological language this means that a is dense in b). 
From a C band b = f] (& + m”) we then deduce that b = fì (a + m”). 


Q.E.D. 
COROLLARY. Given an ideal m of a noetherian ring R, I m” is the 


intersection of those primary components q; of (0) the radical p, of which 
satisfies the relation m + p; Æ R. 
We take a = (0) in Theorem 13. 


§ 8. Extended and contracted ideals. We have seen that there 
is a quite simple relationship between the ideals of a ring and the ideals 
of one of its residue class rings (see ITI, §§ 4, 5, in particular Theorem 7 
in III, § 5). The matter is much more involved if we consider a ring S 
and a subring R, and this problem is not essentially easier than the fol- 
lowing more general one which we are going to study: We are given two 
rings R and S having identities, and a homomorphism f of R into S such 
that f(1) = 1, and we look for relations between ideals of R and ideals 
of S. Ideals in R will be denoted by small German letters (a, b, ), 
and ideals in S by German capitals (A, B. .). Neither S nor R need 
be noetherian in this discussion, since very few additional results follow 
from this assumption. The case where R is a subring of S is included 
in this discussion by taking tor f the identity mapping of R into S. 

DEFINITION. I A is an ideal in S, the ideal N: = f- (A) is called the 
contracted ideal, or the contraction, of A. If a is an ideal in R, the ideal 
a° = Sf(a) generated by f(a) in S is called the extended ideal, or the 
extension, of a. 

When R is a subring of S, the ideal A“ is the intersection RNA; it 
contains every ideal of R which is contained in A, and is thus the 
largest ideal in R contained in A. Similarly the ideal a° is generated by 
a in S; it is contained in every ideal of S which contains a, and is thus 
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ee See Ee a E 


the smallest ideal in S which contains a. It consists of all elements of 
S of the form s,a, + za: T.. +5,a,, where n is an arbitrary positive 
integer, s; E S, a, e a, i = 1, 2, „u. 

It is clear that S° = R, Re = S, (RO) = SO, and that (SO) is the 
kernel of f. The following relations are easily proved: 


(1) If AC B then A: C Vs; if a C b then ar C be, 

(2) ACA; a Da, 

(3) gce — Ae; atte = de. 

(We have Ae C A by (2), thus Ae C A“ by (1); on the other hand we 
have A“ = (Acer D We by (2); similarly for the other formula). 

(4) (A + BY PD Ae + Be; (a + b) ae + be. 

(5) (ANB) = WN Bs; (a Nb) C ar N be. 

(6) (AB): D AeBe; (ab) = ab". 

(7) (A: B): C We: Be; (a:b) C ae: be. 

(The second formula follows from (a: b)ebe = ((a:b)b) [by (6)] © a’). 

(8) (VA) = VAs; (Va) Vat. 

In (1) we cannot assert that A Be if A B, nor that a° < b” if 
a b. For instance, if R is a domain and S its quotient field, we have 
a° = R° = S even if a Æ R, provided a æ (0). In (2),---, (8) none 
of the inclusions can in general be replaced by an equality. 

We notice that, in view of (3), the inclusions (2) become equalities 
when A is an extended ideal and a a contracted ideal. However, an 
ideal in S need not, in general, be an cxtended ideal, and, a fortiori, need 
not be the extension of its contraction; we may therefore have Ace C A. 
Also, an ideal in R need not be a contracted ideal nor, a fortiori, need it 
be the contraction of its extension; we may therefore have a“ > a. 
All that can be said, in view of (3), is that 1f an ideal in S is an extended 
ideal, it is the extension of its contraction, and that if an ideal in R is a 
contracted ideal, it is the contraction of its extension. 

In other words, if we denote by (E) the set of all extended ideals in S 
and by (C) the set of all contracted ideals in R, the mappings A A⸗ 
and a — a° are 1-1 and are inverse mappings of (E) onto (C) and of (C) 
onto (E). Of course this does not preclude the possibility that mem- 
bers of (E) may also be extensions of ideals not in (C), and that members 
of (C) may also be contractions of ideals not in (£). 

The 1-1 correspondence between the ideals in (C) and (E) is an iso- 
morphism with respect to the fundamental ideal theoretic operations (sum, 
product, intersection, quotient, radical) to the extent to which these 
operations do not lead to ideals outside of (C) or (E). Cases where this 
condition is surely fulfilled are given by the equalities in formulae (4), 
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(5), (6), and (8). These formulae show that the set (E) is closed under 
addition and multiplication and that the set (C) is closed under 
intersection and radical formation. We now show that (C) is also closed 
under quotient formation. 

PROOF. Let a and b be contracted ideals in R. We set A = a', 
B be, whence a = A' and b Be. Our assertion that a: be (C) 
will be established if we prove, more generally, the following asser- 
tion: (*) if A is any ideal in S and Be (E) then A“: Be = (A: Be. 
By (7), it is sufficient to prove that A': Be C (A: B)e. We have: 
(A: Be) B = (A“: Be) Bee (since Be (E)) = (As: B.) Be) C A“ C A. 
lence (A“: Be)e C A: Band (A': B“) C (A“: Beer C (A: B)e, as asserted. 
This established our assertion that (C) is closed under quotient forma- 
tion. ö 

The above proof shows that if a, b e (C) then not only does a:b 
belong to (C) but we have also, by (“), that a:b = (ae: b). 

If Pis a prime ideal in S and © an ideal in S which is primary for P, 
it is trivial to check that Pe is prime and ©¢ primary for °. If A is an 
ideal of S admitting a primary representation A = N Q,, then the be- 
havior of intersections under inverse images shows that A: = MN, is a 
primary representation of A'; but this representation need not be 
irredundant when that of A is. The behavior of prime and primary 
ideals of R under extension is less simple; p may be prime in R without 
pe being prime in S. Indeed, the investigation of the character of p' is 
one of the central problems of ideal theory. We will study particular 
cases of this problem in the next section and in the next chapter. 

When we are given three rings R, S, T and two homomorphisms f 


from R to S and g from S to T (R A655 T) then for any ideal a of R 
it is true that the extension (under g) of the extension (under f) of a is 
the same ideal (in T) as the extension (under fg) of a; and a similar 
property holds for contractions. In particular, if we have a com- 
mutative diagram of rings and homomorphisms 


R= 

ry fh 

R ra S’ 
(that is, if the homomorphism fh of R into S’ is the same as gf’), then, 
given an ideal a of R, the extension under A of the extension under f of a 
is the same ideal in S” as the extension under F of the extension under 
g of a; and similarly for contractions. An important particular case is 
the one in which R and R’ are subrings of S and &, f and F are the 
identity mappings, and g is the restriction of Å to R. 
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§ 9. Quotient rings. Let R be a ring with identity (not necessarily 
noetherian). We have seen (in I, § 19) that R admits a total quotient 
ring F, that is, a ring F which admits R as a subring and in which every 
regular element of R (that is, any element of R which is not a zero 
divisor) is a unit; furthermore every element of F may be written in the 
form a/b (a, b E R, b regular in N). In I, § 20 we defined a multiplicative 
system in R as a non-empty subset M of R which does not contain 0 
and which is closed under multiplication. When all elements of M are 
regular (in which case M is said to be regular) we have defined the 
quotient ring Ry, of R with respect to M as the set of all quotients a/m 
where a € R, me M; this is a subring of the total quotient ring F of R. 

When we are given a multiplicative system M in R which contains 
zero divisors, a quotient ring R,, cannot be defined without further ado. 
In fact, the main feature of a quotient ring R,, in the regular case is that 
the elements of M become units in Ri; and a zero divisor can never be a 
unit. We shall now undertake a slight generalization of the concept of 
a quotient ring. We consider a homomorphism f of R into a ring S 
such that f(m) is a unit for every m e M, where M is a given multiplicative 
system in R. If x is an element of R such that mx = for some m in M, 
we have 0 = f(xm) = f(x)f(m), and since f(m) is a unit in S, this im- 
plies f(x) = 0. In other words, the kernel of f must contain the set n 
of all elements x in R for which there exists an element m in M such that 
mx = 0. Since M is multiplicatively closed, this set n is an ideal in R, 
as is readily verified; and since 0 M, we have 1 ¢ nand n # R. Thus, 
the image f(R) of R in S is isomorphic to a residue class ring of R/n, 
and f defines a homomorphism f’ of R/n into S. Now, the canonical 
image M = (M + n)/n of M in R/n is obviously closed under multi- 
plication, Furthermore, M does not contain any zero divisor: for, if 
&-m = 0 (r e R/n, me M) and x, m are representatives of &, m in R and 
M, then xm e n, æmm = 0 for a suitable element m’ in M, and since 
mm € M, we deduce that x € n and & = O. Thus M isa regular multi- 
plicative system in R/n, and we can construct the ordinary quotient ring 
(N/n) g. Since every element of f'(M) () is a unit in S, the 
homomorphism f’ may be extended to a homomorphism (still denoted 
by F) of (R/n)g into S by setting f'(£/m) = (F/ (m) (the fact that f’ 
is single valued and is a homomorphism is easily proved, as in I, § 19, 
Theorem 16). The ring (R/n) n is called the quotient ring of R with 
respect to the multiplicative system M and is denoted by Ry. We notice 
that if M is regular, we have n = (0), Rn = R, M = M, and the new 
terminology and notation is consistent with the old one. The quotient 
ring R has the following property: 
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There exists a homomorphism h of R into Ry, such that: 


1) The kernel n of h is the set of all elements x in R for which there 
exists min M such that xm = 0. 

2) The elements of hM) are units in Ry. 

J) Every element of Ry, may be written as a quotient h(x){h(m) 
(x e R, me M). 

One such homomorphism A is given by the product gy, where ꝙ is the 
canonical homomorphism of R onto R/n and / is the canonical iso- 
morphism of R/n into (R/ n) ;. 

The preceding considerations show easily the essential uniqueness of 
a ring Ry and a homomorphism I satisfying conditions 1), 2), and 3). 
Namely, if h is as above (that is, if h = py), if S is any ring and f is a 
homomorphism of R into S such that conditions 1), 2), and 3) are satisfied 
when h and R are replaced respectively by f and S, then there exists an 
isomorphism f' of Ry, onto S such that f = hf’. For, since the kernel of 
f is this time the same as the kernel of k, the homomorphism F of R/n 
(= h(R)) into S, defined by f, is an isomorphism, and hence also the 
extension of F to Ry, (still denoted by 7) is an isomorphism into S. 
On the other hand, since we have also assumed that every element of S 
is of the form f(x)/f(m) (x e R, m e M), F is necessarily an isomorphism 
onto S, and from the definition of F it is obvious that f = Af’. 

The particular homomorphism h = gy of R into Ry given above is 
called canonical (or natural). 

In the course of the preceding considerations we have also proved the 
following universal property of Ri: 


THEOREM 14. Let M be a multiplicative system in a ring R with 
identity, and h the canonical homomorphism of R into the quotient ring Ry. 
For every homomorphism f of R into a ring S such that every element of 
FM) is a unit, there exists a homomorphism f' of Ry into S such that 
f= hf’. 

REMARK. If M and M are two multiplicative systems in R such that 
M C M' and every element of M ts the product of an element of M and a unit 
in R, then Rm = Ry. This is obvious if M (and hence also M’) is 
regular. In the general case we observe that our assumptions imply that 
the set n of elements x of R for which there exists an element m in M 
such that xm = 0 coincides with the set of elements x of R for which 
there exists an element m’ in M’ such that xm’ = 0. This shows that 
Ru: = (Rin) g-, where M’ = (M + n)/n. On the other hand, we have 
Ry = (R/n) g, where M = (M + n)/n. Now, we know that M is a 
regular multiplicative system, and it is clear that M C MN and that every 
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element of N is the product of an element of N and a unit in N/n. 
Hence (R/n)g: = (R/n) ga, that is, Ry. = Ry, as asserted. 


§ 10. Relations between ideals in R and ideals in Ry. We now 
study the relations between ideals of R (denoted by a, b. ) and ideals 
in Ry, (denoted by a’, b', ). Extensions and contractions are with 
respect to the canonical homomorphism h (§ 9, p. 222). 

The following terminology will be useful: an element x of a ring R is 
said to be prime to an ideal a of R if a:(x) = a (that is, if its residue class 
mod. a is not a zero divisor in R/a). A subset E of R is said to be prime 
to a if each one of its elements is prime to a. When a is a finite inter- 
section of primary ideals, a subset E of R is prime to a if and only if it is 
disjoint from the union of the associated prime ideals of a (cf. § 6, 
Theorem 11). 

THEOREM 15. Let M be a multiplicative system in a ring R with 
identity and let Ry, be the quotient ring of R with respect to M. 

(a) If a is an ideal in R, then a“ consists of all elements b in R such that 
bm € a for some m in M. 

(b) An ideal a in R is a contracted ideal (that is, a = a*) if and only 
if M ts prime to a. 

(c) Every ideal in Ry is an extended ideal. 

(d) The mapping a — a‘ is a 1-1 mapping of the set (C) of contracted 
ideals in R onto the set of all ideals in Ri, and this mapping is an iso- 
morphism with respect to the ideal theoretic operations of forming inter- 
sections, quotients and radicals. 

PROOF. (a): any element b of a“ is such that A(b)€ a‘, and by 
property 3) of R, given in § 9 (p. 222), any element of a° may be written 
in the form > (h(x;)/h(m,))h(a;) (x; € R, m, € M, a, S a). Since M is 


closed under multiplication, reduction to a common denominator 
m = [[m; e M shows that any element of a* may be written in the form 


h(a)[h(m)(aea,meM). Thus “be a“ is equivalent to there exist 
a in a and m in M such that A(b) = Ma) / alm), that is, to “there exist 
elements a and m in a and M respectively such that (bm — a) = 0.” 
The characterization of the kernel n of 4 shows that this condition is 
equivalent to the following one: “there exists an element a in a, and 
elements m and m in M such that (bm — a)m’ = 0,” and this implies 
the existence of an element m” (= mat’) in M such that bm’ € a. Con- 
versely, the existence of such an element m” in M implies that 
h(b)h(m") € Ma), whence h(b) € a° (since m) is a unit in N), that is, 
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bea“. This proves (a); and (b) follows from (a) and from the meaning 
of the expression “M is prime to a.” 

We now prove (c). If a’ is an ideal in Ry, any element x’ of a’ may 
be written in the form x’ = h(x)/h(m) (x e R, m e M). We thus have 
h(x) ea’, xe a’, and x’ € a’; thus a’ C a’, Since the reverse inclu- 
sion is trivial (cf. (2) of § 8), (c)is proved. Then (d) follows immediately 
from (c) and from the discussion given in § 8, by taking into account the 
trivial fact that the set of all ideals in Ra, is closed under all ideal theoretic 
operations. 

CorROLLaRY I. Jf R ts noetherian, so is Ry. 

We may use the 1-1 mapping defined in (d) and the maximum condi- 
tion. Or we may use (c) and the finite basis property. 

CoROLLARY 2. We have o° # Ry if and only if a M = D. 

We notice that a° = Ry is equivalent to 1 € a“, and we use (a). 

We now study the behavior of prime and primary ideals of R under 
extension. 

THEOREM 16. Let q be a primary ideal of R disjoint from M, and let p 
be its (prime) radical. Then: 


(a) p is disjoint from M, p and q are contracted ideals, and both contain 
the kernel n of h. 
(b) qe is primary, and p' is its associated prime. 


Proor. If x is any element of p then some power of x belongs to q, 
while if x is an element of M then any power of x belongs to M. This 
shows that if q is disjoint from M then also p must be disjoint from M. 
The disjointness of p and M implies that M is prime to both p and q, 
and thus the second assertion of (a) follows from Theorem 15, (b). The 
last assertion of (a) is an obvious consequence of the second assertion. 
As for (b) we first notice that p“ is contained in the radical of q. (8), § 8]. 
Let now x’, y’ be elements of R such that x’ ¢ p° and æ y S qe. We 
may write x’ = h(x)/h(m) (x & p, me M), y = h(y)/h(m') (y e R, m' e M), 
&. y = Hz) iim“) (z € q, m” e M), and we have h(xym" — mm'z) = 0. 
This means that there exists an element m, in M such that 
m,(xym" — mm z) = 0; thus miæym is an element of q. Since M is 
disjoint from p and x ¢ p we have m xm” ¢ p, whence y € q and y’ e q-. 
In the special case q = p, this shows that p° is prime. In the general 
case, the conditions characterizing a primary ideal and its prime radical 
are fulfilled, and (b) is proved. 

COROLLARY 1. The mapping p p' is a 1-1 mapping of the set of all 
contracted prime ideals in R (or equivalently: the set of all prime ideals in 
R which are disjoint from M) onto the set of all prime ideals in Ry. 
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This follows from Theorem 16 and from the following remark : 
Every (ideal and in particular every) prime ideal p’ in Ry is the exten- 
sion of its contraction (Theorem 15. (e)), and the contraction of a prime 
ideal is a prime ideal (§ 8, p. 220). 

COROLLARY 2. Given a contracted prime ideal p of R, the mapping 
q —> q° is a 1-1 mapping of the set of all ideals in R which are primary for 
p onto the set of all ideals in Ry, which are primary for pe, and this mapping 
is an isomorphism for the operations: and f. 

The first assertion follows from Theorem 16 as in Corollary 1. As 
to the second assertion, it is sufficient to observe that if q} and q, are 
primary for p, so are qi N qa and q;:q (except in the trivial case q} C q}, 
where qi: qa = R; in that case we also have q C q, and qi: q 
= Ry = R’). 

We now study the behavior of primary representations under 
extension. 

THEOREM 17. Let a be an ideal of R admitting an irredundant primary 


representation a= 6 q; Suppose that, for I Si Sr, we have 
NM = O, and that, core 1 <j <n, we have q, NM . Then 


af = n q. is an irredundant primary representation of a°, and we have 


ar = 1 q, that is, a: is the intersection of those primary components of 
a which 275 disjoint from M. 

Proof. That the ideal a‘ is contained in a’ = A q, follows from 
formula (5), §8. Conversely, by Theorem 15, (d), any element x’ of a’ 
may be written in the form x’ = h(x)/A(m) with x e N q;, since the q; 
are contracted ideals for 1 < í < r. On the other fan, since M is 
closed under multiplication, there exists an element m’ in MN ( a) q i) 
We then have m’x ea, and x’ = h(m'x)/h(m'm) € a°. This howe that 
at = a’ and proves the assertion about e since the representation A a. 


is obviously irredundant, by contraction. The assertion about a“ also 
follows by contraction. 
We terminate this section by giving the structure of the kernel n of 
the canonical homomorphism A of R into Ry, in the noetherian case. 
THEOREM 18. Let R be a noetherian ring, M a multiplicative system in 
R. The following ideals are equal: 
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1) The kernel n of the canonical homomorphism of R into Ry, (that is, 
the set of all elements x in R for which there exists an element min M such 
that mx = 0). 

2) The intersection n- of all primary ideals in R which are disjoint 
from M. 

3) The intersection n” of all primary components of (0) in R which are 
disjoint from M. 

PROOF. The inclusion n C n’ follows from Theorem 16, (a). The 
inclusion n’ C n” is obvious. Now, since M is closed under multi- 
plication, there exists an element in M which belongs to all the primary 
components of (0) which meet M. If m is such an element then we 
have, for any x in n”, mx = 0. This shows that n“ Cn. Q.E.D. 

We now add some properties of transitivity and permutability. Let 
M and M' be two multiplicative systems in a ring R such that M C M', 
and let , k’ denote the canonical homomorphisms of R into R and R- 
respectively. Since k’ is such that all the elements of (M) are units, 
there exists a homomorphism Å of R,, into Ry, such that A’ = hh (§ 9, 
Theorem 14). We notice: (a) that A(M’) is a multiplicative system in 
Ry; (b) that the kernel of I is the set of all elements of the form 
h(x)/h(m) (m e M) such that mx = 0 for some m’ in M’, that is, the 
kernel is the set of all x’ in Ry such that y’x’ = 0 for some y’ in MM); 
(c) that all elements of I )) (= h'(M')) are units and (d) that every 
element of Ru. may be written in the form A(x')/h(y’) (* € R, 
y’ €h(M')). From this we conclude (cf. characterization of quotient 
rings, § 9) that Ry, is isomorphic to the quotient ring (RM. and 
furthermore, that if V denotes the canonical homomorphism of Ry, into 
(R) then there exists an isomorphism f of (RO onto Rm such 
thath= . We have k = hu. and from preceding remarks concerning 
the transitivity of successive extensions (§ 8, p. 220) we draw at once the 
following consequence: if we denote by superscripts e and e’ extensions 
of ideals in R relative to Ry, and Ry. respectively and by £ extensions of 
ideals in R relative to (RIA), then for any ideal a in R the ideal a- 
of Ry corresponds to (a“) under the isomorphism f. Note that every 
ideal in Ray is an extended ideal of an ideal a of R and that consequently 
the above conclusion a“ = (()) describes fully the (1-1) correspond- 
ence which the isomorphism f induces between the ideals in Ry. and 
the ideals in (R ACA ·) 

Let M be a mulciplicative system in & and let a be an ideal of R 
which has no elements in common with M. We consider now the residue 
class ring R/a of R and we denote by f, F, and à the canonical homo- 
morphisms of R onto R/a, of Ray onto R and of R into Ry, respec: 
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tively. Since aC a“, A defines, by passage to the residue classes, a 
homomorphism Å of R/ a into R/ ae which satisfies the relation kf’ = fh. 
The set f(M) (=(M + a) /a) is obviously closed under multiplication, 
and since we have assumed that M Na = O it is clear that the zero of 
R/a does not belong to (M). Hence (M) is a multiplicative system 
in R/a. We shall now show that the ring R,,/a* and the homomorphism 
h of R/a into R,,/a° satisfy the three conditions which characterize, to 
within “essential uniqueness,” the quotient ring (R / a) and the 
canonical homomorphism h’ of R/a into that quotient ring (these condi- 
tions were stated in § 9, p. 222). In the first place, the kernel of f’ is 
a‘, whence the kernel of Af’ is the inverse image of a° under A; that is, 
the kernel of Af’ is ace. Since hf’ = fh it follows that the kernel of A 
is aec / a. Now, let & be any element of R/a and let x be a representative 
of žin R. Then ž belongs to the kernel of the above canonical homo- 
morphism Å if and only if n = O for some element m in f(M)—-that is, 
if and only if xm € a for some m in M, whence—finally—if and only if 
x S a“ (Theorem 15, (a)), that is, if and only if & a. We have thus 
proved that Å and the canonical homomorphism I have the same kernel. 
The image A(f(M)) of f(M) in Rufa: consists of units, for we have 
(M)) = f'(h(M)) and h(M) consists of units. Finally, it is obvious 
that every element of Nſae can be written in the form h(x)/h(m), where 
r SE R/a and me (M) (= (M + a /a). We have therefore shown the 
permutability of residue class ring and quotient ring formation: 


(1) Rul% = (N/a) a. (MMa = 9) 


and also the existence of a particular isomorphism (1), say , such that 
hus = h', where—we repeat—h is the homomorphism of R/a into R,,/a° 
defined by the canonical homomorphism A of R into R, while h’ is the 
canonical homomorphism of R/ a into the quotient ring (R/ a) /- 


§ 11. Examples and applications of quotient rings. The most 
important examples of multiplicative systems, and hence of quotient 
rings, are the following: 

1) M is the comp.ement, in R, of a prime ideal p of R. This ex- 
ample will be discussed in more detail in this section. 

2) M is the complement of a union U p; of prime ideals in R. Then, 
in Ry, the units are the elements of the complement of U p,“. When 
the union U p; is finite, we may suppose that p; C p, for i & j, for we 
may delete p; if p; C p, without altering M. We then have p C p 
for i 4 j, the ideals p, are maximal ideals of R, and they are the only 
maximal ideals of Ry since every element of the complement of U p, 
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is a unit in R. A particular case is the one where R is noetherian and 
where the p; are the associated prime ideals of (0); in that case M is the 
set of regular elements of R (§ 6, Theorem 11, Corollary 3), and Ra, is 
the total quotient ring of R. 

3) M is the set of all powers of a non-nilpotent element a of R. 

4) M is the set of all elements of a subring S of R which are not con- 
tained in some prime ideal p of R. In particular, in a polynomial ring 
F[X,, < „A, ] over a field, one may take for M the set of all non-zero 
polynomials in the first r indeterminates (r < n). 

5) M is the set of all elements x such that x = 1 (mod. a), where a Is 
an ideal in R, distinct from R. 

We now discuss in more detail the case where M is the complement of 
a prime ideal p in R. In this case the quotient ring Ry is called the 
quotient ring of R with respect to the prime ideal p and is denoted by R, 
(since p is not a multiplicative system, as it contains 0, no confusion can 
result from the seemingly contradictory notations Ry, R, when M is 
the complement of p). Because of the importance of this case, we give 
a partial summary of Theorems 15, 16, 17 and 18 (and their corollaries) 
for this particular case. 

THEOREM 19. Let p be a prime ideal in a ring R. If a is an ideal in R, 
its extension a‘ is distinct from R, if and only if a is contained in p. The 
mapping a —> a° establishes a 1-1 correspondence between the set of prime 
(primary) ideals of R contained in p, and the set of all prime (primary) 
ideals in R, The ideal pe is a maximal ideal in Ri, and contains every 
non-unit in R,, as well as every proper ideal in R,. If a is an ideal in R 
which is a finite intersection of primary ideals, then a“ is the intersection 
of those primary components of a which are contained in p- If R is 
noetherian, the kernel n of the canonical homomorphism of R into R, is the 
intersection of all primary components of (0) (or of all primary ideals 
in R) which are contained in y. 

The assertion that pe is the greatest proper ideal of R, follows from 
what has been said in example 2) above, or from the fact that p is the 
greatest proper contracted ideal (first assertion of Theorem 19). 

The most important property of R, is that its non- units form an ideal. 
This property is not generally true in arbitrary rings (e.g., it is not true 
in the ring of integers). Rings which have the above property and are 
noetherian are called local rings and will be studied in chapter VIII. 
Local rings are of importance in the study of the geometry on an 
algebraic variety in the neighborhood of a point—in other words, in 
the study of the local properties of a variety. 

If p is a prime ideal in R, the passage to the quotient ring R, has the 
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effect, we may say, of converting p into a maximal ideal p°. We may 
also say that any prime ideal, or indeed any ideal a in R, which is not 
contained in p is obliterated, or lost, in R, since then a° = Ry. Since 
it is sometimes easier to prove a theorem for a maximal ideal than for 
an arbitrary prime ideal—for example, every ideal which has a maximal |. 
ideal as radical is primary (III, § 9, Theorem 13, Corollary 1), but this 
is not generally true for ideals with prime radical (see III, § 9, p. 154)— 
the technique of passage to a quotient ring may sometimes be used for 
getting simple proofs. Let us give an example: 

THEOREM 20. Let R be a noetherian ring and p a prime ideal in R. 
The intersection a of all ideals in R which are primary for » is equal to 
the intersection b of those primary components of (0) which are contained 
in p. 

PROOF. By Krull's theorem (§ 7, Theorem 12, Corollary 2) we have 


n (p°) = (0) in R.. On the other hand, the ideals (pe) are primary 


for p°, and every ideal in R, which is primary for p” contains some 
power (p*)". Thus, since contraction maps the set of all primary ideals 
for p° onto the set of all primary ideals for p (Theorem 19) and preserves 
intersections (finite and infinite), the intersection of all ideals of R which 
are primary for p is (O), that is, the kernel of the canonical homomor- 
phism of R into R. By Theorem 19, this kernel is the ideal b. Q.E.D. 

COROLLARY. In a noetherian domain, the intersection of all primary 
ideals belonging to a given prime ideal p is (0). 

REMARK. In the proof of the above theorem (and hence also of its 
corollary) we have made use of Theorem 12 (Krull’s theorem). It is of 
interest to point out that Corollary 1 of Theorem 12 (to the effect that 
(N m” = (0) if R is a noetherian domain) can be derived from the above 


n 

corollary of Theorem 20, as follows: since every ideal m is contained in 
some prime ideal, it is sufficient to prove the required relation 
() m” = (0) under the assumption that m is a prime ideal, and for 
A 


prime ideals m this relation follows directly from the above corollary of 
Theorem 20 since every primary ideal belonging to m contains some 
power of m. In the case of an arbitrary noetherian ring, this reasoning 
shows that the intersection of the powers of a prime ideal p is contained 
in the intersection of all primary ideals belonging to p (and is equal to it 
when p is maximal). This is confirmed by a comparison between the 
corollary of Theorem 13 and Theorem 20: the first intersection is the 
intersection of those primary components q; of (0) the radical p; of which 
satisfies the relation p; + p * R; the second is the intersection of those 
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primary components a, of (0) the radical p, of which satisfies the relation 
p. Cp; and p, Cp implies p, + p = p * R, showing that the first 
intersection is contained in the second. In the case where p is maximal, 
the relations p; C p and p; + p R are equivalent, and the two inter- 
sections are equal. 

We may use Theorem 20 in order to shed some light on the question 
of primary representation in noetherian rings. We first prove 

THEOREM 21. Let R be a noetherian ring, and let pi, , p, be prime 
ideals of R none of which is an isolated prime ideal of (0) (in a domain they 
may thus be arbitrary proper prime ideals). There exists an ideal ain R 
whose associated prime ideals are exactly the given ideals pi, Po, „ Pa 

PROOF. We proceed by. induction on n, the case n = 1 being trivial 
(take a = pi). We may suppose that p, is maximal among the given 
ideals. We thus suppose the existence of an ideal b, with irredundant 


n=l 
primary representation b = q, q; belonging to p,. The intersection 
næ | 


of all primary ideals in R belonging to p, cannot contain b, for otherwise 
b would be contained in some isolated prime ideal p of (0) (Theorem 20), 
and this would imply that p coincides with some p, (I < i < n — I), in 
contradiction with our hypothesis on the p;. Thus there exists a 


primary ideal q, belonging to p, such that a = f] q; = b N q, is distinct 
i=l 
from b. It remains to prove the irredundance of the primary repre- 


n 
sentation a = J a,. It follows from the construction that q, does not 
i= | 


contain the intersection of the other q;; and if, for example, q, contained 

Qn q; it would contain Ne j (since q, is not contained in p, by the 
l hypothesis én»); and this contradicts the irredundance of 
the representation b = A q; Q.E.D. 


In particular, Theorem 21 shows the existence of ideals a in R admit- 
ting imbedded components, provided, of course, that R contains two 
distinct prime ideals, which are not isolated prime ideals of (0), and such 
that one of them is contained in the other. In the case of a domain R, 
this last proviso means that the proper prime ideals of R are not all 
maximal. This proviso is not fulfilled, and imbedded components are 
not to be expected, in the ring of integers, the rings of algebraic integers 
and the polynomial rings in one indeterminate over fields; on the other 
hand it is fulfilled, and imbedded components exist, in polynomial rings 
in several indeterminates. 
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We have proved (§ 5, Theorem 8) that the isolated components of an 
ideal a are uniquely determined. This is not true of the imbedded 
components of a, which are never unique, and are even capable of 
infinite variation. More precisely: 

THEOREM 22. If an ideal a in a noetherian ring R has an imbedded 
prime ideal y, it has infinitely many irredundant primary representations 
which differ only in the primary component belonging to p. 

PROOF. By hypothesis, there exists an associated prime ideal v of a 
strictly contained in p. It is ther enough to prove the following state- 
ment: 

LEMMA. Given primary ideals u and q in a noetherian ring R, which 
belong to prime ideals v and y such that v < p R, there exists an ideal 
q', primary for p, and such that q' < q, Nu Qu. 

PROOF OF LEMMA. By passage to R/q Mu, we may suppose that 
q Nu = (0) (see Remark at the end of §5, p. 213). Then the inter- 
section of all primary ideals belonging to p is (0) (Theorem 20). Since 
q is not contained in v, we have q & (U) and there exists an ideal q” 
primary for p such that q” D q. If we now set q’ = q N q”, we will have 
q’ < q and since q“ is primary for p, the lemma is proved. 

REMARK. In §10 we have formulated a transitivity property’ uf 
quotient ring formation (see p. 226). In the special case of quotient 
rings with respect to prime ideals the following slightly different 
formulation of the transitivity property is more useful: 

Let M be a multiplicative system in R and let p' be a prime ideal of R 
which is disjoint from M. If e denotes extension of ideals of R to R, then 
the two quotient rings R, and (R) pe are isomorphic. 

This statement is not identical with our original formulation of the 
transitivity property which asserts that if we set M’ = R — p' and if h 
denotes the canonical homomorphism of R into Ry then the two rings 
R, and (R) ) are isomorphic. However, the two multiplicative 
systems U) and Ry, - p“, although not identical, are related to each 
other as follows: (1) H“) C Ry, — p', since p' and M are disjoint and 
since therefore p'“ = p' (§ 10, Theorem 16, (a)); (2) every element of 
Ry — y" is the product of an element of A) and a unit in Ry (of the 
form l / Am), me M). It follows, by the Remark at the end of §9 
(p. 222), that (N) Un) and (R) r; are identical, whence also R, and 
(Rm)pe are isomorphic, as asserted. 

In particular, if M = R — p, where p is a prime ideal of R, then the 
assumption that M and p' are disjoint signifies that p' C p. In that 
case, then, the two quotient rings R, and (R,),-e are isomorphic. 
Furthermore, if e denotes extension of ideals of R with respect to R,,, 
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then for any ideal a in R the ideal a“ in R, corresponds to the extension 
of ae in (R, )p 


§ 12. Symbolic powers. Given a ring R and a primary ideal q in 
R, the n-th power q” of q need not be primary (see III, § 9, p. 154). We 
can however associate with q” a certain primary ideal: 

DEFINITION. Let R be a ring with identity, p a prime ideal in R ( R), 
q a primary ideal belonging to p, and n a positive integer. The ideal 
(q")* (extension and contraction being made with respect to the quotient 
ring R,) is called the n-th symbolic power of q and is denoted by q. 

The properties of symbolic powers are summarized in the following 
theorem: 

THEOREM 23. Let q be a primary ideal belonging to y. 

1) The symbolic power qi) ıs a primary ideal belonging to p, it is the set 
of all elements x in R for which there exists d ¢ p such that dx € q". If q” 
is primary (in particular, if p is maximal) then q™ = q". 

2) If q” ts a finite intersection of primary ideals, then y is its only isolated 
prime ideal, and q is the corresponding primary component. 

3) If p has a finite basis, then every primary ideal belonging to p con- 


tains some symbolic power of p. When R is noetherian, fal po is the inter- 

section of those primary components of (0) which are donani i in p. When 

R is a noetherian domain, we have ñ p( = (0), and the p™ form a strictly 
n=l 


decreasing sequence of ideals. 

4) When R is noetherian, p is the only isolated prime ideal of qi. q™, 
and the corresponding primary component is q("t™, 

PROOF OF 1). The first assertion follows from the fact that qe is 
primary for the maximal ideal p* in R and that consequently also 
(q")* (= (qe) n) is primary for p° in R. ‘The second assertion is a special 
case of Theorem 15, (a) (§ 10), and the third follows from the second. 

PROOF OF 2). This is a special case of Theorem 17 (§ 10). 

PROOF OF 3). If p has a finite basis, every primary ideal q belonging 
to p contains some power p”. Hence, if x e p and if d ¢ p is such that 
dx € p” (such an element d exists, by 1)), then dx € q, whence x € q since 
q is primary for p, and thus po C q. The second assertion follows 
from the first and from Theorem 20 (§ 11), and the third assertion fol- 
lows from the second (cf. the Remark following Corollary 1 to Theorem 
12 in § 7). 

PROOF OF 4). Since p is obviously the radical of q. qe, p is the 
only isolated prime ideal of q-. qi) (Theorem 10, § 6). Using the 
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characterization of an irredundant decomposition of a“ in terms of that 
of a, given in Theorem 19 in § 11 we see that in order to compiete the 
proof of 4) we have only to show that (qe. q(™))* = (qe. But this 
is obvious, since qe = (q (the extended ideal (q-) e being also the 
extension of its contraction q™), qe = (q”)*, whence (aq. qe = 
(que. 

REMARK. We may define more generally the symbolic powers a™ of 
an ideal a which admits a primary representation without imbedded 
components. Instead of the quotient ring R, we consider then the 
quotient ring R, where M is the complement of the union of the asso- 
ciated prime ideals of a and we set a) = (ar). The ideal a” is the 
set of all elements x in R for which there exists an element m in M such 
that mx €e a”. The ideal a‘ has the same associated prime ideals as 
a; all these prime ideals are isolated. 


§ 13. Length of an ideal. In III, § 11 (whose content is an essen- 
tial prerequisite for the reading of this section) we have defined the 
length t of a module over a ring R; this length may be finite or infinite. 
Since an ideal a of R is an R-module, its length Ma) is defined, but this 
notion has no great interest since a) is infinite in many interesting 
cases (for example, i(a) is infinite if a is a proper ideal containing a 
regular element x, for a > Rx > Rx? > Rx? Y is then an infinite 
strictly descending chain). A more reasonable definition would be to 
define the length of the ideal a as being the length I(R — a) of the dif- 
ference module R — a; however this length would still be infinite in 
many important cases, for example whenever a is a prime ideal which 
is not maximal. We therefore need a more subtle definition. 

DEFINITION. Let R be a ring with identity and let a be an ideal in R 
having a primary representation without imbedded components. Denote 
by M the complement of the union of the associated prime ideals of a, and 
consider the quotient ring Ry. The length N — a) of the difference 
R-module Ry — at is called the ideal-length of the ideal a and ts denoted 
by Na). 

REMARK. We will in general use the simple word “length ” instead of 
the more precise term ideal-length. There will be no danger of con- 
fusion, since we intend always to point out the kind of length we are 
thinking of by using the expression length of the ideal a” (or length 
of a”) and the notation Xa) in one case, and the expression length of 
a considered as an R-module”’ (or “length of the R-module a”) and the 
notation a) in the other. Notice also that the length Ma) is not defined 
for ideals which do not admit primary representations, nor for ideals 
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having a primary representation with imbedded components; however 
the definition of Ma) may be extended to this latter case. 

Ihe main feature of the length Xa) is that it is finite in an important 
cuse: 

TuroreM 24. Let R be a noetherian ring, and let a be an ideal in R 
without imbedded components. Then the length Ma) of the ideal a is finite. 

PROOF. Let M be the complement of the union U p; of the asso- 
ciated prime ideals of a. As was seen in § 11, example 2) (p. 227), the 
ideals p,“ are the only maximal ideals of R,,, and, since they are the 
associated prime ideals of a“ (Theorem 17 in § 10), they are the only 
prime ideals in , which contain a° (‘Theorem 7 in §5). In other 
words, every prime ideal in the ring KA ae is maximal. On the other 
hand, this residue class ring is noetherian. ‘Thus it satisfies both chain 
conditions (‘Theorem 2 in § 2), and admits a composition series. I'here- 
fore its length (/a), that is, the length of the difference R-module 
R, — af, is finite.“ 

The following result reduces the study of the length of an ideal to 
that of the length of a primary ideal: 

TnroxrM 25. Let R be a ring with identity and let a be an ideal in 
R having an irredundant primary representation a = Nq, without im- 
bedded components. Then we have Xa) = NN q)). 


t 

PROOF. We denote by p, the radical of q, and by A the complement 
of Up,. Let the superscripts e and c denote extension and contraction 
of ideals with respect to the pair of rings R and Rr. The length A(a) 
is equal to the length of the ring K %% ae. By HI, § I3, Theorem 32, 
Ruja is isomorphic to the direct sum of the rings % q,“, since 
a = N qt and since the associated prime ideals p, of the q,“ are 
maximal ideals in R, (see Example 2 in § 11, p. 227). Note that since 
a has no imbedded components, we have p, Fp, if i Æj). Hence 
(Ry fa) = S1CRy,/0,°), and it remains to show that 


(1) (Rula) = ACa,). 

We fix an index / and denote by superscripts e’, c’, (e“, c”) extension and 
contraction of ideals relative to the pair of rings R, Ry (Ray, (Rady) 
To prove (1) it will be sufficient to show that 

(2) Ryu © Rp /a,“ 

The permutability of quotient ring and residue class ring formation 


* Observe that the set of submodules of the R-module Ry — at coincides with 
the set of ideals of the ring Ri u', since a annihilates Ry, — a‘. 
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(§ 10, formula (1)) shows that the quotient ring (Rujat Dp eiae is isomor- 
phic to the ring (Ry) ¢/(a°)*. On the other hand, the transitivity of 
quotient ring formation (see Remark at the end of § 11, p. 231) shows 
that (NR) ve is isomorphic with Ry and that in the isomorphism between 
these two rings the two ideals (a°) and q, (= a”) correspond to each 
other. Hence 

(3) (X/ ae) eae = R, /a,“ 

Now, the kernel of the canonical homomorphism of the ring Rae 
into its quotient ring (Nx / ae) ejac is q, /a (see § 10, Theorem 18; note 
that N q, /a is an irredundant primary representation of the zero ideal 
in R,,/a* and that this representation has no imbedded components), and 
(Rz / ac) / (a, / ae) is a ring in which the non-units form an ideal—namely, 
the ideal (p, /ae) / (a. / ae). Hence the quotient ring (N/a) /a coincides 
with the canonical map (R/ ae) / (a, /a) of Rufat into that quotient ring. 


Hence 
(Naa) ehe (Ra-) / (q. /a) & RAI a, 


and this, in conjunction with (3), establishes (2). 
COROLLARY. Let a be an ideal in a ring R, admitting an irredundant 
primary representation a = J q, without imbedded components. For the 


length Ma) of the ideal a to be finite, it is necessary and sufficient that each 
length X(q,) be finite. 

We now characterize the length of a primary ideal q. 

THEOREM 26. Let q be a primary ideal belonging to a prime ideal p in a 
ring R. Considera strictly descending chain p qi > qa > 4, = 9 
of primary ideals belonging to p which join y to q. The number r of terms 
in such a chain satisfies the inequality r < (a), where Aq) ts the length of 
the ideal q. If the length M) is finite, there exists such a chain with M) 
terms, and every other chain may be refined to a chain having exactly Ma) 
terms. 

PROOF. Since p' is a maximal ideal in R,, every proper ideal in R, 
which contains qe is a primary ideal belonging to p°. On the other hand 
there is a 1-1 correspondence between the set of primary ideals belong- 
ing to p which contain q, and the set of primary ideals belonging to p- 
which contain q- (Theorem 16, Corollary 2, § 10). The theorem 
follows now from Jordan’s theorem (III, § II, Theorem 19) as applied 
to the module R, — qe. 

REMARKS. I) Note that a composition series in R, — q” has one more 
term than the corresponding chain of prirnary ideals, viz. R, — 4° 
itself. Thus 7 is. in this case, Ma) and not M) — 1. 2) When p is not 
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a maximal ideal, an ideal between p and q is not necessarily primary for 
p. Thus A(q) is not related to the lengths KR — q) and (p — q) of the 
difference modules R — q and p — q (the latter ones being, in general, 
infinite). 

COROLLARY. If qis a primary ideal in a ring R and if M is a multi- 
plicative system disjoint from q in R, then X(q) = Me) (a° © Ry). 

We apply Theorem 16 of § 10. 

THEOREM 27. Let a be an ideal in a ring R such that the difference 
module R — a has a finite length XR — a). Then a admits a primary 
decomposition without imbedded components, and the length Ma) of the 
ideal a is finite and equal to (R — a). 

PROOF. By Theorem 2.(§ 2) the ring R/ a is noetherian, and every 
prime ideal of this ring is maximal. This gives us a primary repre- 
sentation without imbedded components for (0) in R/a, whence for a in 
R (see Remark at the end of §5, p. 213). Since the associated prime 
ideals of a are maximal, the ring R/ a is its own quotient ring (R/a),,-, 
where MH is the complement of the union of the associated prime ideals 
of (O) in R/a (that is, M“ is the set of all units in R/a). By the per- 
mutability of quotient ring and residue class ring formations (§ 10, 
formula 1), (x / a), is isomorphic to R / ae, where M denotes the com- 
plement of the union of the associated prime ideals of ain R. There- 
fore, R/a is isomorphic to R/ / ae, and our theorem is proved. 

Corouiary. If Ris a ring of finite length (R) and if a is an ideal in R, 
the length Xa) of the ideal a is defined and finite, and it satisfies the relation 
Ma) + f(a) = (R). 

REMARKS. 1) The permutability of quotient ring and residue class 
ring formations shows in general (as has been seen in several particular 
cases) that the length A(a) of an ideal a is a property of the residue class 
ring R / a: more precisely A(a) is equal to the length of the ideal (0) in R/ a. 

2) If two ideals a and b in R, admitting primary representations with- 
out imbedded components, have the same associated prime ideals and 
satisfy the relations a C b and A(a) = A(b), then they are equal (notice 
that they are both contracted ideals of ideals in Ry, M denoting the 
complement of the union of the associated prime ideals of a (or b)). 

In computing the length of an ideal, one has to know when a des- 
cending chain of ideals (or of primary ideals) admits of further insertions. 
The following theorem and its corollaries shed some light on this 
question: 

THEOREM 28. Let R be a ring with identity and let N be a unitary R- 
module x (0). For N to be simple it is necessary and sufficient that it be 
generated by one element (that ts, that N be cyclic) and that there exist a 
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maximal ideal y in R such that yN = (O). Then y is the order of N, and 
N is R-tsomorphic to the R-module R — y. 

PROOF. If N is simple, we have Rx = N for every x * O in N (since 
Rx is a submodule of N); thus N is cyclic. Now, we notice that every 
cyclic module Rx is isomorphic to an R-module of the form R — a, 
where a is an ideal of R: in fact the mapping a -> ax (a € R) is a homo- 
morphism of the R-module R onto N, and we may take for a the kernel 
of this homomorphism. We also notice that, since R is commutative, 
a is the order of N. The submodules of R — a correspond to the 
ideals of R which contain a; thus R — a is simple if and only if a is a 
maximal ideal. ‘This proves the theorem. 

COROLLARY I. Let a and b be ideals in R such that b < a. A necessary 
and sufficient condition that there exist no ideal between a and b is that there 
exists a maximal ideal y in R and an element x in a such that pa C b and 
a = b + Rx. When this condition is satisfied, b is contained in p. 

The first assertion follows from Theorem 28 as applied to the KR- 
module a — b. If b Cp, the maximality of p implies R = p + b, 
thus a = Ra = ba + pa C b, a contradiction. 

COROLLARY 2. Let q, q“ be two primary ideals belonging to a maximal 
ideal y and such that q < q’. A necessary and sufficient condition that 
there be no ideal between q and q' is that pq C q, and that there exist x in 
q such that q = q + Rx. 


§ 14. Prime ideals in noetherian rings. Since every ideal in a 
noetherian ring admits a finite basis, we can roughly measure how large 
an ideal a is by the number of elements required for constituting a basis 
of a; in this sense the principal ideals are “small.” We intend to give, 
in this section, a more precise meaning to this vague idea, at least for 
prime ideals. A first step in this direction is the remark that if a prin- 
cipal ideal m = Rx in a noetherian domain is prime and is different 
from R, it contains no other proper prime ideal; for if a prime ideal 
p x (0) is such that p < Rx, then we have p = xa, where a is a proper 
ideal, whence a = p (since p is prime and x ¢ p), and this leads to the 
contradiction p = xp = x?p = C f) mi = (0) (see § 7, Theorem 


12, Corollary 1). 

We note that the above contradiction remains if we drop the assump- 
tion that R is noetherian but assume instead that R is a unique factoriza- 
tion domain. For in that case the relations p = x'p, for all i, imply that 
any element of p is divisible by any power of x, and this is impossible if 
p æ (0) and x is not a unit. 

The next theorem is a far-reaching generalization of this fact. 
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DEFINITION. In an integral domain a prime ideal is said to be minimal 
if it is proper and if it contains properly no prime ideal other than (O). 

As just remarked, in a noetherian domain every prime principal ideal, 
different from the unit ideal, is minimal. In a unique factorization 
domain all minimal prime ideals are principal and are the ones generated by 
irreducible elements. For, as was shown in III, § 8 (p. 149), in a unique 
factorization domain a proper principal ideal is prime if and only if it is 
generated by an irreducible element, and we have just seen that in a 
unique factorization domain every prime proper principal ideal is mini- 
mal; on the other hand, it is clear that in a unique factorization domain 
every prime ideal a, different from the unit ideal, contains irreducible 
elements. (Take a non- unit x in a and factor it into irreducible factors.) 
It is not at all obvious that there exist minimal prime ideals in a given 
domain, and in fact they may fail to exist in some non-noetherian 
domains. However, the following theorem proves their existence and 
elucidates their nature in the case of a noetherian domain: 

"THEOREM 29 (“ PRINCIPAL IDEAL THEOREM”). In a noetherian domain 
R every isolated prime ideal y of a proper principal ideal Ra ts a minimal 
prime ideal. Conversely, every minimal prime ideal y in R is an isolated 
prime ideal of some proper principal ideal Ra. 

PROOF. ‘lhe second assertion follows from the characterization of 
the isolated prime ideals of an ideal (Theorem 7, § 5): it suffices to take 
for a any non-zero element of p. We now pass to the less trivial first 
assertion. By passage to the quotient ring R, (Theorem 19, § 11) we 
may suppose that p is a maximal ideal, and that every element outside of 
p is a unit in R. Suppose there exists a proper prime ideal v in R such 
that v < p. We consider the infinite strictly decreasing sequence 
4, > da > 43 > of primary ideals belonging to v, where we have 
set q, = v™ (cf. Theorem 23 of §12). Then the sequence (q, + Ra) 
is a decreasing sequence of ideals containing Ra. But since the unique 
maximal ideal p of R is an isolated prime ideal of Ra, Ra is a primary 
ideal belonging to p, and p is the only prime ideal containing Ra; in 
other words, R/Ra is a primary ring (§ 3), and it therefore satisfies 
the descending chain condition (Theorem 2 of § 2). Therefore there 
exists an index n such that q, + Ra = 4,,,; + Ra 

In particular we have q, C i + Ra, and every element x of q, may 
be written in the form x = y + sa, with y e i and 2 R. We have 
then za = x e q, and on the other hand, since VRa = p and since 
v < p, the element a cannot belong to the radical v of q,. It follows 
that z € q, and q, C 4,4; + ,. Since the inverse inclusion is obvious, 
we have; 
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(1) An = Unga + Ana. 

At this point we pass to the residue class ring R = RI, we denote 
by a’ the residue class of a, and by a“ the ideal q,/¢,,, (which is * (O)). 
The equality (1) gives q’ = da. Using one of the lemmas preceding 
Krull’s theorem (Lemma 2 of § 7), we see that there exists an element 
x’ in R’ such that (1 — x’a’)q’ = (0). But by the hypothesis on R, R 
admits a unique maximal ideal, and a’ belongs to that ideal; thus 
1 — x'a' is a unit in R’, and we have q. = (0)--a contradiction. 

REMARK. The last part of the proof (after equality (1)) avoids the 
determinant calculation, which is customary at this point. ‘The latter 
method is as follows. If {x,, -< , x,} is a finite basis of q,, equality (1) 


implies the existence of elements y, in 4,,, and ,, in R such 
5 


in other words: 


that, for every i, we have x, = y, + N48, x,; 
j= 


> (8;; — @z;;)x;€ 4,4, for every i. If we denote by d the deter- 
j=l 


minant ,, — az;, |, the classical computation leading to Cramer’s rule 
shows that we have dx, E q,,, for every j, that is, dq, C q,,,. But the 
development of d shows that d is an element of the form 1 — ba (b € R), 
that is, a unit in R. Thus q, C qa 1, a contradiction. N 

CorROLLaRY I. In a noetherian domain every proper prime ideal p con- 
tains a minimal prime ideal. 

In fact, we take a non-zero element x in p and we observe that some 
isolated prime ideal of Rx will be contained in p, by ‘Theorem 7 of § 5. 

COROLLARY 2. Let R be a noetherian ring (not necessarily a domain) 
and let Ra be a principal ideal in R, distinct from R. If y is an isolated 
prime ideal of Ra, there cannot exist two prime ideals p' and y” such that 
p“ <p’ <p. Any prime ideal strictly contained in y is an isolated prime 
ideal of (0). 

Suppose two such prime ideals p’ and p” exist. By passage to K /p“, 
we may suppose that p” = (0) and that R is a domain. ‘This contradicts 
Theorem 29. The second assertion follows from the first, if one bears 
in mind the fact that every prime ideal in R contains an isolated prime 
ideal of (0). 

In connection with Theorem 29, we observe that the imbedded prime 
ideals of a principal ideal are certainly not minimal. ‘hat imbedded 
prime ideals can occur for a principal ideal (and even for all proper prin- 
cipal ideals in a suitable domain) may be shown by examples. We will 
prove in chapter V that in an important class of noetherian domains (the 
so-called “integrally closed” domains) every proper principal ideal has 
only isolated components. 
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Having proved the existence of minimal prime ideals in noetherian 
domains, we may inquire about the possibility of proving the stronger 
statement that the prime ideals satisfy the descending chain condition. 
We shall even prove a stronger result (see the corollary to Theorem 30 
below). 


DEFINITION. Let R be an arbitrary ring with identity. A prime 
ideal p Æ R is said to have height h (respectively, depth d) if there 
exists at least one chain py < pi < Pah-ı L Pr = P (respectively, 

= Py < Py L `° KP, < Po < R) where the y; are prime ideals, and 
there exists no such chain with more than h + 1 (respectively, d + 1) 
ideals. We denote the height (respectively, depth) of a prime ideal p by 
h(p) (respectively d v)). 

We point out that in the definition of the height, p, = (0) is allowed 
(provided, of course, that this ideal is prime), whereas in the definition 
of the depth, pọ = R is not allowed. The prime ideals of depth O are 
the maximal ideals. The prime ideals of height 0 are the prime ideals 
which do not contain properly any other prime ideal: in a noetherian 
ring they are the isolated prime ideals of (0) (Theorem 7 of § 5), while 
in a domain (0) is the only prime ideal of height 0. Another way of 
stating the principal ideal theorem, or rather its second corollary 
(Corollary 2 to Theorem 29), is to say that in a noetherian ring the iso- 
lated prime ideals of principal ideals (other than R) have height 0 or 1, 
and that in a noetherian domain the isolated prime ideals of proper 
principal ideals have height 1. If p and p' are prime ideals such that 
p' < p, we have h(p’) < h(p) and d(p’) > dp). If, for a given prime 
ideal p, there exist chains of prime ideals po < pi < Pha <P 
with arbitrary large h, p is said to have infinite height; and similarly for 
prime ideals of infinite depth. 


THEOREM 30. Let a be an ideal distinct from R in a noetherian ring R. 
If a has a basis of r elements, then every isolated prime ideal p of a satisfies 
the inequality h(p) < r (that is, p has height at most r). 

We first prove a lemma: 


LEMMA. Let pp > P> p, be a chain of prime ideale in a 
noetherian ring R, and let (v,) be a finite family of prime ideals 
in R, none of which contains po- Then there exists a chain 
po > V> °° > p' 1 Py Of prime ideals in R, with the same end 
terms and the same number of terms as the given one, and such that no 
p',(1 <j <m I) is contained in any v, 

PROOF. By repeated applications, it suffices to prove the lemma in 
the case m = 2; py pi pz. Since no v, contains po, the union 
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p,U [J v; cannot contain po (see the remark following Corollary 3 to 


t 

Theorem 11 of § 6). Hence there exists an element x in po which does 
not lie in any v; nor in p}, We take for p', an isolated prime ideal of 
Pa + Rx contained in po (such an ideal exists by Theorem 7 of § 5). 
Then p’, is not contained in any v,, by construction. We have p’, > p, 
since x does not lie in p}, and we also have p’, < po by the principal 
ideal theorem (Theorem 29) as applied to the principal ideal 
(pa + Rx)/p, in the ring R/ p, (observe that p,/p, is not a minimal 
prime ideal since po/pz > pi/pZz > (0)). Q.E.D. 

We now prove Theorem 30 by induction on r. For r = 0, (0) is the 
only ideal generated by 0 elements, and its isolated prime ideals are of 
height 0. Now, in the general case, let a be an ideal in R having a basis 
{xi °°: , x} with r elements, and let po be an isolated prime ideal of a. 
Consider the ideal b generated by {x,,---,x,_,}. If po is an isolated 
prime ideal of b, it has height at most r — 1 (and thus at most 7) by our 
induction hypothesis. Assume that po is not among the isolated prime 
ideals of b. Then po is not contained in any isolated prime ideal v, of b, 
and hence, if po is of height m, the lemma shows the existence of a chain 
po > pi pz 2 Pm- > Pan Of prime ideals in R such that 
p. i is not contained in any v, Since pọ is not an isolated prime ideal 
of b, p,/6 is a prime ideal of height 1 in R/ b, as it is an isolated prime 
ideal of the principal ideal generated by the b-residue of x, (Corollary 2 
to Theorem 29). Since p,/6 contains (p. 1 + b) / b and since this last 
ideal is not contained in any isolated prime ideal of (0) in R/b, (in view 
of the fact that p,,_, is not contained in any v,) p,/b is an isolated prime 
ideal of (p. 1 + b) / b (Theorem 7 of § 5). Thus po is an isolated prime 
ideal of p,,_, b, and p,/p,,_ 1 an isolated prime ideal of (b + pi) / pi 
Since, in R/p. 1, this last ideal is generated by r — 1 elements, the 
induction hypothesis shows that p,/p,,_, is a prime ideal of height at 
most r 1. We have therefore m — 1 < r — 1, that is, m < r, and 
po is a prime ideal of height at most r. Q.E.D. 


COROLLARY. In a noetherian ring every prime ideal R has finite 
height, and the prime ideals satisfy the descending chain condition. 


REMARKS. 1) A prime ideal p in a noetherian ring may very well have 
infinite depth. When that is the case, then the ascending chains of 
prime ideals starting with p, which, by the a. c. c., are all finite, have 
nevertheless lengths which are not bounded (by Theorem 30, the end- 
terms of these chains of unbounded lengths must include an infinite set 
of maximal ideals). In a noetherian ring with only a finite number of 
maximal ideals, the depth of any prime ideal is finite. 
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2) Suppose we have a prime ideal p of height h, so that we have a 
chain po < pi < Pa-ı L Vy = p Of prime ideals. Then no 
further prime ideal can be inserted in this chain, and it is easy to see that 
p, has height 1 (0 S i S h) Now suppose we have a chain 
po Tpi <L Pai < P, Of prime ideals in which no further prime 
ideals can be inserted. Then p, has height at least h, and one might 
conjecture that its height is exactly I, that is, that any ascending chain 
of prime ideals terminating with p, has at most h terms. An equivalent 
conjecture is the following: if p and p’ are prime ideals such that p < p’ 
and that there is no prime ideal between them, then their heights differ 
by unity. It has been proved recently that these conjectures are false 
for arbitrary noetherian domains.“ They can be proved to be true in an 
important class of rings, which includes the polynomial rings over fields. 

Theorem 30 shows that a prime ideal of height A can only be an iso- 
lated prime ideal of an ideal generated by not less than 4 elements. 
That it is an isolated prime ideal of an ideal generated by exactly A ele- 
ments is proved in the next theorem, which can be considered as a con- 
verse of Theorem 30. As it is much more elementary than Theorem 30, 
Theorem 30 will not be used in its proof. 

THEOREM 31. Jf p is a prime ideal of height h in a noetherian ring R, 
then there exists an ideal a in R generated by h elements and admitting p 
as an tsolated prime ideal. 

PROOF. Using induction on i we construct À elements a, , a, , a, 
of p such that for every i, every isolated prime ideal p, of Ra, + ---+ Ra; 
satisfies the condition A(p,) > i (then this height is i, by Theorem 30, 
but we shall not use this fact). The case i = 0 is trivial, and we only 
have to pass from to i + 1 for i < h. Those among the p, which are 
of height i do not contain p, so that their union does not contain p (see 
Remark following Corollary 3 to ‘theorem 11 of §6). We take for 
a,,, any element of » lying outside of this union. Then every isolated 
prime ideal v of Ra, T + Ra; + Ra, Ai contains some p, (Theorem 
7 of § 5), and when this p; is of height i, we have v > p; since a, 1 F p,; 
in any case v is of height at least 1 + 1. 

Now, Ra, 1. + Ra, being constructed, p contains some isolated 
prime ideal p' of this ideal. Since p) > k by construction, and since 
h(p) = h by hypothesis, we conclude that p = p'. Q.E.D. 


§ 15. Principal ideal rings. A principal ideal ring (PIR) is a ring 
with identity in which every ideal is principal; a princtpal ideal domain 

* M. Nagata, On the Chain Problem of Prime Ideals”, Nagoya Mathe- 
matical Journal, v. 10, pp. 51-64 (1956). 
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(PID) is a domain in which every ideal is principal, that is, a PIR without 
proper zero-divisors. Any PIR is obviously noetherian, and the FIR’s 
may be considered the simplest type of noetherian rings. Very little 
of the general theory is needed for studying this type of ring. 

Examples of PID’s are the ring of integers and the polynomial rings 
in one variable over fields. More generally, any euclidean domain R is 
a PID (cf. Lemma in I, § 15, p. 27). For, a being a proper ideal in 
R, we choose among the non-zero elements of a an element x for 
which g(x) is minimum. Then, if y €a, we write y = xq + r, with 
q, r in R and g(r) < g(x), and we see that since r(= y — xq) belongs 
to a we must have r = O, whence y € Rx. 

If R is a PIR and a a proper ideal in R, then R/a is obviously a PIR; 
this provides examples of PIR’s with zero divisors. 

We first study the PID’s. 

THEOREM 32. Let R be a principal ideal domain. Then the proper 
prime ideals in R are those generated by irreducible elements, and they are 
maximal. The ring R is a unique factorization domain. Any two non- 
zero elements a and b of R have a greatest common divisor d, and we have 
Rd = Ra + Rb. If ais a proper ideal in R, then R/a satisfies the sai 
cending chain condition. 

PROOF. We first prove the assertion about the GCD of a and b. 
Since the ideal Ra + Rb is principal, it is of the form Rd (d € R), with 
d = au + bv (u, ve R). Since a and b are in Rd, they are multiples of 
d. Conversely any common divisor uf a and b divides d = au + bv. 

We now come to the assertion concerning prime ideals in R. To say 
that a principal ideal Rp is prime is the same as saying that if p divides 
a product xy it divides one of its factors. Hence, if Rp is a proper prime 
ideal, the element p is irreducible. Conversely, if p is an irreducible 
element of R, and if p divides a product xy without dividing x, the GCD 
of x and p is 1; we thus have 1 = ux + vp (u, ve R), and y = uxy + vyp 
is a multiple of p, which proves that Rp is prime. It is also maximal, 
since every ideal properly containing Rp is of the form Rd, where d is a 
divisor of p, but p is not a divisor of d. Hence d 1s a unit. 

Let us now prove that R is a UFD (cf. I, § 14, p. 21). We have just 
seen that condition UF3 of I, § 14 is fulfilled. It thus remains to prove 
that condition UF1 of I, § 14 is also fulfilled, that is, that every element 
x x O of R is a finite product of irreducible elements. This has been 
proved in § 1, but, for the sake of completeness, we give here a somewhat 
different proof. Were UF! false, there would exist, among the ideals 
Rx such that x is not a product of irreducible elements, a maximal one, 
say Ra. Since a cannot be irreducible, it is a product be of elements b 
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and ¢ such that Ra < ‘Rb and Ra < Rc. By the maximal character of 
Ra, b and c are both finite products of irreducible elements, whence so 
is a; a contradiction. 

Notice that this argument about the validity of UF1 holds in every 
noetherian domain. 

Finally we study R/a, where a is a proper ideal of R. The ideals in 
Rſa correspond to the ideals in R which contain a. Writing a = Rx, 
the fact that R is a PID shows that these ideals correspond to the classes 
of associated divisors of x. By the unique factorization property, these 
classes are finite in number, and hence so are the ideals in R / a. Q.E.D. 


CoroLLARY I. Any UFD in which every proper prime ideal is maximal 
(and hence also minimal) is a PID, and conversely. 

The second (“converse”) part of the corollary is contained in the 
first two assertions of Theorem 32. The direct part of the corollary is 
proved as follows: 

It has already been pointed out in § 14 (p. 238) that in a UFD every 
minimal prime ideal is principal. Hence in the present case we are 
dealing with a domain R in which every prime ideal is principal. Now, 
let A be any proper ideal in R. We consider the set of all proper prin- 
cipal ideals which contain A (this set is not empty since A is contained in 
at least one proper prime ideal). Since R is a UFD, R cannot contain 
an infinite strictly descending chain of principal ideals. Hence there 
exists a smallest principal ideal Ry containing A. From AC Ry it 
follows that A = Ai, where Ai is an ideal 2 (0). Were Ai a proper 
ideal, we would have A, C Rz, where z is a non-unit * O, and hence 
AC Ryz < Ry, a contradiction. Hence A, = R, A = Ry, and the 
corollary is established. 

COROLLARY 2. A necessary and sufficient condition that a domain R 
be a PID is that there exist a function f assigning a non-negative integer 
J (x) to every non-zero element x of R, such that: 

(a) If a divides b, then f(a) < f(b), equality holding only when a and 
b are associates. 

(b) If a and b are non-zero elements of R such that neither of them 
divides the other, then there exist elements p, q, rin R such that r = pa + qb 
and f(r) < min (f(a), J). 

If R is a PID, we take for f(x) the number of irreducible factors 
occurring in a factorization of x; then (a) is trivial, and, in (b) we may 
take for r the GCD of a and b. Conversely, if f is given and if a is a 
proper ideal in R, we take, among the non-zero elements of a, an element 
x such that f(x) is minimum, and we show that a = Rx. Let y be an 
element of a and let us assume that y is not a multiple of x. Then, in 
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view of (a), x cannot be a multiple of y since f(x) S f(y); hence, applying 
(b), we get the contradiction that there exists an element r of a such that 
flr) < min (f(z), f(y) = f(x). 

From Corollary 2 it can once more be deduced that a euclidean 
domain is a PID. It is natural to ask whether, conversely, every PID 
is euclidean; this question has been answered in the negative. Thus, 
the ring of integers of the quadratic number field = 19) is a princi- 
pal ideal ring but has no euclidean algorithm whatsoever. 

We now define a type of PIR’s which, together with the PID’s, will 
enable us to construct all PIR’s (see Theorem 33 below). A PIR is 
called special if it has only one prime ideal p * R and if p is nilpotent, 
that is, if p” = (0) for some integer n > 0. 

EXAMPLE. If Risa PID, and if p is an irreducible element of R, then 
R/Rp” is a special PIR, with Ry / Rp as its unique prime ideal. 

When the index of nilpotency' n is 1, the special PIR is a field; in 
all other cases the PIR has proper zero-divisors. At any rate, p is maxi- 
mal. If we place p = Rp, and if we denote by m the smallest integer 
such that p* = 0, then every non-zero element x in R may obviously be 
written in the form x = ep*, where 0 < k < m — 1, and where e ¢ Rp. 
For, either x is a unit, in which case x ¢ Rp and so k = O; or x is. not a 
unit, in which case x must be contained in the unique maximal ideal Rp 
of R, and if k is the highest power of p which divides x, then x = ep, 
where k < m — 1 (since x 0) and e ¢ Rp. 

We observe that the integer k in the representation x = ep* is uniquely 
determined by x; from ep? = ep and 0 < k < k' < m we deduce * 
= O, in contradiction with the definition of m. One sees in a similar way 
that the unit e is uniquely determined mod. Ry. It follows that the 
only ideals in R are the Rp? (0 < k < m), and these ideals are all 
distinct. Conversely it is easily proved that a ring R containing a 
nilpotent element p such that every x in R may be written in the form 
x = e (e, a unit) is a special PIR. 

We finally give a structure theorem for PIR’s: 

THEOREM 33. A direct sum of PIR’s is itself a PIR. Every PIR is 
a direct sum of PID’s and of special PIR’s. 

PROOF. Suppose that R = RI O.. R,, where each R, is a PIR. 
If a is an ideal in R, then a = Ra=R,a+---+R,a. But Ria 
is an ideal in R., and thus R,a = R,x;(x,ER,;). Then clearly 
a = R(x, 1. ＋ ,), and the first assertion is proved. For the proof 
of the second assertion, we need a lemma: 

LEMMA. Let R be a PIR. If p and p' are prime ideals such that 
p' < p , then p contains no prime ideals other than y and p', and every 
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primary ideal contained in p contains p'. A non-maximal prime ideal of 
R has no primary ideal but itself. Two prime ideals in R are either co- 
maximal, or else one of them contains the other. 

Since R is a PIR we can write p = Rp, p' = Rp’. From p' C p, we 
deduce p = rp (re R). Since Rp’ is prime and since p ¢ Rp’, we have 
re Rp’, that is, 7 = sp’ (se R)—and thus p’ = spp’. Let q’ be any 
primary ideal in R contained in p. Since (1 — sp)p’ = O e g', and 
since 1 — sp does not belong to Rp, nor a fortiori to the radical of q', 
we have p'e qg’. As Rp’ is itself a primary ideal contained in p, it fol- 
lows that p’ is the intersection of all primary ideals contained in p. This 
shows, first, that p“ is uniquely determined by p, and is contained in 
every primary ideal which is contained in p, thus proving the first asser- 
tion. ‘This shows also that every primary ideal belonging to p’ contains 
p', hence is p' itself, and the second assertion is proved. Finally, if p, 
and p, are distinct prime ideals in R which are not comaximal, they are 
contained in some proper prime ideal p; by what has already been 
proved, it is impossible that both pi and p, be strictly contained in p. 
Hence one of them is p, and the other is strictly contained in p. Q. E. D. 

We now complete the proof of Theorem 33. Since R is noetherian, 
the ideal (0) has an irredundant primary representation (0) = fì q,. 


Let p; = Vq; The ideals p, are pairwise comaximal: for if p, and p, 
(i Æj) were not comaximal, one would have, for example, p; < p; 
(lemma); but then we would have p; = q; C q, (lemma), contradicting 
irredundance. It follows that the ideals q, are also pairwise comaximal; 
and hence, by III, § 13, Theorem 32, R is a direct sum of rings respec- 
tively isomorphic to the rings R/q,. Now, each of the rings R/ q, is a 
PIR. If p, is maximal, then q, is contained in no other prime ideal than 
p., so that R/ q, has only one prime ideal, namely p,/q;, and is therefore 
a special PIR. If p, is not maximal, then p; = q, (lemma) and R/ p, is 
a PID. Q. E. D. 

We shall conclude this section with two useful lemmas concerning 
finite modules over PIR’s. 


Lemma 1. If a module M over a principal ideal ring R has a basis of 
n elements, then every submodule N of M has a basis of n elements. 

PROOF. If = l, we have M = Rx and then clearly N = Ax, where 
A is an ideal in R. Since R is a PIR, we have A = Rt, whence N = Ry, 
where y = tx, and this establishes the lemma in the case 1 = 1. In 
the general case we use induction with respect to n, assuming therefore 
that the lemma is true for R-modules which are generated by n — 1 
elements. Let M = Rx, + Rx, . ＋ R. We set M, = Rx, + 
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Rx . + Rx, Ni = NN M, and we dente by N. the difference 
module V Ni. By the induction hypothesis, N, has a basis of n — 1 
elements, say {Ys v3, , „. By the second 5 theorem 
(III, §4, Theorem 5) we have that N’ is isomorphic to the difference 
module (N + M 1) — MI. This last module is a submodule of the 
difference module M — M,, the latter being a principal module (gener- 
ated by the single element x, + Ni). It follows by the case » = 1 that 
N'“ has a basis of one element. If we denote by y, an element of N such 
that the coset y’, = 1 + N, generates N’ over R, then (vi, Ya „ 5, 
is a basis of N. This completes the proof. 

LEMMA 2. If Ris a PID and M is an R-module which has a basis of 
n elements which are linearly independent over R, then every submodule N of 
M has a basis of n or fewer elements which are linearly independent over R. 

PROOF. We use the notations of the proof of the preceding lemma 
and we first consider the case n = 1. In N = (0) there is nothing to 
prove. If N 3 (0), and if we have a relation ay = 0, ae R, then 
atx = 0 and hence at = 0, since x is independent over R. Since we 
have assumed that R is an integral domain and since f * 0 (for we have 
y * 0) it follows that a = 0, and this establishes the lemma in the case 
n = 1. In the general case we again use induction with respect to n. 
By the induction hypothesis, the module Ni has a basis consisting of 
n — 1 or fewer elements which are linearly independent over R. Let 
{Za 33, °°, 3% be such a basis (m < n). Then {y}, S2, 33, * Smt is 
a basis of N, and we have only to show that if N # N, then 1, 22, 
33. 3, are linearly independent over R. Assume that we 
have a relation 419 + a333 + 4383 T Fann = 0, a ER. Let 
Yi = bix; + baxa 1 +5,x,, 5, R. Since 410% NI C A1 = 
Rx, + Rx, +++: + Rx,, it follows from the linear independence of 
the x, over R that a,b, = 0. Since N Æ NI, y, does not belong to Nj, 
and hence 6, # 0. Consequently a, = 0, and therefore also a, = a; = 

-+=: a, = 0. This completes the proof of the lemma. 


§ 16. Irreducible ideals. In proving the Lasker-Noether decom- 
position theorem (§ 4), we have seen that in a noetherian ring R, every 
irreducible ideal is primary (Lemma 2 of § 4). On the other hand, if a 
primary ideal q belonging to a prime ideal p is reducible—say q = a Mb, 
a and 6 being distinct from q—then it is easily seen that we also have 
for q a non-trivial representation of the form q = q’ Nq”, where q’ and 
q” are suitable primary ideals belonging to p and distinct from q. To 
see this, let q’ denote the primary component of a which belongs to p, 
if such a primary component exists (in other words: if p is a prime ideal 
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of a); in the contrary case we set q’ = (1). In a similar fashion we 
define q”, using the ideal b instead of a. From q = a Nb and from the 
unicity theorems concerning irredundant decompositions of an ideal 
into primary components, it follows at once that q = q' Nq”. It now 
follows that neither q’ nor q” can be the unit ideal; for if, say, q” were the 
unit ideal, we would have q. = q, q > a, and hence q = a, in contradic- 
tion with our assumption. Hence both q’ and q” are primary ideals 
belonging to p, both different from q, as asserted. 

It follows that when investigating the irreducibility of a primary ideal 
q, we may restrict ourselves to representations q = afb in which a 
and b are primary ideals belonging to the radical of q. In other words, 
and by passage to the quotient ring R, (Theorem 19 of § 11), we are 
reduced to the following problem: given a local ring, characterize the 
irreducible primary ideals belonging to its maximal ideal. 

THEOREM 34. Let R be a local ring and let q be a primary ideal in R 
belonging to the ideal m of non- units of R. The following conditions are 
equivalent: 


1) q ts irreducible. 

2) The vector space (q: m) / q (over R/m) is one-dimensional. 

3) The set of all ideals in R properly containing q admits a smallest ele- 
ment (in this case that smallest ideal is q: m). 

4) For every ideal a containing q, there exists another ideal a D q such 
that a = q:a’. 


PROOF. We will give a “cyclic” proof: 1) implies 2), 2) implies 3), 
3) implies 4) and 4) implies 1). We first show that 1) implies 2). In 
fact, since q is primary for m, we have q: m > q. From m(q:m)C q 
we deduce that (q: m) /q is a vector space over R/m. [See III, § 6, p. 146. 
In the present context we have only to observe that if (q: m)/q is regarded 
as an R-module then the relation (q:m)m C q shows that the ideal m 
is contained in the order of that R-module. Hence (q:m)/q can be 
regarded as an R/in-module, and since & / m is a field, (q: m)/q is a vector 
space over R / m.] The subspaces of this vector space correspond to the 
ideals in R contained between q: ni and q. If this vector space were of 
dimension > 1, its zero element would be the intersection of two non- 
trivial subspaces, and q would be reducible. 

We now prove that 2) implies 3). We first notice that in general any 
ideal a properly containing q has with q: m an intersection distinct from 
q; for, the smallest exponent s such that a · m C q is > 1, and we have 
qpa in: C (q:m) Na. Now, if(q:m)/q is a one-dimensional vector 
space, there are no ideals between q and q: m. It follows that every 
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ideal a in R, which properly contains q, contains q:m (since the inter- 
section of a with q:m is different from q). In other words, condition 3) 
is satisfied. 

We observe that the implication “2) implies 3)” can also be derived 
from Corollary 1 of Theorem 28 (in § 13). According to that corollary 
we have that if a is a minimal proper overideal of an ideal b in a ring R, 
then there must exist a maximal ideal p in R such that ap C b. If we 
apply this result to our local ring R (in which the only maximal ideal is 
m) we see that if a is any minimal proper overideal of q, then am C q. 
We have therefore q< aC q:m. If, now, 2) holds, we deduce that 
a = q: m, whence q: m is the only minimal proper overideal of q. Since 
any ideal properly containing q contains some minimal proper overideal 
of q (R/ q being a ring satisfying the d.c.c.; see Theorem 2 of § 2), q: m 
is the smallest ideal properly containing q, which proves 3). 

Let us now assume that condition 3) is true. Then, since a non- 
trivial vector space which admits a smallest non-zero subspace must be 
one-dimensional, (q: m) / q is one-dimensional, and q: m is the smallest 
proper overideal of q as was proved above. For the proof of 4) we now 
need the two following lemmas: 

LEMMA 1. If 3) holds, and if a is a minimal overideal of an ideal b 
containing q, then q:b is a minimal overideal of q: aq or is equal to it. 

PROOF. From our hypothesis concerning the ideal a and from the 
above- cited Corollary 1 to Theorem 28 it follows that am C b and that 
consequently a/b is a one-dimensional vector space over R /m. In other 
words, there exists an element ¢ in a such that a = b + Rt, tm Cb. 
From am C b we deduce (q:6)ma C (q:b)b C q—that is, (q:6)m C q:a. 
Hence also (q: b) Ha: a) is a vector space over R /m. We now define the 
following mapping F of q: b into (q: m) / q: f(x) = coset of xt mod. q 
(x S q: b; note that tm C am C b, whence xtm C xb C q, showing that 
xt S q: m and that consequently f is indeed a mapping into (q: m) / q). 
It is immediately seen that the kernel of f is the ideal q: a. Therefore f 
defines a mapping f of (aq: b) / (a: a) into (q: m) / q: namely, if x € q:b and 
% denotes the coset of x mod. q: a, then we define Jä) = f(x). Now, 
both (q: b) / (q: a) and (q:m)/q are vector spaces over R/ m, and it is ob- 
vious, from the definition of 7, that F is a linear mapping, with zero 
kernel. Hence (q: b) / (a: a) is isomorphic to a vector subspace of 
(q: m) / q, and since (q: m) / q is one-dimensional, the proof of the lemma 
is complete. 

Lemma 2. If 3) holds, and if a is an overideal of q, the lengths of the 
ideals a, q: a, and q are related by 


Ma) + A (q:a) = N. 
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and containing a; let a = a q = a, By Lemma 1, the normal series 
{q:a,_,} admits no proper refinement (III, §11, p. 159). Thus, by 
Jordan’s theorem (III, § 11, Theorem 22), its terms are all distinct, as 
their number is exactly s. ‘Therefore the lengths of a and q: a are j and 
s — j respectively, and the lemma is proved. 

The proof that 3) implies 4) is now easy. From Lemma 2 we deduce 
that the two ideals a and q:(q:a) have the same length, equal to 
X g) — A(q:a). As the former is contained in the latter, the two ideals 
are equal, and 4) holds. 

Finally we show that 4) implies 1). Suppose that we have a repre- 
sentation q = a Na’. We may write, by 4), a = q:b, a’ = q:b’, where 
b and b’ are ideals containing q. We then have q = (q: b) N (a: b) 
q:(b + b'), and this implies b + b’ = R, as we already have q: m + q. 
As m is the unique maximal ideal of R, the relation b + b’ = R implies 
that either b or b’ is equal to R, that is, that either a or a’ is equal to q. 
In other words, the representation q = a Na’ is trivial, and q is an 
irreducible ideal. ‘Theorem 34 is therefore completely proved. 

The notations being as in ‘Theorem 34, suppose that the ideal q is 
irreducible. Then the mapping a = a’ = q:a maps the set (S) of all 
overideals of q onto itself. In proving that 3) implies 4) we have seen 
that a = a” = q:(q:a); in other words, the mapping a a' is a so- 
called “involution,” and is therefore 1-1. The general formulae 


q:(a + b) = (q:a)N(q:b), q:(ab) = (q:a):6 = (q: b): a 
(III, § 7, p. 147) show that under the mapping a a’ of (S) onto itself, 


sums of ideals are transformed into intersections, and products into 
quotients. More precisely we have the formulae: 


(1) (aNd) =a +b’, (a+ 6)’ a' Nb’. 
(2) (ab) = (a:b) = (b':a), (a: b)“ = b.a. 


(The first of the two formulae (1) follows by replacing in the second of 
these two formulae the ideals a and b by the ideals a’ and b’ and by using 
the involutorial property of our mapping.) 

THEOREM 35. For an ideal a in (S) to be irreducible, it is necessary and 
sufficient that a' q: a be principal mod q. 

PROOF. Relations (1) show that an ideal c in (S) is irreducible if and 
only if e is not a non-trivial sum of ideals in (S), that is, if and only if c’ 
is not of the form a + b with qC a xc’ and qC b xc’. For, if 
c = a -+ b, witha, b in (S), then ¢ = c” = (a + b) = a’ NB’, and if e 
is irreducible then either a’ = c or b = e, whence either a = a” = c 
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or b=b =c. Conversely, if e is reducible—say c=afNb,a>dc 
and b > c—then c = (afMb)’ = a’ + b’, and in view of the (I, 1) 
character of the mapping a a’ of (S) onto itself we have that both a’ 
and b“ are different from c’, since a æ c, b Æ e and since a, b € (S). 
This proves our assertion. Now, let a be any irreducible ideal in (S) 
and let {x,,%9,°:°,x,+ be a basis of a’. We have a’ = (Rx, + q) 
+ (Rx ＋ q) +--+: + (Rx, + a), and since each term Rx, + q belongs 
to (S) it follows, by what we have just proved, that at least one of the 
ideals Rx; + q must coincide with a’. In other words: a’ is a principal 
ideal mod q. Conversely, suppose that a is an ideal in (S) such that a’ 
is principal mod q. To prove that a is irreducible we have only to prove 
that a / q is not a non-trivial sum of ideals in R / q. It will be sufficient 
to show the following: a non-trivial sum of principal ideals in R / q can- 
not be principal. In other words: if the ideal R'x + R’y is a principal 
ideal R'z (R = R/q), then we have either z = ux or z = uy, where u 
is a unit in Re. We have, by assumption, z = ax + by, x = cz, y = dz 
(a, b, c, d in R’), thus 2(1 — ac — bd) = 0. If both ac and bd are non- 
units in R’, then 1 — ac — bd is a unit in R/ (since R’ is a local ring 
with m / q as ideal of non-units), and we have z = x = y = 0, in which 
case our assertion is true. Otherwise ac (or bd) is a unit in R', and 
then c (or d) is a unit in R’, when z = cx (or z diy). Q.E.D. 

Let us now consider a primary ideal q in a noetherian 1 R, and let 
p be its associated prime. The ideals {q:p”} (for n = 0. „el, 
e being the smallest exponent » such that p” C q—that is, e is ade ex- 
ponent of q: see III, § 9, p. 153) are all primary for p (III, § 9, Theorem 
14); and they form an ascending sequence of ideals. I'his sequence is 
called the upper Loewy series of q. Its successive factors (q: p) / (q: p.) 
are modules over R/p. In case p is a maximal ideal, the factor 
(q: p)/(q: p"-) is a vector space over the field /p; its dimension (which 
is finite since R satisfies the a. c. c.) is called the n-th upper Loewy invariant 
of q. The sum of these invariants is obviously the length of q. 

If p is a maximal ideal, then it is clear that q: p is the biggest overideal 
a of q such that a/ q is a vector space over R /p in a natural way. (The 
condition for this to be so is that p be contained in the order of the 
R-module a/q, that is, that ap C q, or a C q:p.) It is easily seen that 
this implies that (q: p)/q is the sum of the minimal ideals of R/q. We also 
observe that it follows from Theorem 34, 2) that a necessary and sufh- 
cient condition for q to be irreducible is that its first upper Loewy in- 
variant be equal to 1. 
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APPENDIX: PRIMARY REPRESENTATION IN NOETHERIAN MODULES 


We intend to generalize to the case of modules some of the results which have 
been proved previously for ideals. 

Let R be a commutative ring, M an R-module, and N a submodule of M. 
We define the radical of the submodule N as being the set t of all a in R for 
which there exists an exponent n such that a"-MCN. The fact that this set 
is an ideal r is easily proved, as in Chapter III, §7 (p. 148). One can also 
notice that the set b of all b in R such that bM C N is an ideal in R, as it is the 
order (or the annihilator) of the difference module M — N; and r is the radical 
of this ideal. The rules about radicals of sums and intersections (III, § 7, 
Theorem 9) extend to radicals of submodules (straightforward checking). 

A submodule N of M is said to be primary if the relation ax E N(a E€ R, x SM) 
implies either x€ N or a Er(N), (t(N) denoting the radical of N). It is not 
difficult to see that if N ts a primary submodule of M, then the annihilator b of 
M — Nisa primary ideal im R. 

PROOF. If ab e b, we have abM C N; if furthermore a ę CN) (or equiva- 
lently: if no power of a belongs to b), we have bM C N, that is, b Eb. O. E. D. 
[The converse is false: in the countable direct sum J + J 7 +:°°° 
= M the submodule N = / + 2/ n 4. is such that b = (0), 
whence b is primary; however, the element (O, 1, O., 0, ) = x satisfies 
2x E N, x & N, 2 N).] Thus, if a submodule N is primary, its radical is a 
prime ideal. We know that the converse is not true already in the case of ideals; 
however a submodule whose radical is a maximal ideal is primary. 

PROOF. Let r(N) be maximal. Then, from ax € Nanda FN), we deduce 
that R = aR + (N), whence 1 = ba + c with c Er(N). By raising to a suit- 
ably high power we get 1 = b'a + c’, where c’ belongs to the annihilator of 
M — N. Therefore x = ba · x Tc · x E N. 

The characterization of the pair {primary submodule, radical} runs exactly as 
in the case of ideals (III, § 9, Theorem 13): let p be an ideal in a ring R and let E 
be a submodule of an R-module M; then E is primary and p is its radical if and 
only if the following conditions are satisfied: (a) p contains the annihilator of 
M — Ez; (b) if b E p, then *. MCE for some m (depending on b); (c) ifa-xEE 
and x ¢ E, then a Ep. 

PROOF. It is obvious that conditions (a), (b), and (c) are satisfied if E is 
primary and p is its radical. Now suppose that (a), (b), and (c) are satisfied. 
Condition (b) signifies that p is contained in the radical (E) of E. Therefore 
conditions (b) and (c) imply that E is primary. Let a be an element of 1(E), 
and let n be the least exponent such that a" is in the annihilator of M — E 
(that is, such that aH CE). If n = 1, we have a Ep by (a); otherwise there 
exists x in M such that y = e . x ¢ E, and, since we have a-y E E, (c) implies 
a S p. We have thus proved that (E) C p, and hence p is the radical of E. 

It is also easily seen that a finite intersection of primary submodules E. with 
the same radical p is a primary submodule also having p as radical. 

We say that a module M over a ring R with identity is noetlierian if it is unitary 
and if it satisfies the a.c.c. We have the following representation theorem: in a 
eie module M every submodule N is a finite intersection of primary sub- 
modules. 

The proof runs as in § 4. A first lemma shows that N is a finite intersection 
of irreducible modules; its proof is the same as that of Lemma 1 of § 4 (that 
lemma actually belongs to the theory of partially ordered sets). A second 
lemma shows that every irreducible submodule E is primary. The proof ‘is 
indirect: if E were not primary, there would exist a in R and x in M such that 
ax € E, x ¢ E, MN E for every n; one then considers the increasing sequence 
of submodules E: Na“ (E: Ra" denoting the set of all y in M such that a*-y € E), 
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one observes that by the a.c.c. there exists an exponent s such that E: Ra’ = 
E: Nai and one then proves as in Lemma 2 of § 4 that E = (E + R-x)N 
(E Ta“ M), in contradiction with the irreducibility of E. 

Irredundant primary representations of M are defined as in § 4, and one sees 
immediately the existence of such a primary representation. 

The radicals py of the submodules E, which appear in an irredundant primary 
representation N = A E, of a submodule N are characterized by the following 


property: they are the prime ideals p in R for which there exists x in M, x ¢ N, 
such that the ideal N: Rx (set of all b in R such that b-x € N) is primary for p. 
(See Theorem 6 in § 5.) This shows the uniqueness of the prime ideals p.. 
PROOF. To show that each p. enjoys the above property, unc takes 
xE N Ej, x F E. Then N: Rx contains the annihilator of M — E, {which is 
i 


primary for pi, as seen above), and the proof that V: Rx is primary for p. as well 
as the proof of the converse, run exactly as in Theorem 6 of § 5. 

The terminology defined in § 5 may be extended without further warning to 
the case of submodules. The minimal elements of the family of all prime ideals 
p. associated to a submodule N of M are also the minimal elements in the 
family of all prime ideals p which contain the annihilator of M — N. 

PROOF. We notice that, if we denote by q; the annihilator of M - E. q. is 
primary for p;, and the annihilator a of M — N is the intersection of the q; 
Thus a = q is a (not necessarily irredundant) primary representation of the 


ideal a, and the conclusion follows by Theorem 7 of § 5. 
Let N = ] E. be an irredundant primary representation of a submodule N 


of M, and let pi be the associated prime ideal of EI. The set E' of all elements 
x of M for which there exists a ¢ p, such that a-x E N is obviously a submodule 
of M. It is contained in E,, and, when p, is an isolated prime ideal of N, we 
have E’, = E,. This shows the uniqueness of the isolated components of N. 
(Proof as in Theorem 8 of §5. In the second part of the proof replace the 
relation 6, 0 Eq, by 6,0 MH CE,.) 

As an application of the preceding theory, let us give a generalization of Krull's 
theorem (Theorem 12 of § 7) to modules. We first state the following generaliza- 
tion of Lemma 1 of § 7, which is useful in local algebra: 

Let E be a noetherian module over a ring R, letm be an idcal in R and let F be a 
submodule of E. Then there exists an integer s and a submodule F” of E such that 
mF = FN F’ and F’ mE. 

PROOF. As in Lemma 1 of § 7, one considers the primary components F. (F/) 
of mF whose associated prime ideals contain (do not contain) m, and one proves 
that F’ = fì F, contains some mE and that F” = fN F’, contains F. 


Then the generalization of Krull’s theorem is as follows: 
Let E be a noetherian R-module and letm be an ideal in R such that the relations 


@ 
mem, xEE, (1 + m)-x = O imply = O. Then we have me = (0). 
(Notice that the condition about m is automatically verified when every element 
of the form 1 + m (m E m) is invertible in R). 
[eo] 
PROOF. let F = f) mE. By the above lemma we have F =mF. We 


then take a finite basis of F, express the relation F = mF in terms of this basis, 
and conclude from an argument about determinants (as in Lemma 2 of § 7) that 
F = (0). 

We leave to the reader the generalization of the consequences of Krull’s 
theorem. 


V. DEDEKIND DOMAINS. 
CLASSICAL IDEAL THEORY 
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All the rings in this chapter will be assumed to have an identity. 
Whenever two rings occut, one of which is a subring of the other, it will 
be tacitly assumed that the identity of the bigger ring belongs also to the 
subring (and therefore is the identity of the subring). 


§ 1. Integral elements. Let A be a ring, let B be an overring of A, 
and let x be an element of B. The element x is said to be integral over 
A (or integrally dependent on A) if it satisfies the following condition: 

(c) There exists a finite set {ag, ` „ a,_15 of elements of A such that 


(1) x ＋ apx") ++ ay = 0. 


In other words, x is integral over A if it is a root of a monic equation (l) 
with coefficients in A. The equation (1) is called an equation of integral 
dependence satisfied by x over A. Note that an element which is integral 
over A is algebraic over A. Note also that every element a of A is 
integral over A (a is a root of X — a). 

We now give conditions which are equivalent to (c): 


(c“) The ring Alx] is a finite A-module. 

(“) The ring Alx] is contained in a subring R of B which is a finite 
A-module. 

(e“) There exists in B a finite A-module M with the following two 
properties: 
1) xM CM. 
2) zero is the only element y of Alx] such that yz = O for all z 

in M. 


PROOF. We give a cyclic proot Condition (c) inpli (c’), since 
—1 —1 


equation (1) signifies that x” e 2 Axi, whence & € > Axe; thus 
-t 
ant? e 5 Ax‘ by induction on q, and (l. x.. „ * -) is a finite basis of 
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Alx] over A. It is clear that (c ) implies (e“ ). Also (c n implies (e“): we 
take M = R; then (1) is satisfied since R is a ring and (2) is satisfied 
since 1e R. We now prove that (c”) implies (c). This follows from 
the following more informative lemma: 

LeMMA. Let A be a ring, q an ideal in A, M a finite A-module 
contained in an overring R of A, and x an element of R such that 

1’) xM C Ma; 

2') zero is the only element y of A[x] such that ys = 0 for all z in . 
Then x satisfies an equation of integral dependence of the form 


** ＋ g-“ be H 90% = 0. 


where all the q; (0 < i < n — 1) belong to q. 
PROOF OF THE LEMMA. Let us write M = )Am,. ‘Then 


l 
xM C S Ama = Tam, In particular there exist elements 9, of q 
such that xm, = >q,,m,. This is a system of u linear homogeneous 
2 


equations in the m,, and we can write it as follows: 
LC aX — %, = 9, 
7 


where the ô, are the Kronecker symbols. Let d = det (% — 9%. 
We have then dm; = 0 for every i, whence dM = (0) and d = 0 by 
condition 2’). By expansion of the determinant, one sees readily 
that the relation det (ö /* —q,,) = 0 is an equation of integral 
dependence of the required type. Q.E.D. 

REMARK I. Condition (2) in (c“) is automatically satisfied if B3 is un integral 
domain and Af # (0), or if 16 M. More generally, condition 2’) in Leima f 
is automatically satisfied if 1 € M, in particular if M is an ovoring of sh. 

If A is a noetherian ring, then it is clear that condition (e) is equivalent 
to the following condition: 

(e'). The ring Alx] is contained in a finite A-modide. 

REMARK 2. If A is not noctherian, then it may be shown by examples that 
condition (c) is weaker than (c^. For example, we may take for f a valua 
tion ring whose value group d is non-archimedecan (that is, of rank > l; ser 
VI,§ 10). Then if a and g; are elements in J such that * > ng 0 for all 
positive integers n, and if x and d are elements of the quotient field of sD having 
values — Band « respectively, then ffx] is contained in the finite -f-module 
Ad! without x being integral over 4. . 

REMARK 3. If 4, B and C are rings such that CCC, B is a finie - 
module and C a finite B-module, then it is obvious that C is a finite . f-module. 


THeoremM 1. Let A be a ring, let B he an overring of l. and let 
&i, , x, be elements of B. If each of the elements x, is integral over A, 


then the ring Alxi, , .] is a finite A-module. 
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PROOF. The theorem is true for n = 1 by (c). By induction on a, 
we may assume that the ring B’ = A[x,,---, , iI] is a finite A-module. 
On the other hand, by the case 1 = 1, the ring A[x,,---, x,] = B'[x,] 
is a finite B’-module, since x,, being integral over A, is a fortiori integral 
over B'. Hence, by Remark 3, the ring A[x,,---,.x,] is a finite 
A-module. Q.E.D. 

COROLLARY. Let A be a ring and B an overring of A. The elements of 
B which are integral over A form a ring which contains A. 

In fact, if x and y are elements of B which are integral over A, then 
Alx, y] is a finite A-module, by ‘Theorem 1, whence x - y and xy are 
integral over A by (c“). On the other hand, every element of A is 
integral over A. 

The ring of all the dement of the overring B which are integral over 
A is called the integral closure of A in B. When the integral closure of 
A in B is A itself, then one says that A is integrally closed in B; this 
means that every element of B which is integral over A lies in A. If 
every element of B is integral over A, then B is said to be integral over A 
(or integrally dependent on A). 

"THEOREM 2 (‘T'RANSITIVITY OF INTEGRAL DEPENDENCE). Let A be a 
ring, B an overring of A integral over A, und C an overring of B integral 
over B. Then C is integral over A. 

PROOF, Let x be an element of C, and let 


* + b. 1 1 .. . 4 bo = 0 (b; € B) 


be an equation of integral dependence for x over B. Then the ring 
B = Abo. „ 5,_4] is a finite A-module (Theorem 1). Since x is 
integral over B', B'[x] is a finite B’-module, and therefore a finite 
A-module. Therefore x is integral over A by (c’). 

The above-defined notions of integral closure and of an integrally 
closed ring are relative notions and refer to a given overring B of A; the 
use of the words in B” is necessary in order to avoid confusion. We, 
however, make the convention that the expressions integral closure of 
A,” “A is integrally closed,” mean respectively “the integral closure of 
A in its total quotient ring,” “A is integrally closed in its total quotient 
ring” (I, § 19), the role of B being played by the total quotient ring of 
A. ‘The most important case is the one in which A is an integral 
domain, its total quotient ring being then its quotient field. When 
dealing with an integrally closed integral domain A (that is, with an integral 
domain which is integrally closed in its quotient field) we shall omit, as a 
rule, the adjective “integral” and we shall refer to A as an integrally 
closed domain. 
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§ 2. Integrally dependent rings. Let A be a ring, A’ an overring 
of A, integrally dependent on A. We first prove that this relationship 
between A and A’ is preserved under residue-class ring formation and 
under quotient ring formation. More precisely: 

LEMMA 1. Let A’ be integrally dependent on A, and let 3' be an ideal 
in A’. Then A'[X ts integrally dependent on AJY N A. 

PROOF. We first recall that A/ J A can be canonically identified 
with a subring of A’/3’ (III, § 5, Theorem 8). Now, for any x in A’, it 
suffices to reduce modulo J“ an equation of integral dependence for 
x over A. 

Lemma 2. Let A’ be integrally dependent on A and let S be a multi- 
plicatively closed set of non-zero elements of A. Then A's is integrally 
dependent on As. 

PROOF. Let n’ be the ideal formed by the elements of A’ which are 
annihilated by at least one element of S. Since A’, and Ag are ordinary 
quotient rings of A’/n’ and of A/n N A (IV, §9), we are reduced, by 
Lemma 1, to the case in which A and 4“ are subrings of A, and A’, 
respectively. Let then x/s (x € A’, s e S) be an element of A's. From 
an integral dependence equation 

x" ＋ a1 1 ＋ 4 = 0 (a, SA, 
of x over A, we deduce, upon division by s”: 
(x/s)" + (a. - 10% (/s + ++ ＋ 40%“ = 0, 
and this is an integral dependence equation of x /s over Ay. Q. E. D. 

THEOREM 3. Let A be a ring, A’ an overring of A, integral over A, and 
let p be a prime ideal of A. There exists a prime ideal p' in A’ such that 
p' NA = p (that is, p" = p). 

PROOF. Let us first achieve a reduction to the case in which p is the 
only maximal ideal of Æ. For this purpose, denote by S the comple- 
ment of p in A (which is multiplicatively closed) and consider the 
quotient rings As and A's. The ideal pAg is the only maximal ideal of 
As (IV, §11, Theorem 19), and A’, is an overring of £s, integrally 
dependent on A, (Lemma 2). Suppose that there exists a prime ideal 
m' in A’; such that m’ N A, = pAs. Then the inverse image p' of m’ 
in A’ (i.e. the ideal m“; see Definition in IV, § 8, p. 218) is a prime 
ideal of A’ (IV, § 8, p. 220). It is clear that p’NA contains p. Con- 
versely, if x ep’ NA, then the residue class & of x modulo the kernel 
n of the homomorphism A — A, lies in m' N As, that is in pAg; thus 
x Sp (IV, §11, Theorem 19). 

We shall now assume that p is the only maximal ideal in A. If we 
prove that the extended ideal A’p is distinct from A’, then the theorem 
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will be proved. For, if A’p * A’, then A’p is contained in some maxi- 
mal ideal of A’. If p' is such a maximal ideal, then the ideal p’ N A is 
distinct from A and contains p, whence p' N A = p since p is maximal. 

We thus have to prove that A’p does not contain the identity 1. 
Since 1 € A’p may be written as an equality Cap. = 1 (a’; € A’, p. e p) 


t 
which involves only a finite number of elements of A’, we have a 
reduction to the case where A’ is generated over A by a finite number of 
elements. By induction on the number of these elements, we have a 
further reduction to the case where A’ = A[x]. Let then 


(1) ** = d, -* 1 + +++ + ax t aa (a;€ A) 

be an equation of integral dependence of smallest possible degree for x 
over A. If 1 e A’p then we have a relation of the form 

(2) L= pot Pr tpe (9. ep). 

By using equation (1), we may suppose that 9 < n — 1. Furthermore, 
since 1 — po is not contained in the unique maximal ideal p of A, it is a 
unit, we may divide (2) by 1 — po and we may thus assume that p, is 
zero: 


(2°) l = pix +t HP (9. e p, g 52 1). 

This relation shows that x is a unit in A’ and hence is not a zero-divisor 
in A’. Let us now replace ah in (1) by if + ). We get 
(1) * ay et! aye ＋ alpi ++ + pet’). 

By canceling x we get an integral dependence equation for x over A, 
which is at most of degree n — 1. ‘This is a contradiction. 'Thus 
pA[x] is a proper ideal of AIx], and this proves Theorem 3. 

We give a second proof of ‘Theorem 3. Let p be now an arbitrary 
prime ideal in R. (The reduction to the case in which p is the only 
maximal ideal in .4 will not be needed in this second proof.) The set 
of ideals a’ in A’ such that a! NAC p is not empty (the zero ideal is in 
that set) and is obviously inductive. Hence Zorn’s lemma provides us 
with a maximal element p’ of that set. We shall prove that p' N A = p 
and that p’ is a prime ideal. 

We shall show that the assumption p’ 1.4 p leads to a contradic- 
tion. Under this assumption we have p’'N A p. Let x be an element 
of p which does not belong to p'. Then p’ + AK > py’, and hence, by 
our choice of p’ we will have (p“ + A’x)NAGZyp. That means that 
there exists an element 3’ in 4’ and an element y in A, not in p, such that 
S* - y belongs top’. Let * + as"! 4+ --- + an7 ＋ a, = Obe 
an equation of integral dependence for 2’ over A (a, € A). Multiplying 
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this relation by x" and using the fact that 2’x = y (mod p’) we find the 
following congruence: y” + ar f.. . 4% & ly + ax" = 0 
(mod p). This is in contradiction with x e p, y ¢ p. 

To show that p’ is a prime ideal we consider any two ideals a’ and 6’ in 
A’ such that a’ > p' and 6’ > p' and we prove that a'b’ > p'. Let 
a = a NA, b6=b’NA. By our choice of p' and from the equality 
p'NA = p we deduce that a > ꝓ and b p. Since p is a prime ideal it 
follows that ab > p. Consequently a'b’ NA > ab > p, showing that 
a'b’ p'. This completes the proof. 

An ideal p' in A’ such that p’N A = p is said to “lie over p. We 
first give a corollary to Theorem 3: 

COROLLARY. Let A be a ring, p and q two prime ideals of A such that 
p C q, A’ an overring of A integral over A, and p' a prime ideal of A lying 
over p. Then there exists a prime ideal q' of A’ containing p and lying 
over q. 

The residue class ring A’/p’ is integral over A/p (Lemma 1), and the 
corollary follows by applying Theorem 3 to the prime ideal q/p of A/p. 

We now give two complements to Theorem 3: 

1) Two prime ideals p', q' of A’ such that p! < q cannot lie over the 
same prime ideal of A. By passage to A’/p’, we may suppose that p’ = (0) 
and that A’ is an integral domain. We then prove that any non-zero 
ideal a’ of A’ contracts to a non-zero ideal of A. We fix an element 
x0 in a’. There exists an equation of integral dependence 
x” + d& 1 +--+ + ay = 0 of x over A, with a, * 0, since, otherwise, 
we could divide by x. This equation shows that a EKA NAC a! NA. 
Hence a’ N A # (0). 

2) Let p' be a prime ideal of A lying over p. For p' to be a maximal 
ideal of A’, it is necessary and sufficient that y be a maximal ideal of A. 
For, if p' is not maximal, it is contained in a maximal ideal q’, and 
q’N A> yp = p NA by complement 1), showing that also p is not 
maximal. Suppose conversely that p is not maximal. Then p is con- 
tained in a maximal ideal q; and by using the corollary, we find that 
also p’ is not maximal. 


REMARK. By passage to A’/p’, the result we just proved is equivalent to the 
following special case of 2), that is, the case p’ = (O): let A’ be an integral 
domain, integral over A; for A’ to be a field, it is necessary and sufficient that A 
be a field. In other words: an integral domain which is integrally dependent 
on a proper integral domain (that is, on a domain which is not a field) is itself 
proper. 

We note, however, that this result is much more elementary than Theorem 3 
and can be proved very simply and directly as follows: 

If A’ is a field and x E€ A, x 4 0, then 1/x E A’, whence there is a relation 
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of the form ican, +a (1/x)"— t ++ an = O, a SA. Therefore 1 = 
— x(a, + ax +e + aT), 1/x S A showing that also A is a field. 

Conversely, if A is a field and x E A’, x 0, then A(x) = A[x], since x is 
algebraic over A. Hence 1/x € Ax] C A’, showing that A’ is a field. 


§ 3. Integrally closed rings. Let A be an integral domain, K 
its field of quotients, and L an overfield of K. If an element x of L is 
integral over A, it is a fortiori algebraic over K, by condition (c) (§ 1, 
p. 257). Let n be the degree of the minimal polynomial f(X) of x over 
K, and let us denote by (xi, , x,} a complete set of conjugates of x 
over K, that is, a set of n elements of an algebraic closure of K such that 
f(X) = [] (X — x)) (each conjugate of x is repeated p° times, p° being 


the degree of inseparability of f(X) over K; see II, § 5, Definition 2, 
p. 67). Since an equation of integral dependence for x over A is satis- 
fied by all the conjugates x, of x over K, the coefficients of the minimal 
polynomial f(X) = [[(X — x.) are integral over A (§ 1, corollary to 


Theorem 1). We have thus proved the following results: 

THEOREM 4. Let A be an integral domain, K tts quotient field, x an 
element of some extension of K. We suppose that x 1s integral over A. 
Then x is algebraic over K, and the coefficients of the minimal polynomial 
f(X) of x over K, in particular the norm and the trace of x over K, are ele- 
ments of K which are integral over A. If A is integrally closed, these 
coefficients are in A, and therefore already the minimal polynomial f(X) 
yields an equation f(x) = 0 of integral dependence for x over A. 

A slight modification of the reasoning about conjugates leads to the 
following result: 

THEOREM 5. Let A be an integrally closed domain, and let K be its 
quotient field. If f(X) and g(X) are monic polynomials in K[X] such that 
th: product h(X) = f(X)g(X) ts in A[X], then f(X) and g(A) are them- 
selves in A[X] (that is, have their coefficients in A). 

PROOF. Let (x.), (y;) be sets of elements of an algebraic closure of K 
such that f(X) = [|[(X x,), (A) = IIA - „%). Since A(X) = 


IIA — x). IIA - „ ts in A[X], the relations M x,) =0 and 


h(y;) = 0 are equations of integral dependence for all the x; and y, 
over A, and these elements are therefore integral over A. Thus the 
coefficients of f(X) and g(X), which are sums of products of the x; and 
the y, respectively, are integral over A (§1, corollary to Theorem 1); 
they are therefore elements of A, since A is integrally closed. 

REMARK. In chapter II (§2, p. 56) we have defined the minimal 
polynomial over a field K of an element x of some field extension L of K. 
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More generally, if x is an element of some overring of a field K, where 
the overring is not now necessarily a field, the set of all polynomials 
NA) e RIA] such that f(x) = 0 is a principal ideal of K[X]. The 
monic polynomial A) generating this ideal is called the minimal poly- 
nomial of x over K, or in K[X]. If x is not an element of some field 
extension of K, the minimal polynomial ) of x need not be irre- 
ducible. Part of Theorem 4 may be generalized to this case: Let A be an 
integrally closed domain, K its quotient field, and x an element integral over 
A of some overring of K. Then the minimal polynomial m( X) of x over K 
has all its coefficients in A, in other words, the relation m(x) = 0 is an 
integral dependence equation for x over A. 

PROOF. If f(x) = 0 (f(X), monic polynomial in A[.X]) is an integral 
dependence equation for x over A, we may write (X) = m(X)h(X), 
where A(X) is a monic polynomial in K[X]. Then Theorem 5 shows 
that MA) S A[X]. Q.E.D. 

It may be noted that, if A is an integral domain and if B is an over- 
ring of A (not necessarily an overring of the quotient field K of A) such 
that no non-zero element of A is a zero-divisor in B, then the above con- 
siderations may be applied. In fact, if we denote by M the set of all 
non-zero elements in A, the quotient ring B,, contains both B and the 
quotient field K of A. 


EXAMPLES OF INTEGRALLY CLOSED RINGS. 


1) Any unique factorization domain A is integrally closed. In fact, let 
x|y (x € A, y e A) be integral over A; we may suppose that x and y are 
relatively prime. From an equation of integral dependence 


(x/y)" + a, 10/7 +- +a) = O (a, EA) 
we deduce 
= — N- + +++ 400“). 


Thus x" is a multiple of y. Were y a non- unit, we would have a contra- 
diction with the assumption that x is relatively prime to y, since any 
irreducible factor of y would then have to divide x, Therefore y is a 
unit, and x/y belongs to A. In particular, the ring J of rational 
integers, and the polynomial ring A[X,,---,X,] over a field k, are 
integrally closed. 

2) If R is an integrally closed domain, and if S is a multiplicatively 
closed set of non-zero elements of R, then the quotient ring Rs is in- 
tegrally closed. In fact, if an element x of the common quotient field of 
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R and Rg is integral over Ry, we have an integral dependence equation 
of the form 


x” + (a,_,/s)x"~1 E.. . +a,/s=0, (a, S R) 


since any finite number of elements of R, have a common denominator 
sin S. Multiplying by s” we see that sx is integral over R, whence 
sx E R since R is integrally closed. If we set sx = z e R, we get x = 
z/s e Ry, thus proving that Rg is integrally closed. 

3) If R is an integrally closed domain and p is a prime ideal in R, then 
the residue class ring R/ p is not integrally closed in general. In fact, any 
finite integral domain A[x,, x, ---, K,] over a field & is of the form R/p, 
where R is the polynomial ring KIA, X,. „AX, J, but finite integral 
domains are not in general integrally closed. In the case n = 2 the 
simplest example is the one in which p is the principal ideal (Ai? — X,°). 
In that case, x,/x, does not belong to the ring A[x,, x,], but x,/x, is 
integral over that ring since (x,/x,)? = x}. 

We now prove a result which is closely related to the corollary to 
Theorem 3 (§ 2): 

THEOREM 6. Let A be an integrally closed domain, and A an overring 
of A integral over A and such that no non-zero element of A is a zero- 
divisor in A’. If p and q are prime ideals in A such that q C p, and if p 
is a prime ideal of A’ lying over p, then there exists a prime ideal q' of A’, 
contained in p' and lying over q. 

PROOF. Let S be the multiplicatively closed set consisting of the 
elements of A’ which may be written in the form ab’, witha E A, a ę q, 
b Ee A’, b ¢ p'. The set S does not contain 0 since an element a ę q 
(a € A) cannot be a zero-divisor in A’. Since A and A’ have an identity, 
S contains the complement of p' in A’ and the complement of q in A. 
We are going to consider the quotient ring A’s. 

Suppose we have already proved that the ideal qA’, generated by the 
image of q in A's is a proper ideal of A's. Then it is contained in a 
prime ideal M of A's, for example a maximal one. The contracted 
ideal q’ = M of Mt in A’ is a prime ideal which does not intersect S 
(IV, § 10, Corollary 1 to Theorem 16), and which is therefore contained 
in p'. Now, the ideal q' NA is obviously prime and contains q; but 
since S contains the complement of q in A, and since q’ does not inter- 
sect S, this implies q MA = q, and proves the theorem. 

We now prove that the image of q generates a proper ideal in A’, or, 
what amounts to the same thing, that the ideal qA’ does not intersect S. 
By Lemma 1 (§ 1) every element x of qA’ satisfies an integral dependence 
equation of the form 
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F(x) = x" + gn + ae + go = 0, with q; € 

Let us suppose that x EN to S, and write x = ab’ (a E T P q, 
b EA,, b’ p'). Since f(x) = 0, the polynomiai f(X) is the product 
of the minimal polynomial (&) of x over the quotient field K of A and 
of another monic polynomial A(X). ‘Theorem 5 shows that g( X) and 
MA) have all their coefficients in A. Denote by f, g, and I the poly- 
nomials obtained from f, g and A by reduction of their coefficients 
modulo q. Since f(X) = X” (X) = X +--+, AN) A t , 
and since A/q is an integral domain, we conclude that CM) = X” and 
X) Au, by inspection of the lowest degree terms. In other words, 
we have 


a(x) = a ted, wo +: dir ＋ d% = 0, with d, Cq. 


On the other hand, the minimal polynomial of 6’ over K has again all its 
coefficients in A, by the remark following Theorem 5. Let this 
polynomial be 
MAX) = X +e, X14 .. I ei ＋ eo, (e, E A). 

Since x = ab’, with a € A, we have d, = eiae i fori = 0. „ „71. 
From d; € q and a f q, we deduce e, € q since q is prime. Then the 
relation (b) = 0 shows that b” e A’q C p', whence 6’ € p’ since p' is 
prime. ‘This contradicts the hypothesis about 5“. Q.E.D. 

It may be shown by examples that the three conditions “A integrally closed,” 
“ A’ integral over 4,” and“ no non-zero element of. f is a zero-divisor in A” are 
essential for the validity of ‘Theorem 6 (see Cohen-Seidenberg, * Prime Ideals 
and Integral Dependence,” Bull. Amer. Math. Soc., 52: 252-261, 1946). 

REMARK. A simpler proof of ‘Theorem 6 may be given in the case in 
which the ring A’ is noetherian. We first prove that if ' is noetherian, 
then every isolated prime ideal of A'g contracts to q in A. In fact, given 
an isolated prime ideal q“ of ' and any element x of q’, there exists an 
exponent s and an element y in A’, y not in a' such that wy e Aq: one 
takes y in the intersection of the primary components of Aq whose 
radical is not q’, and s large enough for æ to lie in the primary component 
of A’q relative to q' (see IV, § 5). It follows from Lemma 1 of § 1 that 
x*y satisfies a relation of the form 


FY) = (ey) + -i | bo 9% = 9, with 9 € 4 
and, as in the last part of the proof of T heorem 6, it may be assumed that 
f(X) is the minimal polynomial of x'y over K. If we suppose, further- 
more, that x is in A, then the comparison of f(X ) with the minimal poly- 
nomial X” + a. iX 14. . . + 40 (a; € A) of y over K shows that we 
have g; = a i fori = O, „n — 1. From x g q, we would deduce 
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that a; € q for i = O. „n — 1 since q is prime, whence * € A'a Ca'; 
since q“ is prime, this would imply y eq’, in contradiction with the 
assumption that y¢q’. Therefore x eq, and since the inclusion 
q Ca' NA is evident, our assertion is proved. 

For completing the proof of Theorem 6 in this case, it now suffices 
to observe that since p’ 47, p' contains some isolated prime ideal d 
of A’q (IV, § 5, Theorem 7). 


§ 4. Finiteness theorems 


THEOREM 7. Let A be an integrally closed domain, K its quotient field, 
F a finite separable algebraic extension of K, and A’ the integral closure of 
Ain F. There exists a basis (xi, , x,] of F over K such that A is con- 
tained in the A-module > Ax, 


PROOF. We first notice that if we denote by 4“ the set of non-zero 
elements of A then we have F = A’ ,.; that is, given any element x 
of F there exists a non-zero element s of A such that sx e A’: in fact, if 
X” + 6, ~X"-1 + +> + co is the minimal polynomial of x over 
K (c; € K), and if we take a common denominator s * O in A such that 
sc, = a, E A, then we have (sx)" + a,_,(sx)"—-} + --+ + s"-1a, = 0 and 
sx is integral over A. It follows from this observation that there exists 
a basis (ui, , ,] of F over K such that u, € A’ for every i.* We take 
any element x of A’, and we write x = > b,u; with b; € K. Since F/K 


is separable, there exist exactly n (= [F.: KJ) K-isomorphisms s; 
(j = 1,---,m) of F in a least normal extension of K containing F 
(II, § 6, Theorem 16). The discriminant d of the basis (ui, „ u, 
is 0, and d = det (s (u,))? (II, § 11, p. 94). We may thus set Vd = 
det (s;(u;)). The conjugates of x over K satisfy 


(1) s(x) = 2, bis j(i), (j= 1,---,n). 


Since x and the u; are integral over A, s(x) and the s,(u;) are also 
integral over A. Solving the system of linear equations (1) in the b, by 
Cramer’s rule, we get 


Vdb, = > d,s{x) and db; = ¥ Vdd, sfx), 
1 j 


where the d,, are polynomials in the s(u,;) with ordinary integers as 
coefficients. Thus db, and Vdb, are integral over A. But since de K 
* This part of the proof, and hence also the conclusion as to the existence of 


the above basis (uz, u, , ), is independent ot the assumption that FJK is 
separable. 
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(II, §11, p. 92) and since A is integrally closed. we have db, € A. 
Therefore, if we take x, = u,/d, then A’ is contained in the A-module 


>, Ax; 


REMARK. Readers acquainted with linear algebra may prefer the fol- 
lowing proof. Let ſuj, , u,] be a basis of F over K contained in 4“. 
The bilinear function (x, y) —> T(xy) is non-degenerate since F is 
separable over K. Thus it defines an isomorphism of F, considered as 
a vector space over K, onto its dual. Let (vi. , b,] be the elements 
of F corresponding to those of the dual basis of {u,,--+-, u,}, that is, the 
elements of F satisfying 7(u,v,) = d,, for all i, j. If an element 
x = ,v, (x E K) is in A’, we have xu, EA! for every i, whence 


J 
T(xu;) € A (§3, Theorem 4). Since 7(xu,) = > x, T(u, v,) = x; we 
J 
have A, C Av, This type of reasoning will again be used in § 11 


(see the proof of Theorem 30 and Remark 2, p. 309, in § 11). 
CoroLLARY 1. The assumptions being the same as in Theorem 7, let us 
furthermore assume that the ring A is noethertan. Ihen A is a pate A- 
module and 1s a noetherian ring. 
In fact, A’ is a submodule of the finite A-module 2 Ax,, and is there: 


fore a finite A-module. Thus 4’ satisfies the a.c.c. as an A-module 
(III, § 10, ‘Theorem 18), and a fortiori satisfies the a. c. e. as an A’-module 
—that is, A’ is noetherian. 


CorROLLARY 2. The assumptions being the same as in Theorem 7, let us 
furthermore assume that A is a princtpal ideal domain. Then there exists 
a basis {y,} of F over K such that A' = > Ay. 


It was just shown that A“ is contained in an A-module \ Ax, generated 
by n elements x,. Hence, by IV, § 15, Lemma 1, also 4“ has a basis 
consisting of n elements y,, 52 „ Yn Since F = A’ 4s, the set {y,} is 
necessarily also a basis of F over K. 

Corollary 2 is of particular importance for the case in which A is 
either the ring / of rational integers, F being then an algebraic number 
field, or a polynomial ring kLX] in one variable over a field k, F being 
then a field of algebraic functions of one variable. In the first case, the 
elements of F which are integral over J are called the algebraic integers 
of the number field F; in the second case, the elements of F which are 
integral over [X] are called the integral functions of the function field F 
(with respect to the element X). Corollary 2 shows that these algebraic 
integers (or integral functions) are the linear combinations, with 
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ordinary integral coefficients (or with coefficients in IX ]), of 
n(= [F: K)) linearly independent algebraic integers y, Such a basis 
{y;} of F over the rational field (or over the rational function field )) 
is called an integral basis of F. 

EXAMPLE. Let x be an indeterminate over a field & of characteristic 
#Æ 2, and y an algebraic element over K = k(x) defined by y? = P(x), 
where P is an irreducible polynomial over k. The function field 
F = K(y) = R(x, y) admits {1, y} as an integral basis (with respect to x). 
In fact, in the first place 1 and y are integral over A = [x]. Further- 
more, let z be an element of F which is integral over A. We write 
z = a(x) + M) (a(x), d(x) € k(x)). By Theorem 4, the trace 2a(x) and 
the norm a(x)? — &ν ] ) of z over k(x) belong to Ax], whence both 
a(x) and & x) are polynomials, since otherwise P(x) would be divisible 
by the square of the denominator of b(x). Consequently, the integral 
closure A’ of k[x] in F = k(x, y) is the ring k[x, y]. 

REMARK. Let A be an integrally closed domain, & its quotient field, 
and F a finite algebraic separable extension of K. We suppose that the 
integral closure A’ of A in F admits an integral basis (v, (that is, a basis 
of F over K such that A’ = X Ay,). Then, for any basis {x,} of F 


i 

over A composed of elements of A’, the discriminant d(x, -© , x,) is an 
element of A (by ‘Theorem +) and is a multiple (in A) of d(4,, - + -,4',) 
(11, S II, formula (2)). In particular any two integral bases of 4’ over A 
have discriminants which differ only by an invertible factor in A; in 
other words, these discriminants generate the same principal ideal in A. 
This principal ideal or a canonically chosen generator of it—for ex- 
ample, a positive integer in the case 1 = , or a monic polynomial in 
the case A = [X ]--~ is called the discrimmant of F over K (with respect 
to the integral domain 1). See § 11 for a generalization. 

In the example given above, the discriminant of k(x, y) over k(x) is 


P(x). 


We now study integral domains which are generated by a finite num- 
ber of elements over a field A-- in other words integral domains of the 
form A xi. +, ap]; such domains are called finite integral domains. 

"THEOREM 8 (NORMALIZATION LEMMA). Let A = Ii, „ ,] be a 
finite integral domain over an infinite field k, and let d be the transcendence 
degree of Mi. , A,) over k. There exist d linear combinations 
vu „3% Of the x; with coefficients in k, such that A is integral over 
kiya Val ( vy are then necessarily algebraically independent 
over k, and KIWI. , vy is a polynomial ring). If k(x, +++, .) is 
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separably generated over k, the y, may be chosen in such a way that 
h(x,,+++,%,) is a separable extension of R Yi. „ 5%) {91 °° . Vat 
thus being a separating transcendence basis of k(x, ` , x,) over k). 

PROOF. If n= d, we take y, = x, and there is nothing to prove. 
We will proceed by induction on n, for n > d. Owing to the transitivity 
of integral dependence (§ 1, Theorem 2) and of separability (II, § 5, 
Theorem 9) we have only to prove the following result (where, for sim- 
plicity of notation, n has been changed into n + 1): if A[x,,---+,x,, 
Xn41] is a finite integral domain, of transcendence degree d < n, then 
there exist n linear combinations 2,,---, 3, of the x; such that A[x] is 
integral over k[z] (and such that A(x) is separable over k(z) if k(x) is 
separably generated over k). After eventual renumbering of the x, we 
may suppose that a transcendence basis of k(x) over k may be found 
among {x,,:°:,x,} (II, § 12, Theorem 23 Corollary, 2) and that this 
basis is a separating transcendence basis in the separable case (II, § 13, 
Theorem 30). We then write u = x, and denote by NU, x,,- , x,) 
the minimal polynomial of u over k(x,, ---,x,). We assume that the 
coefficients of N U, xi, , x,) are in k[x,,:--:,x,], so that 
P(U, xi, , x,) is actually the result of substituting x4, , X, for 
Ai, „ A, in a non-zero polynomial NU, Ai. , A,) of n+ 1 
indeterminates U, Ai. , A,, with coefficients in K. f 

We intend to take 2, = x; — a;u(i = l. - - , n) with suitably chosen 
a, in x. Since x; = 2, + a,x, it is sufficient to prove that u is integral 
(and separable in the separable case) over k[z]. Consider the equation 

F(u, z) = Plu, 21 + ai, „ 2, + a,u) = 0. 


Its highest degree term in u is 1 (I, a1. , a,), where (U, Ai, „ X,) 
denotes the highest degree form of NU, Xi, , A,) and g its degree. 
We will thus get an equation of integral dependence for u over k[z] if 
AI. ai, a a,) # 0. 

In the separable case we have also to make sure that u is a simple root 
of F(U, 2), or in other words, that F, (u, 2) P. (u, x) + 41, (u, x) + 
+++ + a,P’, (u, x) is not zero. But this expression is a linear function 
of the a, which is not identically zero, since it takes fora, = = a, = 0 
the value P’ (u, x) 0, u being separable over A(x,,---,x,). The 
n-tuples (ai, a, , @,}, a; E k, form an n-dimensional vector space & 
over k, and the vectors (al, a2, , a] such that P., + a,P’, + --°+ 
a,P s, = 0 constitute a linear variety L in Å”, distinct from A". Since 
k is infinite, we can find a vector {a,} e k” which satisfies f(1, a. , @,) 
æ O, and which does not lie in L. Q.E.D. 

THEOREM 9. Let A = RIxi, „ ,] be a finite integral domain over 
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a field k, and let F be a finite algebraic extension of the quotient field 
(x1. , x,.) of A. Then the integral closure A’ of A in F is a finite 
integral domain over k, and is a finite A-module. 

PROOF, We first achieve a reduction to the case in which F is the 
quotient field of A. For this purpose we observe that there exists a 
basis (Yi. „ y,} of F over k(x,, +--+, x,) composed of elements which 
are integral over A (see footnote to proof of Theorem 7 in § 4). Then 
the ring A4“ = AY, „ ,] is a finite integral domain over k, is 
integral over A, and admits F as its quotient field. This achieves the 
desired reduction since A’ is obviously the integral closure of A“. 

We now prove l'heorem 9 under the additional hypotheses that & is 
infinite and that F = KF( xi; , x,) is separably generated over k. 
Under these assumptions there exist, by Theorem 8, d linear combina- 
tions 21. „ g4 of the x; such that the subring B = A[z,,---, z4) of 
A is a polynomial ring, over which A is integral and separable. Owing 
to the transitivity of integral dependence (§ 1, Theorem 2), A’ is the 
integral closure of Bin F. Since B is integrally closed and noetherian, 
Corollary 1 to Theorem 7 shows that 4“ is a finite B-module. It is, a 
fortiori, a finite A-module, and a finite integral domain over . 

In the general case, let us consider & &i. , x,) as a subfield of its 
algebraic closure, which contains the algebraic closure k of k. Since 
k is infinite and since k(x,,---,.x,) is separably generated over k 


(II. § 13, Theorem 31), we can find d linear combinations z; = > a;;*, 


ox 1 

(a,, e & such that k[x,,---,x,] is integral and separable over 
Ř[zi , 2]. Let P(x,, a, „, 2a) = O be a separable and integral 
dependence equation for x, over EI. , 24] (for example, the equa- 
tion deduced from the minimal polynomial of x, over (1, +, 24); 
cf. Theorem 4 of § 3). If we denote by k’ the finite algebraic extension 
of k generated by the coefficients a;, and the coefficients of the poly- 
nomials P, the second part of the proof shows that the integral closure 
of k [xi „ x] in its quotient field is a finite integral domain 
E CO , Yal over k’. 

Now, by Theorem 1 (§ 1), K [y. , % is a finite module over 
k'[xi „ „]. On the other hand, [Xn , .] is a finite module 
over A = kKkxi, , v.], a finite basis of the former over the latter 
being given, for example, by a linear basis of k’ over k. Thus 
k'[Yi „ Y] is a finite A-module. Since the integral closure A’ of 
A in F is a submodule of the A-module k’[y,,---,,] (it is 
FMK“ DU „ %), and since A is noetherian, A’ is also a finite 
A-module, and a fortiori a finite integral domain. Q.E.D. 
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§5. The conductor of an integral closure. We have just seen 
an important case in which the integral closure A’ of a domain A in its 
quotient field is a finite A-module A’ = > Au,. The elements u, have 


then a common denominator d # 0 in A: u, = v,/d, with v, & A. We 
thus have dA’ C A. 

In general let-A be a domain, and A’ the integral closure of A in its 
quotient field F. The set f of all elements z in A such that zA’ C A 
is called the conductor of A in A’, or the conductor of the integral closure 
of A. 

It is readily verified that f is an ideal in A, and also an ideal in A’. 
Furthermore, if b is an ideal in A which is also an ideal in A’, we have 
bA’ Cb CA, whenceb Cf. Therefore is the largest ideal in A which 
is also an ideal in A’. Note that A’ = A if and only if the conductor f 
is the unit ideal. 

LEMMA. Let A be an integral domain, A’ its integral closure, f the con- 
ductor of A in A’, and S a multiplicative system in A. Then A’, is the 
integral closure of As, and, for As to be integrally closed, it is sufficient that 
{NS Ø. Furthermore, if A’ is a finite A-module, then the conductor 
of Ag in A's is f- Ag and if, moreover, Ag is integrally closed, then į N S 
is non-empty. 

PROOF. The ring A’, is integrally closed (§ 3, example 2). There- 
fore A’, is the integral closure of A, (§ 2, Lemma 2). If, now, {NS is 
non-empty, there exists s in SMf, and we have A’ C (1/s)A C Ag, 
whence A, = A's, and A, is integrally closed. 

From d ef, we deduce dA’ C A, whence dA’,C Ay. This proves 
that {- As is contained in the conductor of A, in A's. Conversely, if 
an element dfs (d € A, s € S) of Ag is such that {d/s)A’, C As, we have 
dd! CA,. Since we assume that A’ is a finite A-module, and since S$ 
is a multiplicative system, there exists a common denominator s“ in S 
such that dA’C(1/s’)A. Hence ds’ ef, and d/s = ds /s ef- As. 
Therefore f· A, is the conductor of A, in A's. The last assertion of 
the lemma follows since if A, is integrally closed, its conductor f- Aş is 
the unit ideal. Q.E.D. 

Coro.iary. If A’ is a finite A-module, then the prime ideals p in A 
such that A, is not integrally closed are those which contain the conductor f. 

REMARK. It can be shown by examples that A’p need not be a prime 
ideal, even if p does not contain the conductor f. However, if p Df, 
A'y is contained in the prime ideal p’ pA, N A’ (since A’ is contained 
in the integrally closed ring A,) and p’ is the only prime ideal in A lying 
over p. In fact, if a’ is an ideal in A’ such that a N A = p, we take d 
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in f and not in p, and we have da’ C a’M A = p, whence a’ C pA, and 
a’C p’. Now, if a’ were prime and were strictly contained in p', we 
would have a’ NA < p'NA = p (§ 2, complement 1 to Theorem 3). 
In case A’ is a noetherian ring, the ideal p’ is even a primary component 
of A’p: in fact, since A’, = A,, we have p'“ = pA, NA! = 
(pA')A’,, NA’ (see IV, § 10, Theorem 17). 


§ 6. Characterizations of Dedekind domains. We have seen 
(IV,§1p. 200) that, in a noetherian ring R, every ideal a contains a product 
] | p. of prime ideals. It is natural to study the rings in which every 


ideal i is exactly a product of prime ideals. A further reason for studying 
these rings, which is perhaps more important both from a historical and 
a conceptual point of view, is that in the first half of the nineteenth cen- 
tury it was noticed that the rings of algebraic integers (cf. § 4) were not 
in general unique factorization domains, but enjoyed the property of 
unique factorization of ideals into prime ideals: more precisely the 
notion of ideal was introduced by Kummer, Dedekind, and Kronecker 
in order to restore the property of unique factorization. 

In this connection one may also recall Theorem 9 of IV, § 5, to the 
effect that if every proper prime ideal of a noetherian ring R is maximal, 
then every ideal of R is a unique product of primary ideals belonging to 
distinct prime ideals. We shall see in this section that if every ideal in 
a domain R is a product of prime ideals, then every proper prime ideal 
in R is maximal. ‘The maximality of every proper prime ideal of a 
domain R does not, however, in itself ensure the possibility of factoring 
every ideal of R into prime ideals, for while it is true that powers of 
maximal ideals are primary, it is not generally true that every primary 
ideal belonging to a maximal ideal p is a power of p. 

DEFINITION 1. A ring R ts said to be a Dedekind domain (or also a 
Dedekind ring) if it is an integral domain and if every ideal in R is a 
product of prime ideals. 

Our first aim is to prove that in a Dedekind domain the factorization 
of ideals into prime ideals is unique. ‘The steps taken toward the proof 
of this result will lead us to other important characterizations of Dede- 
kind domains. 


EXAMPLES OF DEDEKIND DOMAINS: 


1) A principal ideal domain is a Dedekind domain (IV, §.15, 
Theorem 32). 
2) A quotient ring Ry, of a Dedekind domain R with respect to a 
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multiplicative system M is a Dedekind domain. In fact, every ideal 
in Ry is an extended ideal ar (IV, § 10, ‘Theorem 15); as a = II v. 


(p,-prime ideal), we have a° = TL G. %% (IV, §8, p. 219), and the ideals 


p, are either prime ideals, or are equal to Ry (IV, § 10, Theorem 15, 
corollary 2 and Theorem 16). 

3) We will proye in § 8 that if R is a Dedekind domain and if L is a 
finite algebraic extension of its quotient field, then the integral closure 
of R in L (II) is also a Dedekind domain. In particular, since the ring 
J of rational integers and the polynomial ring X] in one variable over a 
field are Dedekind domains (example 1), the ring of algebraic integers 
of an algebraic number field and the ring of integral functions in a field 
of algebraic functions of one variable are also Dedekind domains. 

We introduce the useful notion of fractionary ideal. Given an 
integral domain R and its quotient field A, a sub-R-module b of K is 
said to be a fractionary ideal of R if the elements of b admit a common 
denominator d * 0 in R more precisely, if there exists d * O in K 
such that b C (1/d)R. Then we have b = (1/d)a where a is an ordinary 
ideal in R. In contrast, the ordinary ideais in R, which are special 
cases of fractionary ideals (d = 1), are called integral ideals. An 
example of a fractionary ideal is a principal fractionary ideal: if x = ‘a/b 
(a, b, E R, b * 0) is an element of A, the set Ax is a fractionary ideal, as 
it is an R-module and admits 4 as a common denominator; it is called 
the principal fractionary ideal generated by x. 

The ideal theoretic operations T., U,: are defined for fractionary 
ideals. The operations ,, N have already been defined for sub- 
modules or additive subgroups; and if b C (1/d)# and 6’ C (1/d’)R, it 
is clear that b + b’C(1/dd’)R, that 6-6'C(1/dd')R, and that 
bab“ C(1/d)R. The set (b: b“) is defined as the set of all x in A such 
that xb’ C b; this set is clearly an R-module, and (if 6’ E (0)) admits da 
as a common denominator, where a and d are any two non-zero elements 
of R such that b C (1/d)R and a eb. ‘hese operations enjoy the same 
properties in the present case of fractionary ideals as those which they 
enjoy in the case of integral ideals. 

The set of all fractionary ideals of R is a partially ordered set (if 
ordered by inclusion); a + b and afb are the l.u.b. and the g. l. b. of 
a and b; multiplication is “compatible” with this order relation; that is, 
the relation a C a’ implies a-b Ca’-b. The ring R itself is a fractionary 
ideal, and is the identity element of for multiplication of ideals. 

It is natural to inquire about the invertible ideals in &, that is, about 
the fractionary ideals a of R for which there exists an inverse—a frac- 
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tionary ideal a’ such that a-a’=R. A principal fractionary ideal 
Rx (x # O, x e K) is invertible, as it admits Rx! as an inverse. 

We begin our study of Dedekind domains by proving a number of 
simple lemmas concerning invertible fractionary ideals. In these 
lemmas R denotes an integral domain, K its quotient field, ¥ the set of 
all fractionary ideals of R, and small German letters (a, b, e, - -) denote 
elements of . 

LEMMA 1. If a is invertible, then a has a unique inverse, and this in- 
verse 1s equal to R:a. Hence a necessary and sufficient condition for a to 
be invertible is that a-(R:a) = R. 

PROOF. If aa! = R, we have a“ C (K: a). On the other 
hand a · (R: a) C R, whence, if a’ is an inverse of a, we have 
(R: a) a' · a · (R: a) Ca“ R a'. O. E. D. 

LEMMA 2. If every integral ideal * (0) in R is invertible, then & is a 
group under multiplication. 

PROOF. Every fractionary ideal a may be written in the form (1/d)b, 
where b is an integral ideal and d is a non-zero element of R. If b has 
an inverse b~1, then a admits db-! as an inverse. Since multiplication 
of ideals is associative, and since every element of admits an inverse, 
is a group. 

LEMMA 3. An invertible ideal a, considered as an R-module, has a 
finite basis. 

PROOF. Since a-a-! = R, there exist two finite families (x,), {x’;} 
(i = 1,---,m) of elements of a and a~! such that > x, &. = 1. For 


2 
every x in a, we have xx’, € R, thus x = > xx ix, € > Rx; and {x,} is a 
i 


finite basis of a. 
Lemma 4. If a finite family {a;} of integral ideals is such that the pro- 
duct b = || a; is invertible, then each a, is invertible. In particular, if a 


product | | a; of integral ideals is principal, then each a, is invertible. 
PROOF. From b! II a; = R, we deduce a, e II a = R, and 
i 71 
b~}. [| a, is the inverse of a,. 


JN 
Lemma 5. For products of invertible prime integral ideals factorization 
into prime ideals is unique. 
PROOF. Let a = |] », be a product of invertible prime ideals, and 


suppose that we have also a = | [ a/ where the a, are prime ideals. We 


J 
take a minimal element of the set {p,}, say p,. Since II a, is contained 
j 
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in pi, some q,, say qi, is contained in pi. Similarly, since II p, is con- 
i 


tained in qi, some p,, say p,, is contained in q,. Thus p, C qi C pi. 
From the minimality of pi we deduce that p, = q, = pi. Multiplying 
the relation II p; II a; by p17, we get II p; = IIa, The lemma 
i 171 i 

now follows by induction on n, the case n = 1 being trivial. 

THEOREM 10. In a Dedekind domain R, every proper prime ideal is 
invertible and maximal. 

PROOF. We first show that every invertible proper prime ideal p in 


R is maximal. We consider an element a of R, not in p, and the ideals 
p + Ra, p + Ra?. As R is a Dedekind domain, we have p + Ra = 


I p; and p + Ra? = I q, where the p, and the q; are prime ideals. 
Let R be the residue fuse ring R/p, and 4 be the residue class of a 
modulo p. We have R. 4 Le, Jp), Rä = T] (ai), where the 
ideals p,/p and q,/p are prime. By Lemma 4 these prime ideals are 
invertible. Thus, since R. d? = (R. ã)ꝛ = Il (p,/p)?, Lemma 5 shows 


that the ideals q,/p are the ideals p,/p, each repeated twice; more pre- 
cisely, we have m = 2n, and we can renumber the q; in such a way that 
Go,/P = Ge;_,/p = p,/p. Thus qo, = 1 = p,, and we have p + Ra? 
= (p + Ra)*. This implies p C (p + Ra)? C p? + Ra. Thus any 
element x of p may be written in the form x = y + za with y e p? and 
zeR. We then have za € p, whence z € p, since a ¢ p; in other words, 
p is contained in p? + pa. As the inclusion p > p? + pa is obvious, 
we conclude that p = p? + pa = p(p + Ra). Since p is invertible by 
hypothesis, we can multiply this equality by pl, and we get R= p + Ra. 
Since a is an arbitrary element of the complement of p in R, this proves 
that p is maximal. 

This being so, to prove the theorem we need only prove that every 
proper prime ideal p in R is invertible. We take a non-zero element b 
in p, and write Rb = II p., where the p, are prime ideals. Since p 


contains II p., it contains some p.. But, by Lemma 4, every p, is 


invertible. Thus every p; is maximal, by the first part of the proof. 
Since p contains one of them, say pi, we have p = pf, and p is invert- 
ible. Q.E.D. 

COROLLARY. In a Dedekind domain the factorization of any ideal into 
prime ideals is unique. 
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This follows e from Theorem 10 and from oe 5. 

We can state a result which is both more general and more precise 
than Theorem 10. 

"THEOREM 11. Let R be a Dedekind domain. Every fractionary ideal 
a æ (0) of R is invertible and may be written, in a unique way, in the form 


(1) a= || pv, 


p, prime 
where the n,(a) are integers (positive, negative, or zero) such that, for given 
a, the integers n,(a) which are O are finite in number. In order that 
a Cb, it is necessary and sufficient that n,(a) > ib) for every p. We 
have the relations: 


(2) n (a + b) = min (na), n,(b)), 
(3) n,(a n b) = max (a,(a), n, (b)), 
(4) n (a-b) = n (0) + nylb). 

The ideals a:b and ab-! are equal, and we have 

(5) nyla: b) = n (a: b=!) = ua) — n,(b). 


PROOF. Since a fractionary ideal a may be written in the form be! 
where b and c¢ are integral ideals (for example, if a = (1/d)b with 
deR and bC R, we take ¢ = Rd) and since by definition we can 
express b and e as products of prime ideals, ‘Theorem 10 shows that 
we can write a = | | p,- a,, where the p, and the q, are prime ideals 

t 


} 
in R. ‘Thus a is invertible, by Theorem 10. We may evidently assume 
that p, * q, for all j and j. If we have another factorization of a, say 
a= p', a', with p', Æ a’, for every s and every t, then the rela- 
$ 1 


tion II p. a', meee ‘Tl q; holds true, and the uniqueness of 
7 t 


factorization for inegal ideals (corollary to Theorem 10) shows that 
we have | | p, = | [ p', and II 9’, IIa, This proves the uniqueness 
s t ] 


i J 
of factorization for fractionary ideals, and also formula (1). 

Since b is invertible, the relation a C b is equivalent to a-b-1C b.b~? 
—thatis,toa-b-!C R. This is equivalent to n,(a-b~*) > 0 for all prime 
ideals p of R, since the integral ideals ¢ are those characterized by 
ny(e) > 0 for all p. In other words, the relation a C b is equivalent to 
n,(a) — 1, (b) > O, that is, to n (a) 2 n (b), for all p. ‘This character- 
ization of inclusion shows immediately that II p, with p) = 


p 
min (7,(a), #,()) is the smallest ideal containing a and b, and that 
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II, with (p) = max (n, (a), n, (b)) is the greatest ideal contained in 


p i 
aand b. This proves formulae (2) and (3). Formula (4) is trivial. 
Finally, since b-! (R: b) (Lemma 1), we have ab- = a · (R: b) Ca: b. 
On the other hand, we have R = (R: b) b, hence a:b = (a:b)b(R: b) 
Ca -( R: b). Therefore a · (R: b) = a: b. This proves the assertion 
about a: b, and foxmula (5) follows immediately. O. E. D. 
If, for any non-zero element x of K, we denote by vx) the nana n,(Rx), 
we ‘have v,(xy) = v(x) + 50 y) by formula (4), and v(x + „) > min 


(v(x), ep 5) by formula (2), since the ideal R(x + y) is contained in Rx + Ry. 
We will see in the next chapter that this means that t, is a valuation of the field 


The following theorem gives a characterization of Dedekind domains: 

THEOREM 12. Let R be an integral domain. In order that R be a 
Dedekind domain, it is necessary and sufficient that the set I of fractionary 
ideals of R be a group under multiplication (that is, that every ideal in R 
be invertible). 

PROOF. The necessity is clear, since every fractionary ideal of a 
Dedekind domain is invertible by Theorem 11. Conversely, if is a 
group, every ideal in R has a finite basis (Lemma 3), and R is noetherian. 
Using the fact that R is noetherian, we can now prove, by an indirect 
argument, that every proper integral ideal in R is a product of maximal 
ideals, and this will complete the proof of the theorem. Assuming the 
contrary, there exists, among the ideals (different from zero) which are 
not products of maximal ideals, a maximal one, say a (since R is 
noetherian). The ideal a 1s not a maximal ideal of R, by hypothesis. 
Thus it is strictly contained in some maximal ideal m. ‘The ideal mla, 
which exists since & is a group, is an integral ideal which strictly contains 
a: in fact, from a = mla, we would deduce ma = a, in contradiction 
with Lemma 2 in IV, §7. Therefore mla is a product of maximal 
ideals, in virtue of the maximality of a, and a = m · mla is also a pro- 
duct of maximal ideals. This contradicts our assumption, and proves 
Theorem 12. 

The following characterization of Dedekind domains often yields the 
simplest method of checking whether a given integral domain is or is not 
a Dedekind domain: 

THEOREM 13. Let R be an integral domain. In order that R be a 
Dedekind domain, it is necessary and sufficient that it satisfy the following 
conditions: 

1) R is noetherian. 

2) Every proper prime ideal of R is maximal. 

3) R is integrally closed. 
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PROOF. The necessity of 1) follows from Theorem 11 and Lemma 3, 
and that of 2) from Theorem 10. As for 3), consider an element x of the 
quotient field K of R which is integral over R. There exists a common 
denominator d & 0 in R such that dx” € R for every n > 0. Then, for 
every prime ideal p in R, we have v,(dx") = v (d) + nv,(x) > 0 for 
every n. As vd) and v,(x) are ordinary integers, this implies v,(x) > 0, 
that is, v,(Rx) > 0 for every prime ideal p; that is, xe R. Thus R is 
integrally closed. - 

For proving the converse, we first observe that, in the proof of 
Theorem 12, the assumption that every ideal in R is invertible has been 
used only for the purpose of establishing that R is noetherian, while the 
rest of the proof was based exclusively on the established fact that R is 
noetherian and on the assumption that every proper prime ideal is 
invertible; in fact, in that proof we only needed the fact that the maximal 
ideal m is invertible. Since, in the present case, we are given that R is 
noetherian, it follows that in order to prove that R is a Dedekind domain, 
we have only to show that every proper prime ideal p of R is invertible. 
We observe that if y is some non-zero element of p, then p must contain 
some prime ideal of the principal ideal Ry, and hence p itself must be a 
prime ideal of Ry since all proper prime ideals in R are maximal. ‘The 
proof of ‘Theorem 13 will therefore be complete if we prove the following 
lemma: 

Lemma 6. Let R be a noetherian integrally closed domain, and let 
p * (0) be a maximal ideal in R. If y is a prime ideal of a principal ideal 
Ry, then y is invertible. 

PROOF. By assumption we have Ry: p Æ Ry (IV, § 6, Theorem 11). 
If, then, x is some element of Ry:p not in Ry, then (x/y)p C R and 
x|y¢ R. We have therefore shown that R: p * R. Now let us 
assume that p is not invertible. Then we have p C p(R:p) < R, and 
since p is maximal, it follows that p = p(R: p). Now, p æ (0), and p 
is a finite R-module since R is noetherian; furthermore R is an integral 
domain. It follows therefore from p(R: p) C p, in view of condition 
(c”) of § 1, p. 254 (see also Remark after the proof of Lemma 1 in § 1) 
that every element of R: p is integral over R, and hence belongs to R, 
since R is integrally closed. In other words we have R:pC R, in 
contradiction with the inequality R: p R proved above. Q.E.D. 

REMARK. It follows from the proof of Lemma 6 that the assumption 
that p is a prime ideal of a principal ideal could be replaced by the 
assumption that R: p * R. 

Lemma 6 can be used to prove a result on integrally closed noetherian 
domains, which is of importance in itself: 
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THEOREM 14. In an integrally closed noetlierian domain R, the prime 
ideals of any proper principal ideal Ra (a * O, a not a unit) are minimal 
prime ideals of R (and consequently a principal ideal has no imbedded 
components). 

PROOF. Let p be a prime ideal of Ra. If R’ denotes the quotient 
ring R, then it is clear that the maximal ideal p’ = R’p of R is a prime 
ideal of R'a (IV, § 10, Theorem 17), and that p will be minimal in R if 
and only if p’ is minimal in R’ (IV, § 11, Theorem 19). Since also R’ 
is noetherian and integrally closed, it follows that we may assume in the 
proof that p is a maximal ideal. Under this assumption, Lemma 6 
shows that p is invertible. We assert that every ideal q + 0 contained 
in p admits p as an associated prime ideal. To see this, we observe that 
we have q(R:p)p C q, whence q(R: p) C q:p. On the other hand, we 
have (q: p)p C q; and since p is invertible it follows that q: p = 
(q:p)pp-? C qp-! = (R: p). Hence q:p = (R: p) = q p-. The 
ideal q · p is distinct from q, since, otherwise, we would have q = q-», 
and such an equality is impossible in our noetherian domain since q * (0) 
and p * R (JV, § 7, Lemma 2). The inequality q: p q implies 
that q admits p as an associated prime ideal (IV, § 6, Theorem 11), as 
asserted. In particular, p cannot contain any proper prime ideal distinct 
from p, and is therefore minimal. Q.E.D. 

CoroLLARY. Let R be a noetherian integrally closed domain. If p is 
a minimal prime ideal in R, then the only primary ideals belonging to p 
are its symbolic powers p™), 

For, the quotient ring R’ = R, is noetherian, is integrally closed, 
and contains only one proper prime ideal, namely, the maximal ideal 
p’ = R'p. Hence, by Theorem 13, R’ is a Dedekind domain, and 
every proper idea! in R' is therefore a power of p’ and is a primary ideal 
belonging to p', since p’ is maximal. Since the primary ideals of R 
which belong to p’ are in 1-1 correspondence with the primary ideals of 
R which belong to p, the corollary follows from the definition of 
symbolic powers (IV, § 12, p. 232). 

THEOREM 15. Let R be a noetherian integrally closed domain having 
only one maximal ideal m (whence R i; a local ring). If the fractionary 
ideal (R: m) is distinct from R, then m is a principal ideal Rm; every non- 
zero element x of R may be written, and in a unique way, as x = em* where 
e is a unit; and the only proper ideals of R are the ideals Rm*. 

PROOF. From the remark following Lemma 6 we deduce that m is 
invertible. Then the proof of Theorem 14 shows that m is a minimal 
prime ideal of R, whence m is the only proper prime ideal in R, since it 
is the only maximal idealin R. Thus R is a Dedekind domain (Theorem 
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13), and every proper ideal of R is a power of m. It remains to be 
shown that m is a principal ideal. To show this, we observe that 
since m-(R:m) = R there exist finite families {m,}, {m';} of elements of 
m and (R: m) such that 1 = }m,m',; since all products m,m’, are in R, 


t 
and since they cannot all lie in m, one of them, say mim 1, is outside of 
m and is therefore a unit; in other words, there exist m in m and m' in 
(R: m) such that mm = 1. Hence, for every x in m, we have 
x = (xm')m € Rm, and this proves that m = Rm. Q.E.D. 

In the next chapter we shall see that R is a discrete valuation ring. As 
discrete valuation rings will often be encountered in the present chapter, 
we temporarily define them as being Dedekind domains with only one 
proper prime ideal (a definition equivalent to the one that will be given 
in chapter VI). Theorem 15 is thus a theorem concerning discrete 
valuation rings. Notice also that if Æ is a Dedekind domain and p a 
proper prime ideal of A, then the quotient ring A, is a discrete valuation 
ring. 


§ 7. Further properties of Dedekind domains 


THEOREM 16. A Dedekind domain R with only a finite number of 
proper prime ideals (p,) (i = I, „ n) is a principal ideal domain. 

PROOF. It is sufficient to show that every p, is principal, and for this 
we have only to show that there exists an element p, in p, such that 
P, £ p,? and p, ¢ p, for j * i, since in that case the factorization of Rp; 
into prime ideals can only be Rp, = p,, Since R is a noetherian 
domain, we have p, Cp, (IV, § 7, p. 217), and there exists therefore an 
element a, of p, which does not lie in p,?. As element p, we may then 
take a solution of the system of n congruences x = a,(p,?), x = 1 (p,) 
(* i). Since the ideals p,*, p, are pairwise comaximal, this system has 
a solution by Theorem 31, III, § 13. Q.E.D. 

CoroLLARY 1. A residue class ring R/a of a Dedekind domain R by a 
proper ideal a is a principal ideal ring. 

Let a = || pe be the factorization of a into prime ideals, and let M 


be the complement of [J p; in R. The ring R/a is the direct sum of 


rings isomorphic to the rings R/ p, . The set M is a multiplicative 
system in N, and the quotient ring Ry, is a Dedekind domain (Example 2, 
§ 6). The only prime ideals of Ry, are the ideals p, (IV, § 11), whence 
Ry is a principal ideal domain (Theorem 16). Hence also R, / e is a 
principal ideal ring. By the permutability of residue class ring and 
quotient ring formation (IV, § 10, formula 1), R / is isomorphic to 
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(R/ a) Aa) /a; and this last ring is R/ a itself since every element of M is 
invertible modulo a. (If xe M then Rx + a is not contained in any 
proper prime ideal of R; hence it is the unit ideal.) This proves the 
corollary. 

The following alternate proof of Corollary 1 is more direct and is 
independent of Theorem 16. 

Since a is an intersection (product) of pairwise comaximal powers of 
prime ideals, the ring R/ a is a direct sum of rings of the type R /p, where 
p is a prime ideal in R. It is therefore sufficient to consider the case in 
which a is a power p”. In this case we fix an element ? in p, not in p?. 
Then for s = 1, 2. „n we have p: RI + p”. This implies that 
the ideals p/p", pꝰ / pan, . , p"—1/p" are principal ideals in R/p", and since 
these are the only proper ideals in R / p, the corollary is proved. 

COROLLARY 2. In a Dedekind domain R, every proper ideal a has a 
basis consisting of two elements. 

We take a non-zero element a in a. As R/ Ra is a principal ideal ring 
(Corollary 1), the ideal a/ Ra is principal. Let b be an element of a 
whose residue class modulo Ra generates a/ Ra. Then it is clear that 
ſa, b} is a basis of a. 

In the proof of Theorem 16, we encountered a simple case of the 
problem of solving a finite system of simultaneous congruences. The 
next theorem treats the general case of this problem. 


THEOREM 17 (CHINESE REMAINDER THEOREM).* A Dedekind domain 
R possesses the following property: 


(CRT) Given a finite number of ideals a; and of elements x; of R 
(i = 1,---,m), the system of congruences x = x, (mod a,) admits a solu- 
tion x in R uf and only if these congruences are pairwise compatible, that is, 
if and only if we have x; = x; (mod a; + a,) for i * j. 

PROOF. ‘The property (CRT) is related to the fact that in the set of 
ideals of a Dedekind domain R, each of the operations N and + is dis- 
tributive with respect to the other; that is, that given three ideals a, b, b’ 
in R, we have: 


aN(b + b’) = (a Nb) + (a nb’) 
a + (DND) = (a + b) N (a + b’). 


* A rule for the solution of simultaneous linear congruences, essentially 
equivalent with Theorem 17 in the case of the ring / of integers, was found by 
Chinese calendar makers between the fourth and the seventh centuries A.D. 
It was used for finding the common periods to several cycles of astronomical 
phenomena. 
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In the case of a Dedekind domain R, these distributivity relations are 
easily verified by using Theorem 11: they are equivalent to: 


max {n (a), min (n, (b), 2,(b’))} 
= min {max (n, (a), u, (b)), max (n, (a), (b)), 
min In, (a), max (ny (b), 2,(b’))} 
= max {min (n, (a), n,(b)), min (u, (a), 2,(b’))} 
(for every prime ideal p in R); and these relations in their turn follow 
immediately from the fact that in the set of ordinary integers, each of the 
operations min and max is distributive with respect to the other, a fact 
whose verification is straightforward. 

This being so, Theorem 17 follows immediately from: 

‘THEOREM 18. Given an arbitrary ring R, the property (CRT) is 
equivalent to the distributivity of each of the operations + and N with 
respect to the other in the set of all ideals of R. 

PROOF. We notice that in (CRT) the part “only if” is trivially true 
in any ring; we shall therefore disregard this part of (CRT) as being 
irrelevant to the proof. 

We first consider the case n = 2. If x, = x, (mod (a, ＋ az)), we 
have x, — x, = 41 — a, With a; in a,. We may then take x = x, — a, 
= X — A as a solution of the congruences x = x, (mod ai), x = x, 
(mod az). Thus (CRT) holds unconditionally for n = 2. 

Now we prove that the distributivity conditions imply (CRT) for any 
number a of congruences. Using induction with respect to n, we need 
only examine the step from n — 1 ton. We have to solve n congruences 
x = x, (mod a,) such that x, = x, (mod (a; + a;)), and we know that 
any system of  — 1 such pairwise compatible congruences is solvable. 
We then know a solution x’ of the system of the first n — 1 congruences: 
& = x (mod a,) (i l. „n — 1). Then the given system of n con- 
gruences is equivalent to x = x’ (mod a,) (i 1, „un — 1), x E x, 
(mod a,); in other words, it is equivalent to the system of two congru- 


ences x = x’ (mod f a,), x =x, (mod a,). As was proved before, this 
system is solvable fwe have x’ = x, (mod (a, + f) 9,))- Suppose that 
the distributive law 

(Di) a + (6Nb’) (a + b) (a + b“) 

holds for ideals in R. Then our condition of solvability may be written 
as follows: 


& =x, (mod No, + 00 


58 EXTENSIONS OF DEDEKIND DOMAINS 281 


and this condition is indeed fulfilled, for we have x’ = x, (mod a,) and, 
by hypothesis, x; = x, (mod a; + a,) for i= 1, 2, „n — 1. The 
solvability condition is thus fulfilled, and the given system of n congru- 
ences admits a solution. Therefore the distributive law (D,) implies 
the validity of (CRT). 

Conversely we prove that both distributive laws follow from the 
validity of (CRT) forn = 3. As to (Di), the left-hand side is obviously 
contained in the right-hand side, and hence it is sufficient to prove that 
any element d of (a + b) N (a + 6’) belongs to a + (5 Nb’). By hypo- 
thesis we haved = a + b = a' + b with a and a’ in a, b in b, 5“ in b'. 
We now try to write d in the form x + y with x in a and y in b ND’. 
This is equivalent to looking for an element x in a such that x — deb Nb’ 
—that is, for a solution of the three congruences x = 0 (mod a), x = d 
(mod b), x = d (mod b’). As d - O = dea ＋ b, - O = dear db’, 
and d — d = O eb + b’, these congruences are pairwise compatible, 
and the solution x exists by (CRT). Therefore (D,) is proved. 

From what we have proved above, we immediately deduce that 


(CRT) holds for every n. 
For the proof of the other distributive law 
(Da) af(6 + b’) = (anb) + (aNb’) 


we notice again that the right-hand side is contained in the left-hand 
side, and so it suffices to prove that any element d of a N (b + b’) is an 
element of (aNb) + (aN). Trying to write d in the form x + y 
with x in a Nb and y in afb’, is equivalent to looking for an element x 
of a N b such that x = d (mod a N 6’), that is, to solving the system of four 
congruences x= 0 (mod a), x= 0 (mod b), x= d (moda), x= d 
(mod b’). As the six compatibility conditions O ea + b, dea +a, 
dea+b’, dea rb, deb +b’, and 0Ea+ b’ are fulfilled, the 
system has a solution x, by (CRT). 


REMARKS. 

1) We actually proved that the distributive law (D,) implies the distributive 
law (D,), and that (CRT) for n = 3 implies (CRT) for every n. 

2) Examples in which (Di) or (D,) does not hold may already be constructed 
in the polynomial ring k[X, Y] in two variables over a field. 


§ 8. Extensions of Dedekind domains 


THEOREM 19. Let R be a Dedekind domain, and L a finite algebraic 
extension of the quotient field K of R. Then the integral closure R' of R 
in L (that ts, the set of elements of L which are integral over R) is a Dedekind 
domain. 
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PROOF. We first study the case in which L is separable over K, and in 
this case we use the characterization of Dedekind domains given in 
Theorem 13 of §6. In this case, R’ is noetherian by Corollary 1 to 
Theorem 7 of § 4, every proper prime ideal of R’ is maximal by comple- 
ment 2) to Theorem 3 of § 2, and R’ is integrally closed by construction. 
Therefore R’ is a Dedekind domain. 

In the general case, L is a purely inseparable extension of a separable 
extension L, of K (II, §5, p. 71). If we denote by R, the integral 
closure of R in L,, then R, is a Dedekind domain, and R’ is obviously the 
integral closure of R, in L. In other words, it is now permissible to 
assume that L is a purely inseparable extension of K. Then the minimal 
equation of any element æ of R' over K is of the form x* - a = 0, 
where p is the characteristic of L, and where a is in K. But since R is 
integrally closed, this is an integral dependence equation (‘Theorem 4, 
§ 3)and we havea e R. Since L isa finite extension of K, the exponents 
e are bounded, and there exists a power q of p such that R is the set of 
all elements x in L such that x? e R. 

We introduce the field M consisting of all the g-th roots of all the 
elements of K—that is, M = Kr '—and the subring S of M consisting 
of all the elements x in M such that x? € R. As the mapping x — & is 
an isomorphism of M onto K (II, § 4, p. 64), it is an isomorphism of S 
onto R. Thus S is a Dedekind domain. 

In order to show that R is a Dedekind ring it will be sufficient to show 
that every proper ideal A in R’ is invertible (Theorem 12 of § 6). Since 
S is a Dedekind ring, the ideal SA is invertible, and hence there exist 
elements s; in S: SA and elements a, in A such that Tas, = 1. Since 9 
is a power of the characteristic, we have Cafes, = l, with sse KCL. 
Let us write this relation in the form Ta, a, 2 18, = 1. The elements 

S ae, are in L. On the other hand, we have b;A C Ass, C S, 
since As, C S. Therefore b, ASS NL = K“, that is, 5, ER“: A; and 
since Tb a, = 1, it follows that A(R“: A) = R', showing that A is 
invertible. O. E. D. 

In the purely inseparable case which was treated in the last part of 
the above proof, we have established the following result: If M is a 
purely inseparable extension of a field L and if there exists a power q of the 
characteristic of L such that Me C L, then every Dedekind ring S contained 
in M contracts in L to a Dedekind ring. This result can be generalized 
as follows: | 

Lemma. Let L be a field and M a finite normal and separable extension 
of a purely inseparable extension M' of L. Suppose that there exists a 
power q of the characteristic of L such that M's C L. If Sis a Dedekind 
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domain contained in M and integral over R = SNL, then R is also a 
Dedekind domain. 

PROOF. The lemma has already been proved in the special case 
M = M’. It is therefore sufficient to prove that SMM’ is a Dedekind 
domain. In other words, we may assume that M = IL. Under this 
assumption we take a proper ideal a in R’, and prove that it is invertible. 
Since the ideal Sa is invertible, there exist elements a, in a and x, in M such 
that Ca, x, = 1 and x;a C S. We denote by x,“ the conjugates of x, 


over L, and we consider the relation TT (240: = 1. Denoting by n 


the degree [M:L], we may write this relation as follows: 
(1) >m(a)P,,(x,%) = 1, 


where the m(a) are the monomials of degree n in the a;, and where the 
P,(x,;“) are symmetric functions and homogeneous polynomials of 
degree n in the x, O, with ordinary integers as coefficients. By Galois 
theory (II, § 7), P. (x, O) is an element of L. In each monomial ma) 
let us factor out some a;; relation (1) may then be written in the form 
>, a,b; = 1, where b, is a sum of products of monomials of degree n — 1 


in the a, by symmetric functions P, (x, U), and is therefore an element 
of L. On the other hand, from the relation x,a C S, we deduce 
x Ha C S since a is contained in L and since S, which is the integral 
closure of R’ in M, is invariant under any L-automorphism of M. 
Hence b,a C > P,(x,;)a"-1-a C S, and thus ba C SNL = R'. This 


proves that a is invertible, and the lemma is proved. 

Theorem 19 admits a converse: 

THEOREM 20. Let R be a Dedekind domain, and L a subfield of the 
quotient field K of R, over which K is finite algebraic. Then if R ts 
integral over T = LNR, T is also a Dedekind domain. 

PROOF. Theorem 20 follows immediately from the lemma if K is a 
normal extension of L, since K is then a normal and separable extension 
of a purely inseparable extension of finite degree of L (that is, of the 
fixed field of all L-automorphisms of K). The general case may be 
reduced to this one by replacing K by the least normal extension K’ of L 
containing K, and R by its integral closure R’ in &': we have evidently 
T = LNR, and R' is a Dedekind domain by Theorem 19. 


In the next chapter, by using valuation theory, we shall be able to prove 
Theorem 19 without any reference to separability or inseparability, and without 
having to give a proof in three steps (up, up, down) in the inseparable case 
[see VI, § 13, Theorem 30, oh]. ' 
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The most important cases of application of Theorem 19 are the fol- 
lowing ones: R is the ring of integers, or R is a polynomial ring in one 
variable over a field. In the first case Theorem 19 shows that the 
algebraic integers of an algebraic number field form a Dedekind ring 
(but not always a principal ideal domain); this answers the classical 
problem of unique factorization for algebraic integers. In the second 
case Theorem 19 shows that the integral functions of a function field F 
of one variable x form a Dedekind ring. This is of importance in the 
study of affine normal curves. 

All Dedekind domains which occur in number theory or in algebraic geometry 
are obtainable from PID’s by application of the process described in Theorem 
19, that is, as the integral closure of a suitable PID R in a finite algebraic 
extension of the quotient field of R. It is not known whether all Dedekind 
domains are obtainable in this way. It is not true that, given a Dedekind 
domain R which is not a field, the polynomial ring RLX] is a Dedekind domain; 
in fact it admits proper prime ideals which are not maximal, e.g., R(X ]p where 
p is a proper prime ideal in R. 


§ 9. Decomposition of prime ideals in extensions of Dedekind 
domains. Let R be a Dedekind domain, L a finite algebraic extension 
of degree n of the quotient field K of R, and R’ the integral closure of 
R in L; by Theorem 19, R’ is a Dedekind domain. We denote ideals 
of R by small German letters (a, b, p. ), and ideals of R’ by capital 
German letters (A, B, P. ). Let p be a proper prime ideal in R. 
Since R’ is a Dedekind domain, the ideal p° = R’p is a product of 
prime ideals; let us write 

pe = Il Piet, 


where the prime ideals P, are all distinct. We have $,NR = P., = p 
since p is a maximal ideal. The integer e, is called the reduced rami- 
fication index of P; over p. 

Since P. N R = p, the residue field R/ p may be identified with a sub- 
field of the residue field R / P,. The field R/ P, is a finite algebraic 
extension of R / p, as follows from the following more general result. 

LEMMA 1. Let R be a Dedekind domain, L a finite algebraic extension 
of the quotient field K of R, p a proper prime ideal in R, R' an overring of 
R contained in L, and A an ideal of R' such that ANR p. Then the 
dimension of R /A, considered as a vector space over R/p, is S LL: Kl. 

PROOF. We denote by M the complement of p in R. Since the ele- 
ments of M are invertible modulo p, and consequently modulo A, the 
permutability of residue class ring and quotient ring formation (IV, 


* The ramification index of P. over p will be defined later as being ei times 
the inseparable factor of the degree [R / P.: Nypl. 
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§ 10, formula (1)) shows that R/p is isomorphic to Ry,/pR,, and R /A 
to R/ AR. On the other hand, AR „, MR = pRy: in fact, if z 
is any element of AR’ y N Ry, then we have z = aſm (a € A, m e M) and 
also z = r/m’ (r e R, m' e M); then am = rm is an element of A N R = p, 
whence am = am'/m'mepRy. Since Ry is a Dedekind domain 
(§ 6, Example 2, p. 271), we may therefore replace R, R’, p and A by 
Ry, R'm PRm and AR. By Theorem 16, Ry is a PID. Thus we 
may prove Lemma 1 under the additional assumption that the ideal p 
is principal, say p = Rp. This being so, consider a finite family (ri of 
elements of R / A which are linearly independent over R/ p, and denote 
by x, a representative in R’ of the residue class r, If we had a non- 
trivial linear relation Ca, x, = 0 with a, in K, we could suppose that all 


the a; are in R (since K is the quotient field of R) and furthermore, by 
dividing them by a suitable power of p, we could also suppose that they 
are not all in p; thus, by reducing the relation Ta x, = 0 modulo A, we 


would get a non-trivial linear relation La, x, = 0, with d, in R/ p; and 


this is a contradiction. Therefore the elements x, are linearly inde- 
pendent over K, and their number, which is also the number of the &,, 
cannot exceed [L:K]. This proves Lemma 1. ö 
Coming back to the situation described before Lemma 1 (that is, R 
is now the integral closure of R in L), the degree [R / Y,: R/ p] is called 
the relative degree of P, over p and is denoted by f.. It will be tacitly 
understood from now on that P, ranges over the set of all prime ideals 
in R’ which are factors of the extended ideal p°. The notations e, and f; 
are classical and will be used without further warning in this section. 
THEOREM 21. The integer Te. , is equal to the dimension of the ring 


R'|p* considered as a vector space over R/p. We have the inequality 
Te. f. SLL: Kl, with equality if and only if R' is a finite Ry-module, M 


denoting the complement of p in R. 

PROOF. Theorem 21 is an easy consequence of the following more 
general lemma: 

LEMMA 2. Let R be a Dedekind domain, K its quotient field, p a proper 
prime ideal in R, L a finite algebraic extension of K, and R a noethertan 
overring of R contained in L. Let p° Qi --- N Ò, be anirredundant 
decomposition of p° R'p into primary components; let P, be the radical 
of ©.,;, e; the length of Q, (IV, § 13), and f; the degree RP,: Rſpl. Then 
the integer & ej. is equal to the dimension of the ring R / pe considered as a 
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vector space over R/p. If L is the quotient field of R' we have the in- 
equality Te, f. SIL: Kl, with equality if and only if R'm is a finite 


Ry-module, M denoting the complement of p in R. 

We first show how Theorem 21 may be deduced from Lemma 2. 
Under the assumptions of Theorem 21, the primary components Q, of 
p° are the prime ideal powers P, ei, and we need only to prove that e, is 
the length of Piel; but this follows from the fact that the only primary 
ideals belonging to P, are its powers since R’ is a Dedekind ring. 

PROOF OF THE LEMMA. We first notice that since p is maximal, we 
have P, NR = p NR = p; thus R /p may be identified with subfields 
of R/ p. and of R/ pe. By Lemma 1, the dimensions of the vector 
spaces R / P, and R / pe over ‘Rip are finite. In particular, by the remark 
made at the end of § 2 (p. 259), R/ P, is a field, since it is an integral 
domain which is a finite module over R/p and therefore integrally 
dependent on the field R/p. Hence P, is a maximal ideal in R’. Thus 
the statement of Lemma 2 is meaningful. 

Let d be the dimension of the ring R/ pe considered as a vector space 
over R/p. The inequality d < [L: K] follows immediately from 
Lemma 1. We now prove that we have d= De,f,. By III, § 13, 


Theorem 32, the vector space R / pe over R/p is isomorphic to the direct 
sum of the spaces R / Q, the latter being themselves regarded as vector 
spaces over R/p. But R / O,, considered as an R’-module, admits a 
composition series of length e; whose successive difference modules are 
one-dimensional vector spaces over R / P, (IV, §13, Theorem 28). 
Since [R ./ P.: R /p] = , it follows easily that the dimension of R'/O; 
over R/ p is ef, Therefore R / pe has dimension Te, , over R / p. 


We suppose now that the equality Te, fi = [L: K] holds, and we wish 


to prove that R’,, is then a finite Ry- module. By IV, § 10 (p. 225), 
neither the hypotheses in Lemma 2 nor the integers e, f; d and [L: K] 
are changed if we replace R by Rx, p by pRy and R’ by R'm. In other 
words, we may suppose, as in Lemma 1, that R is a PID with p as unique 
proper prime ideal; we write p = Rp. It follows from the proof of 
Lemma 1 that if {x,} is a set of elements of R’ whose residue classes 
modulo p constitute a basis of the vector space R’/p* over R/p, then the 
elements x, are linearly independent over K. Since by hypothesis L 
has the same dimension over K as R / pe over R/ p, these elements x, con- 
stitute a basis of L over K. We shall now prove that we have 
R' = Rx, In fact, take an element x of R. As {x,} is a basis of L 
J 
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— en eel 


over K, we can write x = a,x, with a, e K. If the elements a, were 


not all in R, there would eksi an integer n > O such that all the elements 
Pa, belong to R, and not all of them to Rp = p; then, reducing modulo 
p° = Rp the equality p"x = >( Pa, )x, we would get a non-trivial 


J 
linear relation Ch &, = 0 with coefficients h in R/ p; and this contradicts 


J 
the fact that the &, are linearly independent over R/ p. Thus our 
assertion is proved. 

Conversely, suppose that R’,, is a finite R,,;-module. As Ry is a 
PID, and as L is the quotient field of R, R' can be generated by 
exactly n (= [L: K) elements x, (see proof of Corollary 2 to Theorem 7 
in § 4, p. 265), and these elements are linearly independent over K. 
Then (denoting again by p a generator of the principal ideal pR,,) we 
deduce from the relation R'm = > Ryx,; that we have pR’y = 


J 
>( PRm)x; As the elements x, are linearly independent over K, this 


J 

implies that R’,,/pR'y, is isomorphic to the product of Ry,/pRy n times 
with itself. Therefore the dimension of R’,,/pR’,, considered as a 
vector space over Ry,/pRy is equal ton. Since (see proof of Lemma 1) 
R’ ,,/pR'y is isomorphic to R / pe and Ry,/pRy to R/ p, the dimension of 
R/ pe over R /p is also equal to n, and this latter dimension is Te, i, as 


has been seen in the beginning of the proof. This completes the proof 
of Lemma 2, and consequently of Theorem 21. 


Note that the hypothesis that R' is noetherian is automatically verified if L 
is separable over K, and R’ integral over R (Corollary 1 to Theorem 7 of § 4) 
or if R is a finite integral domain, and R’ is integral over R (Theorem 9 of § 4). 


COROLLARY. The hypotheses and notations being as in Theorem 21, 
we suppose that L is a separable extension of K or that R is a finite in- 
tegral domain. Then Te, f. [L: Kl. 


In fact, R'm is then a finite Ry- module by Corollary 1 to Theorem 
7 in § 4, or by Theorem 9 in § 4. 

EXAMPLE: Gaussian integers. We take for R the ring J of rational 
integers, and for L the quadratic field obtained by adjunction of 
i = y — to the rational number field K. Any element z of L may be 
written, and in a unique way, as z = x + iy, with x and y in K. Forz 
to be integral over R = J, it is necessary and sufficient that its trace 2x 
and its norm x? ＋ y? be rational integers (§ 3); we then have x = a/2 
and y? = (4b — a*)/4 with a and b in J, whence y = ¢/2 with c in J; 


288 DEDEKIND DOMAINS Ch. V 


this means that 4b = a? + c*, and this is possible only if a and c are 
even, since the sum of the squares of two odd integers is congruent to 
2 modulo 4. Thus x and y are rational integers, and the integral 
closure R’ of J in L is the ring 

R = J $ i- J ’ 
which is called the ring of gaussian integers. It is a Dedekind domain 


(Theorem 19). 
Given a prime number p, the relation >e,f; = 2 (Corollary to 


Theorem 21) shows that the factorization of Ry into prime ideals is 
either R'p = PI- Pa (with R/ PI R/ P. = / (p)), or RH = P (with 
[R’/®:J/(p)] = 2), or Ry = B* (with R'IP = Jip). The prime 
number p is then said to be decomposed in the first case, inertial in the 
second, and ramified in the third (with respect to the quadratic field L). 
Notice that this classification into three cases holds for any quadratic 
field. 

From R’ = Ti. J, and from %,NJ = (p) (or PaM. / = (p), or 
PN. / = (p)), it follows that R / PI is generated over J/(p) by the $,- 
residue of i, that is, by a root of X? + 1 in some extension field of 
Jp). We must then study whether X? + 1 does or does not have a 
root in 7/( p) or, equivalently, whether — 1 is or is not a square modulo 
p. If p= 2, — 1 is a square modulo 2. If p is an odd prime, the 
multiplicative group of J/(p) is a cyclic group of order p — 1 (II, § 8, 
Theorem 18); if we denote by x a generator of this group, we have 
— 1 = x-/2 since (— 1)? = 1 and since — 1 # 1 in /p). Thus 
— 1 is a square modulo p if (p — 1)/2 is even (that is, if p = 4n + 1), 
and is not a square modulo p when (p — 1)/2 is odd (that is, if p = 4n — 1). 
Therefore the only odd primes which are inertial are the primes of the 
form 4n — 1. Any such prime is an irreducible element of R’. 

We now use the well-known fact that R’ is a euclidean domain (I, § 15), 
hence a PID. In fact, with the notation of I, § 15, we take for the func- 
tion ꝙ the function defined by 9(2) = g(x + ty) = x? + y% As 
quotient 9 of the division of z by z’ we may then take any one of the 
gaussian integers a + bi whose distance to 2/2’ in the complex plane is 
< 1 (such a gaussian integer exists, since, in the complex plane, the 
gaussian integers are the vertices of a lattice of squares of side 1). From 
the multiplicativity of the norm, and from the formula (a + bi)-! = 
(a — bi)/N(a@ + bi), it follows that the only units in R’ are the gaussian 
integers a + bi whose norm a? + b? is 1 or — 1; in other words, these 
units are 1, — I, i, — i. For a prime p = 4n + l, we consider the 
decomposition R'p = PI P, and we denote by a + bi a generator of 
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P, Since x + yi—x— vi is an automorphism of L, the ideal 
R'(a — bi) is also a prime ideal lying over (p). This latter ideal is dif- 
ferent from Pi, for otherwise (a + b1)/(a — bi) would bea unit 1, — 1, i, 
or — i. It cannot be 1 or — 1, since in the contrary case either a or b 
would be zero, whence the ideal (a + bi) would be generated by a 
rational integer and it would then follow that P, = Rp, a contradiction. 
It cannot be i or — i, since this would imply that a + bi is an integral 
multiple of 1 +7 or 1 — i, whence that it is + (1 +7) or + (1 — i) 
since a + bi is irreducible; but then, since — i (I + i)? = 11 — i)? = 2, 
we would have 2 e Pi- = (p), and this contradicts the fact that p is odd. 
We therefore have S1 = (a + bi), X (a — bi) with PI * Pz. It 
follows that all the primes p = 4n + 1 are decomposed. Furthermore, 
we have R’p = R’(a? + 52), and since 1, — 1, f, and — i are the only 
units in R’, it follows that p = a? + b?. In other words, a prime 
4n + 1 is a sum of two squares. 

We find directly that R’-2 = P? where PS R’-(1 +2). Hence 2 
is the only ramified prime. 


REMARKS. 

1) In the general quadratic field, generated by Vd, where d is a rational 
integer without square factors, the question whether a prime number f is 
decomposed, inertial, or ramified is, by an analogous reasoning, closely re- 
lated to the question whether d is or is not a square modulo p, or, in the 
standard terminology of number theory, whether d is or is not a quadratic 
residue.” (Sec §12.) This question is a cornerstone of number theory. We 
will prove that the ramified primes are finite in number (§ 11). On the contrary, 
the sets of decomposed and of inertial primes are both infinite; and one can prove 
that they have the same “‘asymptotic density ” ; more precisely, that the number 
of decomposed or inertial primes which are < n is asymptotic to n/2 log n. 
Generalizations to other algebraic number fields are also important in number 
theory. For these questions, see H. Weyl, Algebraic Theory of Numbers, 
Ann. Math. Studies, I (Princeton, 1940). 

2) We have proved the two squares theorem (“every prime of the form 
4n + 1 is a sum of two squares ”) by investigating the divisibility properties of 
the ring R’ = J +1-/ of gaussian integers. An analogous method holds for 
the four squares theorem” (“every prime is a sum of four squares”): one 
studies then the divisibility properties of the (ron-commutative) ring of integral 
quaternions a + bi + g + dk. See Hardy-Wright, Theory of Numbers (Oxford, 
1938) Chap. 20. 


When L is a normal extension of K, Theorem 21 admits a useful 
complement: 

THEOREM 22. Let R be an integrally closed domain, and R the integral 
closure of R in a finite normal extension L of the quotient field K of R. If 
p is a prime ideal in R, then the prime ideals P, of R' which lie over p are 
all conjugates of any one of them. If, furthermore, R ts a Dedekind domain, 
then the P,. are the prime factors of R'p, the integers e, (or f,) are all equal 
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to the same integer e (or f); and denoting by g the number of prime ideals P,, 
we have efg < n = IL: KJ. If L is a separable extension of K, we have 
efg = n. 

PROOF. By Theorem 3 of § 2, there exists a prime ideal of R’ 
which lies over p. We denote by RO?) (1 < j < q) the conjugates of P, 
that is, the ideals of the form (P), where s is a K-automorphism of L. 
Since R' is the integral closure of a subring of K, we have (R) = R for 
any K-automorphisms of L. Hence the set s(P) is also a prime ideal in 
R which lies over p. Suppose we have a prime ideal © of R lying over 
p and distinct from any of the ideals p. Then © cannot be contained 
in any PO) by complement 1) to Theorem 3 of § 2, and there exists an 
element x of © which is not-contained in any PO (see IV, § 6, Remark at 
the end of section, p. 215). But then none of the conjugates of x is in 
P; hence neither is any power of their product. Some such power, 
however, is in K, hence also in R (since R is integrally closed), and hence, 
finally, also in p = QNR. Since p is contained in P, this is a contra- 
diction, and our first statement is proved. 

In the case of a Dedekind domain R it is clear that the P, are the 
prime factors of pR’. The equality of the ramification indices e, on the 
one hand, and of the relative degrees f, on the other, is evident by auto- 
morphism. Then the inequality efg < n follows from Theorem 21, 
and the equality efg = n in the separable case follows from the corollary 
of Theorem 21. Q.E.D. 


§ 10. Decomposition group, inertia group, and ramification 
groups. In this section R denotes a Dedekind domain, R’ the integral 
closure of R in a finite, normal and separable extension L of the quotient 
field K of R, and G the Galois group of L over K (II, § 7). The nota- 
tions are as in Theorem 22. Given a proper prime ideal p of R and a 
prime ideal P of R’ lying over p, the automorphisms s € G such that 
(P) = P form obviously a subgroup Gz of G; this subgroup is called 
the decomposition group of P. By Theorem 22 the order of Gz is equal 
to (order of G)/g—that is, to ef. Given another prime ideal P“ of R 
lying over p, we have, by Theorem 22, P'! = (P) with f in G, and the 
decomposition group of P is obviously 11. G · t, therefore a conjugate 
subgroup of Gz. 

If G is abelian (in which case one says that L is an abelian extension of K), 


then the decomposition groups of the prime ideals of R’ lying over p are all 
equal. One then says that Gz is the decomposition group of p. 


The fixed field Kz of Gz is called the decomposition field of P. The 
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field Kz is an extension of K contained in L, and by Galois theory 
(II, §7) L is a normal and separable extension of Kz, with Gz as 
Galois group. We thus have 
(1) [Kz:K]=g, [L:Kz] = N. 

If Gz is an invariant subgroup of G (in particular, if L is an abelian extension 


of K), then Kz is a normal and separable extension of K, admitting G/Gz 
as Galois group. 


THEOREM 23. Let Kz be the decomposition field of the prime ideal P 
in R', Rz the integral closure of R in Kz, and P the contracted ideal 
BNR, Then X is the only prime ideal of R lying over Xz; its relative 
degree is f, and its reduced ramification index is e. RP = Pe. If the 
decomposition group Gz of P is an invariant subgroup of G, then Kz is a 
normal and separable extension of K, and the factorization of the ideal 
Rp in Rz consists of g distinct and conjugate prime factors, all of them 
with relative degree 1. 

PROOF. By definition of Gz, the conjugate prime ideals of P over 
Kz consist of P only. Thus, by Theorem 22, P is the only prime ideal 
of R lying over Bz. (Note that Rz is integrally closed and that conse- 
quently Theorem 22 is applicable to the pair of rings Rz, R.) There- 
fore R PZ is a power P2 of P. Since R/ p C R/ Pz CRY, the 
relative degree (Z) of P over $z is a divisor of f. On the other hand, 
consider the factorization Ræp = Pz. II 0,’ of Rzp in Rz. Since 


extension of ideals preserves products (IV, §8), the factorizations 
h: 


R'$, = FC), RQ, II P, vi) give the factorization 
2121 


he 
R'p = PCC |] II P.,. 
1 11 


Since P has exponent e in the factorization of R'p, this implies 
ge(Z) < e. By Theorem 22 applied to Pz, we have e(Z)f(Z) = [L: Kz] 
= ef, and this together with the inequalities ge(Z) < e and f(Z) S. 
implies e(Z) = e, f(Z) = f, q = 1; thus our first assertion is proved. 
From this we deduce that 1 is the exponent of Pz in the factoriza- 
tion of Rzp, and that R / p = R/ PZ, that is, that the relative degree of 
Pz over p is 1. The assertion relative to the case where Gz is an in- 
variant subgroup of G follows at once from this and from Theorem 
22, if one takes into account the relation [Kz:K] = g. 


In other words, if Kz ts normal over K then the passage of K to Kz involves 
only a decomposition of p into distinct prime factors, without ramification and 
without increase of residue field; this is the reason for the names “‘ decomposition 
group and “decomposition field. The index Z is customary and is the initial 
of Zerlegung, the German word for “‘decomposition.” 
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We now show that the phenomenon extension of the residue field 
may also be isolated in a further step of the field extension. Given a 
prime ideal P of R’ lying over p, the automorphisms s e G such that 
s(x) = x (mod P) for every x in R', form obviously a subgroup of G; 
this subgroup is called the inertia group of P, and is denoted by Gr. For 
xin $ and s in Gr, we have s(x) € x + P, that is, s(x) e P; this shows that 
(P) © P, whence (P) = P [since we have, by a similar argument: 
s-\(P) C P, that is, P CP)]. Therefore the inertia group Gr of P 
is a subgroup of the decomposition group Gz of P. Furthermore, for s in 
Gr and ¢ in Gz, and for any x in R', we have t-1(x) S R’, whence 
st—(x) — ix) E P, and tst—1(x) — x = U(st—}(x) — f(x)) SP) = P; 
therefore st- e Gr, and the inertia group Gr is an invariant subgroup of 
the decomposition group Gz. The fixed field of Gr is called the inertia 
field of P, and is denoted by Ky. We have KC KzC KCL. By 
Galois theory (II, § 7), L is a normal and separable extension of K 
admitting Gr as Galois group, and Kr is a normal and separable 
extension of K admitting / GT as Galois group. (The index T 
is customary and is the initial of Trägheit (the German word for 
“inertia ’’)). 

THEOREM 24. Let Kz and Kr be the decomposition and the inertia 
fields of the prime ideal P, Rz and Ry the integral closures of Rin Kz and 
Kr, Pz and Pr the contracted ideals BN Rz and P MRT. Then R'|Ẹ is 
a normal extension of R/ p, and its Galois group is isomorphic to Gz/Gr. 
If f = fob“, where fo is the degree over R/p of the maximal separable exten- 
sion of R|p in R/ (II, § 5, p. 71) and where p is the characteristic of R/ p, 
then Kr ts a normal and separable extension, of degree fo, of Kz, and Br ts 
the only prime ideal of R⁴ lying over Xz; its relative degree is fọ and its 
reduced ramification index is 1:%,R, = Pr. We have R/p = Rz/¥z, 
and Ry / Py ts the maximal separable extension of R/p in R/. The field 
L is a normal and separable extension of Kr, of degree ep‘, and P is the only 
prime ideal of R lying over Py, its relative degree (over Xr) is pr, and its 
reduced ramification index is 2: BR’ = Pe. 

PROOF. Lets be an element of Gz. Since (R) = R and CP) = P, 
the element s defines an automorphism F of R / P over R / p. By defini- 
tion of G, F is the identity if and only if s belongs to Gr. Thus G,/G,; 
can be identified with a group of automorphisms of R / P over R /p. We 
will now investigate whether the extension R’/% of R/p is normal, and 
whether G2/ Gr is its full Galois group. 

Consider any element & of R / P, and a representative xe R’ of 
the residue class . The minimal polynomial of x over K, say 
Xt + a,_,X¢-! + +--+ 0, has its coefficients in R (Theorem 4, § 3). 
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Since L is normal over K, this polynomial factors into linear factors in 
R’: 
X a a- Xe! “+ oe +4, = II (X — x. 


with x = x, (II, §6). If we denote by bars residue classes modulo P, 
the polynomial Xe + @,_,X¢—! T.. . +d, has its coefficients in R/ p 
and factors into linear factors IIA — &,) in R/ P. Since this poly- 


nomial admits * as a root, it is a multiple of the minimal polynomial of * 
over R/p; thus this minimal polynomial has all its roots in R / P. In 
other words, all the conjugates of & over R/p are in R/. Therefore 
R/ P is a normal extension of R/ p. 

In order to prove that G,/G, is the Galois group of R / Y (over R/ p) 
it is sufficient to prove that it is the Galois group of the maximal 
separable extension S of R/ p in R / P, that is, that every automorphism 
s’ of S over R/ p comes from some element s of G. If we take a primi- 
tive element * of S over R/ p (II, § 9, Theorem 19), the automorphism s’ 
is completely determined if one knows which one of the conjugates of & 
is s‘(%). But the preceding reasoning (applied to Kz, Rz, Pz instead of 
to K, R, p), together with the equality R / PZ = R/p established in the 
proof of the preceding theorem, shows that if we denote by x an element 
of R' whose P- residue is &, and by x; its conjugates over Kz, then the 
conjugates of & over R/p are among the P-residues &, of the x. Thus, 
there exists an index j such that s’(x) = ,. Since x, is a conjugate of x 
over Kz, there exists s in Gz such that x, = s(x). Since the auto- 
morphism F of R / P determined by s is such that NK r) = ), “ and 7 
coincide on S, whence also s’ = § on R/ P, since R/ P is a purely 
inseparable extension of S. Therefore 6z/ Gy is the Galois group of 
R/ P over Rip. 

From this we first deduce that the order of G,/G, is equal to the 
degree f, of S over R/p (II, § 7), and hence [ Kr: Kz] = fy. We deduce 
also, by applying this result to K (instead of K) as ground field (in this 
case Gz = Gr = G), that R’/® is a purely inseparable extension of 
Rx / Pr and that S = R / Pr. Thus the relative degree of Pi over Bz 
is fy = [S: R/ Pal, and Theorem 21 shows that its reduced ramification 
index is 1. 

On the other hand, from [L: Kz] = ef = eſo and from Kr: Kz] = fo 
we deduce that L: K] = ep. Since Rr / Pr = S, the relative degree 
of P over Pr is p'. Hence its reduced ramification index is e, by 
Theorem 21. This completes the proof of Theorem 24. 

COROLLARY. The assumptions and notations being as in Theorem 24, 
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we suppose furthermore that R / P is a separable extension of R/p. Then 
R’'/® = Rx / Pr, [L: Ky] = e, and the relative degree of P over Pr is 1. 
The proof of the corollary is immediate. 
The conclusions of Theorem 24 may be summarized in Table I. 


TABLE I 
Fields . : . . K Kz Kr L 
Degrees ; : À g So ep’ 
Prime ideals . . p Bz Br P 
Relative degrees 1 So p 
Reduced ramification indices 1 1 e 


If R/ P is separable over R/ p, we take, in this table, fọ = f and p' = 


It may be shown by examples that R / P is not necessarily separable over Rip. 
But this separability condition is fulfilled in the important cases of the rings of 
algebraic integers, and of the rings of integral functions of one variable over a 
finite ground field: in fact, in these cases the residue fields are finite, and hence 
perfect (II, § 4, Theorem 5). 

The integers fọ and ep’ are respectively called the reduced relative degree 
and the ramification index of P over p. A prime ideal P of R’ whose 
ramification index is > 1 is said to be ramified. 

We can go farther than the inertia group Gr. For every integer 
n > 1, the set of all automorphisms s in G such that s(x) = x (mod P”) 
for every x in R is obviously a subgroup of G; this subgroup is called 
the n-th ramification group of $ over p, and is denoted by G, . We have 
Gy, = Gr. (The index V is customary. It stands for the initial of 
Verzweigung, the German word for ramification.“) It is clear that the 
subgroups Gp form a decreasing sequence of subgroups of G. Since 


(M V” = (0), their intersection is reduced to the identity. Thus, since 
n 0 


G is a finite group, there are only a finite number of distinct Gy , and 
Gy is reduced to the identity for n large enough. The indices z (finite 
in number) for which Gp ,, < Gy, are called the ramification numbers 
of P over p. 

For any s in Gy, any £ in Gz and any x in R’, we have t—(x) e R’, 
whence st~1(x) — 1 i) S P.. Since (P) = P and (P.) = P”, this 
implies that fst-'(x) — x = é(st-(x) — f- (Y)) S ". Therefore we 
have tst-! € G, and hence the ramification group Gp is an invariant 
subgroup of Gz. 

We now take s in G, and t in G, and study the commutator ate t=. 
We first consider s(y) - y for y in X” and prove that (v) — y e ei. 
It is sufficient to consider the case in which y = x,-x, A, with x; in 
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—— 


Ly ry, — 


P, since every element in P' is a finite sum of such products. Then 
the element s(y) — y = s(x, x,) —x , = 2 (&i) + + $(%;_3)- 


[s(x;) — ¥,]-*,41 a, is an element of Pe since s(x.) E P, xE P, 
and (x,) — x,€ Pe. Similarly, we have f(z) — z e e+ -! for z in Pe. 
This being so, we take any x in R' and set y = t(x) — x and z = s(x) — x. 
Since y € Pr and z e Pe, we have 

s(y) — y = st(x) — s(x) — t(x) + x e Petr}, 

t(z) — z = ts(x) — t(x) — s(x) + x e Petr—!; 
whence, by subtraction, st(x) — ts(x)e Pe 1. Replacing x by 
s~1t-1(x), we get sts—'t-(x) — x e Pe-. We have thus proved: 

Lemma I. The commutator sts~1t~ of elements s of Gy and t of Gp, 
belongs to Gy ,,_, In particular it follows (in the case q = r = n) that 
the factor groups Gy /G, are abelian, and that consequently also the 
groups Gy |Gy „Jor n > 2, are abelian. 

More precise results about the structure of these last factor groups 
can be given: 

THEOREM 25. The groups G,=G,/G,, and G, = Gry /G,, 
(n > 2) contain invariant subgroups G’ , and G, whose orders are powers of 
the characteristic p of R/p. The factor group G |G"; ts isomorphic with a 
multiplicative subgroup of R / P, and is therefore cyclic. The factor groups 
G,/G’,, (n = 2) are isomorphic with additive subgroups of R/ p. The 
subgroups G'i, G', are reduced to the identity if R/ M is separable over 
Ry p. 

1 We can replace R and R by the quotient rings Ry and RN 
(M = complement of p in R) without changing anything. In other 
words, we may suppose that P is a principal idea! (Theorem 16 of § 7). 
Let u be a generator of this ideal. 

For s in Gr, we have (u) € P; furthermore c ¢ Pꝰ, for in the con- 
trary case u = s—}(s(u)) would be in PZ. We may thus write s(u) = x,u, 
with x, in R’,x, not in P. Fortin Gr, we have st(u) = s(x,u) = x, )x, u, 
whence x, = (x,) x,. Since s is in Gr, we have s(x,) = x, (mod P), 
whence x, = x,x,(mod P), and by passage to the residue classes 
mod P, we find &, = £,%,. Therefore the mapping s &, is a homo- 
morphism of G7 into the multiplicative subgroup of R / P. Its kernel 
is the group H, of all automorphisms s in Gr such that x, = 1 (mod §), 
that is, such that (u) — ue $°. 

Similarly, for s in Gy (n > 2), we have s(u) — u € P”, and we can 
write s(u) — u = y,u" with y, in R. For tin Gy, we have 5. u = 
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st(u) — u = (p + uy — u = (y) (W) + s(u) — u = oy, )(u + yae)" 
+ yu”. Dividing by u” we get y,, = s(y,)(1 + y,u"—1)" + y, since 
n> 2. Since s(y,) = y, (mod $”), and since all the terms of the ex- 
pansion of (1 + y,u*—1)" are in P except the first one, it follows that 
Yun = Y, + y, (mod P). By passage to the residue classes mod P, we 
thus have 5. = f, + ¥,, and the mapping s —> ¥, is a homomorphism of 
Gp into the additive group of R/ P. Its kernel H, is the set of all s 
in Gy, such that y, = 0 (mod P), that is, such that s(u) — u e Pu! 

The kernels H v H, contain G, and G, | respectively, and we intend 
to compare these groups. Suppose that s is an element of Gy (n2 1) 
such that s(u) — u € pert Then we have s(z) — z e "+! for all z in 
P: in fact, we have z = au (a € R)), whence (z) — z = s(au) — au = 
(s(a) — a)u + s(a)(s(u) - u); here we have s(a) — ae P” (since s € Gp), 
u S P, and s(u) — u e "+1, and our assertion is proved. We now take 
any x in R (not necessarily in P), and write s*(x) — x = s?-1(s(x) — x) 
+ sP-2(s(x) — x) + +--+ + s(s(x) — x) + (s(x) — x). Here s(x) — xis 
an element z of P and, a fortiori, of P. From what has been proved 
above, we know that z is congruent modulo P. to s(z), wee 2 is 
also congruent modulo P. to each of the terms s°(z), - . - , 5-13) of 
the above sum s(x) — x. Hence s(x) — x = pz (mod B+ 1, We have 
p-1e in R, since p is the characteristic of R’ P, and we also have 
2 S Px. Therefore x) — xe Bt}, whence 59 e Cy In other 
words, in the factor group Gy /Gp ,, (n 2 1), all the elements of the 
subgroup G = H,/Gy_, are of order p. Thus the order of G“, is a 
power of p. "From what has been seen above, the factor group G,|H 1 
(= Gp /H'i) is isomorphic with a multiplicative subgroup of R / P, and 
the factor group GH, (n 2 2) is isomorphic with an additive sub- 
group of R/ P. This proves our assertion in the general case. 

In the case where R/ P is separable over R/ p, it remains to be proved 
that we have H, = Gp ,, for every n > 1, that is, that the relation 
s e H, implies s(x) — x e PA for every xin R'. We already know that 
this is true if x is in P. But, in the separable case, the fields R / P and 
Rr / Pr are equal (Corollary to Theorem 24). Hence any element x of 
R may be written in the form x = y + z, with y € Rrandze%. Then 
s(x) — x = s{ y) — y + s(z) — z is in Bt}, since s(y) = y (s being in 
Gr) and since s(z) — z e P. This completes the proof. 

CoroLLARY. I R/ P is a field of characteristic O, then Gp is reduced 
to the tdentity for n > 2. 

In fact we are in the separable case, whence G’, is reduced to the 
identity. Since (O) is the only finite additive subgroup of R/, we 
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have Cy, = Gp, and from this the corollary follows, since the inter- 
section of the groups Gy, is reduced to the identity. 


REMARKS. 

1) In the inseparable case, the p-groups G’, are abelian for n > 2, 
since they are subgroups of the abelian group G,./G, . We now 
prove that G’, is also abelian. Any element of G’, is the (Gp )- 
residue of an element s of Gy such that s(u) — u PP. We have seen 
in the proof of Theorem 25 that we then have s(z) — ze%? for 
every z in P. Furthermore, since any element y of P? may be written 
in the form y = 22 with z and 2’ in P, and since s(y) — y = s(z)(s(z’) 
— 2') + 2'(s(z) — z), we have s(y) — ye 8" for any y in PE. Con- 
sider now two elements s and t of G; such that s(u) — u and f(u) — u 
lie in 8%, Then, for any z in P, the difference st(z) — fs(z) is the dif- 
ference of the two elements s(t(z) — z) — (t(z) — z) and 16803) — 2) 
— (s(z) — 2); since y = t(z) — z is in 8, the first element (v) - y is 
in ‘83, and similarly the second also. Thus st(z) — fs(z) € ‘83 for all z 
in P, whence sts 11 63) — z e Ps for all z in P. Let us denote by c 
the commutator sts~'#~1._ We need only to prove that c is in G, „that is, 
that c(x) — x e P? for every x in R'. This is already true for x in P. 
If x is not in P. it is a unit in R'. (We recall that we have replaced 
R’ by a quotient ring having only one prime ideal.) We may write 
x = z'|z, with z and 2’ in P but not in ?. Then c(x) — x is equal to 
(ac) — z) — 2'(e(z) — 2))/zc(z). The numerator is in %4, and the 
denominator is in P? but not in ë. Therefore c(x) — x is in Pꝰ, and 
our assertion is proved.* 

2) The homomorphism s &, of G; into the multiplicative group of 
RP defined in the proof of Theorem 25 is independent of the choice of 
the generator u of P. In fact, any other generator u“ of P may be writ- 
ten in the form u’ = au, where a is a unit in R. If we set s(u) = x,u 
and (u) = x u, an easy computation shows that x’, = x, · (a) · al. 
Since s(a) — ae, we have s (a) a-! 1 (mod P), whence x’, = x, 
(mod P), and * = *. 

3) On the contrary, the homomorphism s , of C (n > 2) into 
the additive group of R / P, is only determined modulo a multiplication 
in R/ P if one changes the generator u of P. In fact, taking another 
generator 1 = au of P (a, a unit), and setting s(u) — u = y,u" and 
(u) — u’ = y',u'”, an easy computation shows that 

Y's = (s(a)—a)-u- OY + y, s(a) a. 
The first term is in P, as s(a) — ae". Thus 7’, = B. 5, where 

* It can be shown by examples that G;/Gy, = G, need not be abelian. 
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b is the P- residue of s(a)a-", that is, of a, since s(a) = 
a (mod P). 


§ 11. Different and discriminant. Let R be an integrally closed 
ring, K its quotient field, K’ a finite algebraic separable extension of K, 
and R’ an integral extension of R admitting K’ as quotient field. We 
denote by T, or Tx. x. the mapping of & into K defined by the trace 
(II, § 10). The set of all z in K’ such that T(zR') C R is obviously 
an R’-module; it is called the complementary module of R’ with respect to 
R. Since R is integrally closed, the trace of any element of R’ lies in 
R (§ 3, Theorem 4), and the complementary module @ contains R’. 

THEOREM 26. The complementary module € of R with respect to R 
is a fractionary ideal of R. 

PROOF. By definition of a fractionary ideal (§ 6, p. 271), we need 
only show that @ is contained in a finite R’-module, and for this it will 
be sufficient to see that it is contained in a finite R-module. Since 
K = R' g (see proof of Theorem 7, § 4), there exists a K-basis ſei, „ e) 
of K all the elements of which are in R. We take an element z of V, 
and write z = Tate, (a; € K). We have T(ze,) Ca, T(e e.) e R for 


1 J 
= 1,---,m. As K is separable over K, the determinant 
d = det (7(e,e;)) is different from 0 Œ, § 11). By the usual computa- 
tion ading to Cramer’s rule, and since 9905 si) E R, we get da; E R for 
i = 1,---,n, whence € C 2 (e:|d)R. Q.E.D 


The different of R' over Ri is the set of all elements x in K’ such that 
ax S R' whenever T (ZR) CR. In other words, the different is the 
ideal (R’:@). Since @ is a fractionary ideal containing R’, we have: 

COROLLARY. The different of R' over R is an ideal # (0) contained 
in R'. 

The different of R’ over R is denoted by D, ur by D jp (or by Dx · jx, 
whenever it is clear from the context which rings play the role of R 
and R’). 

In the case where R is a Dedekind domain and if one takes for R’ its 
integral closure in K’, R’ is also a Dedekind domain, and the different 
De x may be factored into _— ideals: 


(1) RIR = II PaP), 


The exponent m() is called the differential exponent of P over R. It is 
positive or zero. The prime ideals 8 for which m) x O are finite in 
number. We show that the different D/ is determined by local 
data; more precisely: 
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THEOREM 27. Let R be a Dedekind domain, and R its integral closure 
in a finite algebraic separable extension K of the quotient field K of R. 
Let p be a proper prime ideal in R, M the complement of p in R, P a prime 
ideal in R lying over p, and m P) its differential exponent. Then the dif- 
ferential exponent of PR my over Ry, is (P). 

PROOF. Under an equivalent form, our assertion is to the effect that 
the different of R’y, over Ry is the ideal [| P. R', (where the P, 


denote the prime ideals of R lying over p), that is, the ideal Dy. ,x R I. 
We take any element x of D. Ry: x xm with x’ in D and min M. 
If z is an element of the complementary module of R’ (with respect to 
Ry), we have T(2R'y,) © Ry; in particular, for any 7’ in R’, the element 
T(zr') may be written in the form 7/m’, with r in R and m in M, 
whence T(m'zr') = r since T(m zr’) = m'T(z2r') as m'e K. Since R 
is a finite R-module (Corollary 1 to Theorem 7 of § 4), a common 
denominator m’ in M may be found for all elements 7(27’) (r' e R’), 
and if m’, is such a common denominator then we have T(m aR’) CR. 
Therefore m' is an element of the complementary module of R', 
whence x’m' e R' since x'e D. We thus have xz = x'm',2z/mm',€ R'm, 
and this proves that x belongs to the different of Rn over Ry. In other 
words, D/ RC De ir, 


Conversely, we show that every element x of DR. yry is in Dy. R. 
We take an element z such that 7(2R’) C R, and we study zx. Since 
M is contained in R, we have (N') C Ry, and z is in the comple- 
mentary module of R. Thus, by definition of the different Da. /R 
we have zx € R, and there exists an element m(z) of M such that 
zm(z)x € R for every z in the complementary module F of R'. Since 
is a finite R-module, we may suppose that m(z) is an element m of 
M independent of 3. Then, from 2(mx) E R' for every z in V, we 
deduce that mx € Dx, Whence x E€ Dy /R. Q. E. D. 

Before proving an important relation between reduced ramification 
indices and differential exponents, we need a useful formula about 
traces: 


LEMMA 1. Let R be a Dedekind domain, K its quotient field, K a 
finite algebraic separable extension of K, and R the integral closure of R in 
K. Let p be a proper prime ideal in R, and [P,] the finite family of prime 
ideals of R lying over p. Denote by e, the reduced ramification index of 
P, over p, by k the residue field R/ p, by h the canonical homomorphism of R 
onto k, by k; the residue field R / P., and by h; the canonical homomorphism 
of R' onto k;. Then we have, for x in R., 


300 DEDEKIND DOMAINS Ch. V 
MTx· / xcx)) = Te, TU), 


EINE x ()) = II (Ni Hi. 

PROOF. Let f(X) be the field polynomial of x, relative to K (see II, 

§ 10, p. 87): 
FA) = X" 4 ay X14 -+a n= [K: Kl. 

Since x is integral over R and R is integrally closed in K, the coefficients 
of the minimal polynomial of x over K belong to R (§ 3), and as f(X) 
is a power of this minimal polynomial (see II, § 10, relation (10)) it fol- 
lows that also the a, belong to R. Let 4; = h(a,), HX ) = X" + diA 1 
T TA,. We have Tx ö x() = — ay, Ngirlx) = (— 1)"a,, and 


hence 

Tx. x cc)) = — ay, 

WN prl) = (— 1d. 
Let f(X) be the field polynomial of h,(x), relative to k, h,(x) being 
regarded as an element of k,. To prove the lemma we shall prove the 
following stronger result: 


g 
JX) = I] A(X). 
We recall the definition of the field polynomial f(X). The mapping M: 


23 — zx, 3 EK, of K“ into itself is a K’-linear additive transformation. 
If Kis regarded as a vector space over K, then M is also a linear trans- 
formation of K’/K into itself, and the field polynomial f(X) is the char- 
acteristic polynomial of M. 

The ring R’/R’p is a vector space over the field k = R/p (of dimension 
n = Te, /,; see Theorem 21, §9). The transition from R’ to R'/R’p 
leads from M to a x- lineai transformation M of the vector space R/ Rp, 
defined as follows: if Z is the R’p residue of an element z of R’ then 
M(#) = R'p-residue of Ms) (note that since xe R’, the element 
M(z) = zx belongs to R if z belongs to R’). If & is the R’p-residue of 
x then we have for any element 3 of R'/R’p: M) = zx. In the proof 
one may replace R by R,; when that is done, then R’ will have an 
R-basis consisting precisely on n elements (Corollary 2, p. 265). If 
(21, Z% °°, Zp} is an R-basis of R’, then (21, 22 „ 3,] is a vector 
basis of K /K, and if , denotes the R’p-residue of z, then (Si. Sz. E, 
is a vector basis of R'/R'p. If M(z,) = de,,2,, c, S K, then the c., 
belong to R (since M(R) C R' = Ra,) and we have f(X) = 
|ô X - c.]. On the other hand, we also have M(z,) = L, ,, 
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where e = p-residue of Cya (= R'p-residue of 6, %). and F(X )= 
8, X — c,. It follows that f(X) is the characteristic polynomial of 
the linear transformation M, and the lemma will be proved if we show 
that the characteristic polynomial of M is equal to the power product 


I LAX) 


of the field polynomials of the elements h,(x). 
The vector space R/R'p is the direct sum Si + Sa +--> 4 S, of 
the subspaces S; = (Ny /R'p, and each of these subspaces S, is an 
jy 


invariant space of M (since each prime ideal P, is invariant under M). 
Hence if M, denotes the restriction of M to S, then M is the direct sum 
MI T NM. 1. 4 M, of the linear transformations N,, and the 
characteristic polynomial of M is the product of the characteristic poly- 
nomials of the M,. Hence, in order to prove our lemma, it will be 
sufficient to show that the characteristic polynomial of M, is equal to the 
e,-th power (f,(X))*% of the field polynomial f{X) of h, (x). 

If %, + ž T ＋ &, is the direct decomposition of & (% = R'p- 
residue of x; &, € S,), then it is clear that for any 2, in S, we have 
MN. (r,) = Aid, (since N. (a, = M(z,) = i = 2,%,). We now replace 
the ring S, by the canonically isomorphic replica L; = R/ Pei. The 
canonical isomorphism g; of S, onto L; is as follows: if & = 2, + 3, 
+--+ +4, (, S,) is the R’p-residue of an element z of R', then 
9,(z;) = B,“1-residue of z (see II, §13, Theorem 32, relation (14)). 
Also L; is a vector space over k = R/p, and the isomorphism ꝙ, is k- 
linear. We may now replace M, by the similar linear transformation 
M., of L; into itself, where M., = , IM. pi, since N, and M', have the 
same characteristic polynomial. It is clear that M’, is the transformation 
which carries every element , of R / P. into the element , where 
& denotes the Pi- residue of x. 

We denote by L.; the subspace P. / P., 0 Sj Se, of L. (Lio = L,). 
The L.; are invariant spaces of M’, and they form a descending chain: 
L. = I. N La> r N L. -I L. = 9. For each j, the linear 
transformation M, determines in a natural fashion a linear transforma- 
tion M in the factor space L; ;/L;, i (0 Sj Se- i): M, sends each 
coset u + L, i (u E L;,) into the coset M (u) + Li, i. If we choose 
as basis of L, a set of elements u, „ = 0, 1. e-; 9, = 1, 2, , 
dim L.; IL. i) such that, for each j, the cosets u, „, + L., i form a 
basis of L. / L. „i, and use this basis for the purpose of finding the 
characteristic polynomial of M“, we see at once that this polynomial is 
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equal to the product of the 5 polynomials of the e, linear 
transformations M 7%, M’;,,--+, M 1. We shall now complete the 
proof of the lemma by showing that the characteristic polynomial of each 
M', ; is equal to the field polynomial of hx). 

The factor space L. /L. ji is canonically isomorphic to Pi / P., 
and we may identify M’, ; with the linear transformation in PH 
which carries every element u of this ring into the element ud, where &, 
denotes the $,’+!-residue of x. On the other hand, the vector space 
P/ PS (over k) is isomorphic with R/ P, and a particular iso- 
morphism / between these spaces is obtained as follows: 

We fix an element u, in P., not in Pi. Then Pst < Pst} 
+ R'u C Pi, and hence $+! + R’u, = P (since there are no ideals 
between 8, and P.). Consequently, if ue PV, we can write 
u = u'u, (mod P. i), u'e R', and it is clear that the element u’ is 
uniquely determined mod P, by the element u. The mapping : 
P. l. residue of u ‘B,-residue of u“, is a k-linear isomorphism of 
P. / P. onto R / P.. The p-transform M, Y of M, is the linear 
transformation in R/ P, given by the multiplication z’ 21). 
Consequently, the characteristic polynomial of 1 M,, V, and hence 
also of M, is precisely the field polynomial of the element h(x) of 
the field k, = R'/®,, relative to the ground field k = R/p. This com- 
pletes the proof of the lemma. 

THEOREM 28. The notations and hypotheses being as in Theorem 27, 
and e( p) denoting the reduced ramification index of P over p, we have the 
inequality m( ) > (P) — 1. In this formula the equality holds if and 
only if 


a) e(P) is not a multiple of the characteristic of Rſp, and 
b) RP ts separable over R/ p. 


PROOF. By Theorem 27 we may assume that p is the only proper 
prime ideal in R. Then p is a principal ideal p Ru, and R has only 
a finite number of proper prime ideals P,, all of them lying over p; we 
set P = Pf, m; = m(P,). As the complementary module @ of R is 

P. *, the inequality m, > e; — 1 will be proved if we show that 


IIS. 1e CV. Let then z be any element in II. 1-6. As R'u = II. ty 
we have zu € IT? whence zu E P, for every 1. From this 88 


that au belongs to all the prime ideals lying over p it follows at once that 
the same conclusion remains valid if K is replaced by the least normal 
extension of K containing K and zu is replaced by any of its conjugates 
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over K. Therefore Tx. x (u), which is a sum of such conjugates, is an 
element of p, and we have u7(z) F (zu) € Ru, whence (z) e R. As 
this is true for every element z of II P. , we also have 7(2R’) C R for. 


every element z of II P, (since II P. ir is an R- module). Hence the 
inclusion IIP. 2" c € is proved. i 


If a) and b) are fulfilled, there exists (by b)) an element 5 of R/ 
whose trace in R/p is not zero. Since the ideals P, i = 2), Pi are 
pairwise comaximal, there exists a representative y of 5 in R’ such that 
e Pei for i 2 2. Then, by Lemma 1, the p-residue of Tx x O) is 
e(P) · TIR ·/ // ph); it is Æ 0 by a) and by the choice of f. Therefore 
the element y/u, which belongs to Pe, admits a trace T(y)/u which 
is not in R. Thus /u ¢ V, and m(%) = e(P) — 1. 

Conversely, suppose that either a) or b) is not true. Take then any 
element z of the fractional ideal B’ = PY. II P. -% The element 

11 


zu is in P, for i æ 1. Then, by Lemma 1, the p- residue of the trace of zu 
is e( P) · T.x·/ //). Under either hypothesis this p-residue is zero, 
trivially if a) is false, by the Corollary to Theorem 20 of II, § 10, 
if b) is false. Hence u7(z)(= T(us)) is an element of the ideal Ru 
(= p), and consequently T(z) is in R. Since this holds for every 
element z of the R- module B' it follows that B’ C, and consequently 
m(P) > (P). Q.E.D. 

COROLLARY. The ramified prime ideals in R are those which divide 
the different Dp: N. 

In fact, if P divides the different, we have P) 2 1. This implies 
e( P) > 1, and thus that $ is ramified, unless either a) or b) is false. In 
the first case e(B) is a multiple of the characteristic of R/p, and is there- 
fore > 1. In the second case R/ P is inseparable over R/p, and we 
made the convention to call P ramified in that case. Conversely, if 
$ is ramified, we have either (P) > 1, or R / is inseparable over 
R/p; in either case this implies P) 2 1. 

The ramified primes in R’ are therefore finite in number. 

THEOREM 29. Let R be a Dedekind domain, K tts quotient field, K’ 
a finite algebraic and separable extension of K, and R' the integral closure 
of Rin K. Let y be an element of R' such that K = K(y), and let F(X) 
be the minimal polynomial of y over K. Then the derivative F (y) belongs 
to the different Dy jp, and we have Dgr = R'F'(y) tf and only if 
R = Nl, that is, if the set (l, y. , i) (where n = [K: K)) is a 
basis of R' over R. 
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PROOF. Let z be any element of K. As (I, v. , -i) is a basis 
of K’ over K, we have z = p(y), where g(X) is a polynomial of degree 
Sn -I over K, uniquely determined by z. We denote by y; 
(i = 1, - - - , n) the conjugates of y over K. We have the interpolation 
formula of Lagrange: 


(2) g(X) = eO ME yi NX — yi). 


[The right-hand side is a polynomial of degree < n — 1 since F(X) is a 
multiple of X — . Its coefficients are in K by Galois theory, and for 
X= Yis its value reduces to one term namely, tu the result of the sub- 
stitution X = y; in g(y,)F(X)/F'(y,(X — 5%: but an easy computation 
shows that F’(y;) = II (y; — y,), that is, that F’(y,) is the value of 


y, 94 


the polynomial F(X WX — — y;) for X = . Hence the value of the 
right-hand side for X = y; is g(y;). This proves formula (2).] If we 
define the trace of a polynomial coefficientwise, (2) may be written 


(3) &(X) = Tx)x(2F(X)/F'(y(X — Y. 

Take any element 2’ in the complementary module V, and take for z the 
element z'F'(y). By the division algorithm all the coefficients of 
F(X)/(X - y) are in R', and hence all the coefficients of g(X) are in R 
by the definition of @ and by the choice of z. Thus F’(y)z’ = z = 
900 is in R. As this is true for every 2’ in , we have FO) € Dgr 

by definition of the different. 

Suppose now that D., = RFO). Since every fractional ideal of 
the Dedekind domain R is invertible, we have € = R’-F'(y)-. Thus 
for every z in R, 2/F’(y) is in €. As F(X)/(X — y) is a polynomial 
with coefficients in R', formula (3) shows that the polynomial g(X) has 
its coefficients in R. In other words, z (= g(y)) is in the R-module 
generated by 1, v., , 1. Therefore R = R + Ry +--+ + Ry"! 
= R[y]. 

Conversely, suppose that {1, y., , i is a basis of R’ over R. 
Since the coefficient of *I in (3) is obviously T(2/F'(y)), we have 
T(2/F'(y)) e R for every z in R', for in that case z = g(y), where g(A) 
is a polynomial with coefficients in R. In other words, 1/F'(y) belongs 
to the complementary module 7. Since F'(y) is in the different D, it 
is a common denominator for the elements of V. Therefore 
€ = (1/F'(y))R’ and D = F'(y)R'. Q.E.D. 

[REMARK : DIFFERENT AND CONDUCTOR. Let R be an integrally closed 
domain, K its quotient field, K’ a finite algebraic and separable exten- 
sion of K, R an overring of R integral over R and having K as quotient 
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field, and R” the integral closure of Rin K. Every element z of R” is 
contained in the complementary module x'g, since for any element 
x in R' we have that 2x is integral over R and hence T(zx)e R. We 
therefore have Dgr: R” C R’; in other words, the different of R' over R 
is contained in the conductor % of the integral closure of R. In particular, 
is æ (0) in this case since the different of R’ over R is # (0) (Theorem 
26, Corollary). The first part of the proof of Theorem 29 is applicable 
also to the case in which R is not a Dedekind domain (but is integrally 
closed) and shows that F’(y) belongs to F. 

On the other hand, since T (SR“) C R implies T (ZR) CR, we have 
N / © Crip Hence, by the definition of the different, we have 
DV C Dx · It may be pointed out that in spite of the fact that the 
different D. is contained in the conductor F it need not be an 
ideal in R”.] 

Again let R be a Dedekind domain, K its quotient field, K’ a finite 
algebraic and separable extension of K, and R’ the integral closure of R 
in K. For every proper prime ideal P in R' we denote by f(X), e( P), 
and m() its relative degree, its reduced ramification index, and its 
differential exponent. Given an ideal A of R', we factor it: 


A = II“. 
The ideal a = IG, MRD, which i is defined since there is ae a 


finite number 17 exponents P) which are different from zero, is called 
the norm of A (with respect to R) and is denoted by Nx. x( A), or simply 
by N(%W). 
We have the following formulae: 
G) MA. B) = N(A)- MB); if A C B then MA) C N(B). 
(e) Nx Nx. (A) = Ner) if & c K' CR", 
(7) Nx · / x( Ra) = a” (a- ideal of R, n = [K: K). 
In fact, (5) is evident. Formula (6) follows from the multiplicativity of 


the relative degrees. Finally, it suffices to prove (7) for a prime ideal 
p of R; in this case we have R'p = II, and (7) follows from the 


cy 
formula Ce( P) (P) = n (Corollary to Theorem 21 of § 9). 
LEMMA 2. For x in R', we have N(R’x) = R- N(x). 
PROOF. We first suppose that K’ is normal over K. We write 
RX = e Let G denote the Galois group of K over K. We 


have v(P; N(x)) = 2 (8; K *)) = (), x). Denoting by 
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PI, P, the distinct conjugates of P (that is, the prime ideals of R’ 
lying over BNR), each P, occurs e(V)/(V) times among the s—1(P) 
(Theorem 22, §9). Thus (P; M(x)) = (BSB) 20085 *)). If we 


denote by p the ideal X N R, the exponent v(p; N(x)) in the factoriza- 
tion of R- N(x) is therefore & Y; x)f(B); and the exponent of p in 
BNR= 


p 
N(R'x) is the same integer, by definition. This proves our assertion in 
the norma! case. 

In the general case, we introduce the least normal extension K” of K 
containing K’, and the integral closure R” of R (or R’) in K”. Since K” 
is normal over both K and K’, we have, for any x in R”, Ng”; Rx) = 
R-Nx-x(x) and M- x. (R "x) = R'Nx-x (x). If we take x in R’, we 
have (Rx) = NI x (R. x), where 9 = [K“: KJ, by (7). Then 
(V/ x (R ) = Nag (RN * (by (5)) = NMX x Nx. x (R)) = 
Nx - x (R') (by (6)) = FR. Nx· x() R· Nx (Nx · x (x)) 
R Nx: jx(x9) = (R-. Nx x()) (II, § 10). Comparing the extreme 
terms of these equalities, we conclude that Nx-)x(R’x) = R- Nx x (x) 
by the unique factorization of ideals in R. 

LEMMA 3. The ideal N(%) is generated by the norms of the elements 
of A. 

PROOF. By Lemma 2, and formula (5), we have, for any a in A, 
R-N(a) = N(R’a) C VA). It remains to show, for every prime ideal 
p in R, the existence of an element a of A such that the exponent of p 
in the factorization of R- N(a) is equal to the exponent of pin N(A). If 
A = [[ 7), the exponent of p in N(%) is Zz SR). By the 

PAR 


Chinese remainder theorem (Theorem 17, § 7), there exists an element 
a of A which does not lie in any P.) T1 for P lying over p: in fact, for 
every P which lies over p there exists an element xg in A which does 
not lie in P01, and the congruences x = xg (mod PAP+1) (for 
PNR = p) and x = 0 (mod ) are obviously pairwise compatible. 
Thus the exponent of P in R'a is n(¥) for P lying over p, whence the 
exponent of p in R-N(a)is > F(P)n( P) by Lemma 2. Q.E.D. 
PNR=p 


With the same hypotheses and notations, the norm of the different 
Dgr is an ideal in R. It is called the discriminant of R over R, and is 
denoted by dkr or simply by d. The exponent of p in b is 

PA J (P) (P). By the Corollary to Theorem 28 the prime ideals p 


of R ? which “ramify in R (that is, those for which there exists a rami- 
fied prime ideal P in R such that V NR = p) are those which con- 
tain the discriminant d. /: their number is therefore finite. The dis- 
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criminant bgg is closely related to the discriminants of the bases of K 
over K (II, § 11); more precisely: 

THEOREM 30. For any basis (ui, , u,} of K over K which is con- 
tained in R’, the element d(u), discriminant of the basis ſuj, , u,], is 
contained in the ideal dg x, discriminant of R' over R. The ideal drip 
is generated by the elements d(u). In order that dgr = R-d(u), it is 
necessary and sufficient that (u j, , u,] be a basis of R' over R. 

PROOF. By definition of the discriminant, and by the analogous 
property of the different, the discriminant is determined by local data. 
More precisely, if we denote by M the complement of a prime ideal p 
in R, then the discriminant d, of R over Ry is dRi. In particular, 
the exponents of p in d and of pRy in by, are both equal to 


> F(B)m(B). 
PMR 


p 
Since Ry is a PID, Ry admits a basis (ui, „ u,} over Ry (Corol- 
lary 2 to Theorem 7, § 4). We consider n elements vi, , b, of K’, 
and the equations 7 (u, v) = ô;; (5;; being the Kronecker symbols). If 
we set v, = 24; wu, (a, E K), this system of equations becomes 


Ta T (u; u) = 8, jı and for fixed j we get z linear equations between 


the n elements a,,. Since K’ is separable, the determinant det (T(u, ,)) 
of this system is p 0, (II, § 11) and the above system admits one and 
only one solution (a,) in K. In other words, there exists one and only 
one system of elements vi, . , of K’ which satisfies the relations 
T(u,v;) = &,; We show that if (ui, , ,) is a basis of Ry over Ry, 
then (vi, , v,a} is a basis of the complementary module €y of R'm. In 
fact, we have >T7(u,u,)v; = > T(u,u,a,,u, = Tö u, = u. In 


J J» s 
particular, (oi, , b,] is a basis of K“ over K. For an element 
z = C aj, (a, € K) to belong to €y it is necessary and sufficient that 


T (zx) € Ry for every x in R'm, that is, that T (C i) (25: U; :)) E Rm 


for all systems {b,, --- , of n elements of Rọ. But since T (u, v,) = 8j, 
this condition may be written Ta, b, € Ry, for every system (bi. - ,b,} 


J 

of n elements of Ry. If we take b, = 1 and b, = O for 7’ * j, this 
condition implies that a, € Rm; and conversely, if a, € Ry for every j, 
then our condition is obviously verified. This proves that {v}, - , ,) 
is a basis of . 

We now notice two simple facts, which will be useful later in the 
proof: 

(a) If ſu“ i, „ %] and (u 1. „% are two bases of K over K 
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such that every u”; is in the R-module (or Ry module) generated by the 
u’; then the relation du“) e R-d(u’) [or d( u“) e Ryd(u’)| holds between 
their discriminants. This is an immediate consequence of formula (2) 
in II, § 11, relating the discriminants of two bases of K’ over K. 

(b) In particular if the above two bases generate the same R-module 
(or Ry-module), the quotient d(u’)/d(u") is a unit in R (or in Ry)— 
that is, d(u’) and d(u”) generate the same principal fractionary ideal. 

This being so, the complementary module @,, is a principal fraction- 
ary ideal, since R’,, is a PID. If we set % = R’yy, then {yu,, 
+++, yu,} is a basis of % over Ry. Using the expression of the dis- 
criminant of a basis as the square of a determinant, given in II, § 11, 
formula (5), the discriminant of this basis is (N(y))*d(u). Thus, 
by (b), (N(y))?d(u)/d(v) is a unit in R. But the above proved 
formula u; = > T(u;u;)v; shows (formula (2), II, § 11) that dd = 


J 
(det (T(u;u;)))°d(v)—that is, that d(u)d(v) = 1, since det (T (u;u;)) = 
d(u). Hence (N(y)d(u))? is a unit in Ry, whence also N(y)d(u) is a 
unit in R. By Lemma 3 and the definition of the discriminant, 
N(y)7} generates d. Thus dy = Ryd(u). 

Now let {u’,,---, %] be a basis of K over K composed of elements 
of R'. By (a), its discriminant d(u’) is an R,,-multiple of d(u), whence 
d(u') S by, for every prime ideal p. Thus the exponent of p in Rd(u’) 
is at least equal to the exponent of p in d. This proves that d(u’) € d. 

The basis (ui, , u] of R'm over Ry may be chosen, after multi- 
plication by a unit in Ry, in such a way that u, € R for every i. If we 
take one such basis for every p, the discriminants of these bases generate 
an ideal b in R. It is contained in d as we just saw. On the other hand, 
the exponent of p in b is at most equal to the exponent of p in Rd u), 
that is, to the exponent of p in d. Therefore b d, and our second 
assertion is proved. 

Suppose that we have a basis (ui, , u] of R' over R. Then it is a 
basis of R over Ry, and we have Ryůd (u) = di as has been proved 
above. Since this holds for every prime ideal p, we conclude that 
R-d(u) = d. 

Suppose conversely that we have a basis (u' i. , %] of K over K, 
which is contained in R’, and such that R-d(u') =b. Then, if 
(uli, . ,)] is a basis of R over Ry, the elements d(u) and deu“) 
generate the same ideal by, in Ry. If we set u', = Ta. ju, (a,,; E Ry); 
the formula dd) = (det (a Md) (II, § 11 (Z) shows that (det (ar) 
is a unit in Ry. Thus det (a,,) is also a unit in Ry, and Cramer’s 
formulae show that every u, belongs to the Ra;-module generated by the 
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u. In other words, {u’,,---,u’,} is also a basis of R’y over Ry. 
Since this holds for every prime ideal p, (ui. , u] is a basis of R’ 


over R: in fact, if, for x in R, we write x = > a,u',, we have a; € Ry for 


every p since x ER; thus the exponent of p in a, R is > 0 for every p, 
and this proves that a; e R. The proof of Theorem 30 is now complete. 


REMARKS, 
1) Suppose that (ui, , u,] is a basis of R over R. Then it is a 
basis of R’,, over Ry for every p; and hence the basis (vi, . , On} 


of K' over K constructed in the proof of Theorem 30 is a basis of the 
complementary module @,, of R’,, for every p. As the complementary 
module @ is determined by local data, we see, as at the end of the proof 
of Theorem 30, that (vi, - , v,} is a basis of over R. 

2) The assumption of separability in Theorem 30—that is, the 
assumption that det (7(u,u;)) * O for every basis of K’ over K—means 
that the bilinear form T(xy) on K’ considered as a vector space over K, 
is non-degenerate. It establishes therefore a duality between the vector 
space K and itself, that is, an isomorphism between K’ and its dual 
vector space. The basis (vi. , b,] constructed in the proof of 
Theorem 30 is the dual basis of the basis (ui, , u,}. 

3) The discriminant d of a basis (I, v. , y”—1} (y: primitive ele- 
ment of K’ over K) is MF O)), where F is the minimal polynomial of y 
over K: this follows from formula (6) of II, § 11, which gives, by expan- 
sion of the Vandermonde determinant, 


d= TT: = 3) = MOr = Os — Yn) = 


N(F'(y;)) = N(F'(y))- 
This establishes a link between Theorems 29 and 30. 

THEOREM 31 (TRANSITIVITY FORMULAE). Let R be a Dedekind 
domain, K and K” two finite algebraic and separable extensions of the 
quotient field K of R, such that K CK, and R' and R" the integral 
closures of Rin K and K”. Then we have: 


Der Da- (R Der) brir = Naxx jx): Orr) . 

PROOF. We first prove the formula for the differents, or rather, the 
formula relating their inverses—that is, the complementary modules: 
Ceir = Crip (RV. /). For z in R” the following relations are 
equivalent: zE€@p jp, Txejx(2R")OR, Tx; (Tx ·x· (R)) C R, 
Tx x( Tx - x· R). R) CR (if one multiplies an element of K” by 
& SR, its trace Tg. is multiplied by x), Tx x· R) C. R. 
(%% Tx x. (R) = Der’ Tx · x. R) = Tx · x( O Dx /R) 
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CR’, 2 DN / CN, 2 C Cp jp Cp · Thus the formula for the 
different is proved. For getting the formula for discriminants, we take 
the norm Nx -x of both sides in the formula for the differents. We get 
dber N- x( De- x (R De. * = Nr x( D- ue) ° Nx-ix(R' Dp jp) 
[formula (5)] = 1975 KR )- Nx. x Nx · (R Dx. x)) [formula (6)] 
Nx. x( dx. x) Nx. x( DR. 1 formula (7)] = Nx xcb R /R.) 
(dz /) , where n = TK" K], by formula (5). Q.E.D 

In the case of a normal and separable extension K' of K, the differential 
exponent (P) of a prime ideal P of R’ may be computed if one knows 
the orders of the ramification groups of P. As in §10 we denote by 
Gz, Gr, Gy, the decomposition, inertia, and 7-th ramification groups 
(Gy, = Gr) and by Kz, Ky, K; the corresponding subfields of K“; let 
n; be the degree K: K.], that is, the order of G, We suppose that 
R/ is separable over Rip (p = RMP). Then [Kz:K] S g, 
Kr: Kl = f, [K: Krl = e = n,. For any two extensions L, L' of K 
such that KC LC L’ C K’, we denote by m(L’, L) the differential ex- 
ponent over L of the prime ideal P, which is the contraction of P in the 
integral closure R.. of R in L'. 

For any i > 1, the residue field R/ Px, is equal to R / P, and P is 
the only prime ideal in R lying over Px, (Corollary to Theorem 24, 
§ 10). By “localization” we may suppose that Rx, has only one prime 
ideal Px, which is then principal; then P is the only prime ideal of R’; 
it is a principal ideal, say P = R'u; we have R PRE. = P. For any x 
in K’, we denote by v(x) the exponent of P = R'u in the factorization of 
Rx. We assert that (I, u,, „ u-] constitutes a basis of R’ over R K; 
This is a consequence of the following lemma: 

LeMMA 4. Let R be a discrete valuation ring, and R' the integral 
closure of R in a finite algebraic and separable extension K of the quotient 
field K of R. We suppose that the prime ideal y of R is completely ramified 
in R', that is, that there is only one prime ideal X of R' lying over p, and 
that R/; = R/p. Then, if u denotes a generator of P and n the degree of 
K over K, (I, u, , u”—?} is a basis of R over R. 

PROOF. By Corollary to Theorem 21 of §9, we have R’p = Pn. 
Since P is the only prime ideal of R’, P is actually a principal ideal R’u 
(Theorem 15 of § 6). For any x in K’, we denote by v(x) the exponent 
of in Rx. Then if a is in K, v(a) is a multiple of n since, if we denote 
by s the exponent of p in Ra, we have R'a = Rp = P. In order to 
prove that the elements (I, u, , u”—1} form a basis of R’ over R, we 
first prove that they are linearly independent. In fact, if we have a non- 
trivial linear relation 0 = a) + ayu+--- + , 1 a, E K) the 
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integers va ui) = j + v(a,) are all distinct, since the integers v(a;) are 
multiples of n. Thus, if v(a,u*) = r is the smallest one, the sum of the 
other terms is in P., in 5 with the fact that it is equal to 
— au Therefore {1, 15 „ un-] is a basis of K’ over K. For any 


xin R' we write x = > bui with b, in K. As above the integers 


Ab, u) are all distinct. Thus, if ry denotes the smallest one, the sum 
255 w is in Pi but not in Pri. Since x is in R', we have r > 0, whence 


j + v(b;) = v(b,u’) > O for j l. „- 1. As the integers v(b,) 
are multiples of n, this implies v(b,) > 0, whence ö, E R. This proves 
the lemma. 

We may thus use Theorem 29 for computing the different of R’ over 
R: it is the ideal RF (u). But F’(u) = | [(u — ui) where the u, are the 
conjugates of u which are distinct from u. As K“ is a normal and 
separable extension of K, with CV, as Galois group we have 
F'(u)= II ͤ (u - (u)). Thus the differential exponent m(K’, K,) js 


e 
equal to & v(u — s(u)). Therefore we have 
seGy sl 
m(K’, K. —1) — mK’, K;) = > v(u — s(u)). 


saa i EMN 
But, since R / P is separable over R/ p, we have seen in the proof of 
Theorem 25, § 10, that, for an element s of C, which is not in G,, 
we have v(u — s(u)) = i — 1. Therefore K, K;_,) — MR, K.) 
(i ~—1)(n;_, — n,). But the transitivity formula for the differents 
(Theorem 31) shows, by repeated applications, that we have 
m(K', Kr) = (n, — na) + 2 — na) . n, — Mya) . 
the sum having only a finite number of non-zero terms, since n, = 1— 
that is, Cy, = (1)—for j large enough. Furthermore the prime ideal 
pof R does not ramify in the inertia field K, (Corollary to Theorem 24). 
Hence the differential exponent (Kr, K) is equal to 0 by Theorem 28. 
Therefore the transitivity formula for the differents gives the following 
relation, called Hilbert’s formula: 
(8) m(K', K) = ) = nı — ng + 20 — ms) 
T 40% nig) +: 

We can now compute the exponent of p in the discriminant d. As 

seen before, this exponent as 2. J. But the prime ideals $ 


of R lying over p are the 8 of one of them; therefore all their 
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differential exponents m$) are equal, and so are their relative degrees 
FP). Since there are g = n/ef (e = n,) of them, the exponent of p 
in dgr is gf: P) = ne~'m(B), and therefore: 


(9) n-n (di — na) + 22 — na) + + +3(",; — 1771 ＋ *). 


§ 12. Application to quadratic fields and cyclotomic fields. 
A quadratic field K is an extension of degree 2 of the rational number 
field O. The classroom solution of the quadratic equation shows that 
it is generated over Q by the square root of a rational number. Multi- 
plying (or dividing) this rational number by the square of a suitable 
integer, we may assume that it is a ‘‘square-free”’ integer m, that is, an 
integer m without square factors. Let K = O(e) where e? =m. Any 
element x of K is of the form x = a + be withaandbinQ. The map- 
ping a + be — a be is an automorphism of K over O. Thus & is a 
normal extension of Q (with a cyclic group of order 2 as Galois group). 
For x = a + be to be an algebraic integer, it is necessary and sufficient 
that its trace 2a and its norm a? — mb? be ordinary integers. This im- 
plies that a = ja’ (a“ an integer) and that (2b)?m is an integer. As m 
is square-free, 2b must be an integer, whence b = $5‘ where b' is an 
integer. Our condition now reduces to a’? — mb’? = 0 (mod 4). lfm 
is congruent to 2 or to 3 modulo 4, a simple examination of cases shows 
that our condition is satisfied if and only if a’ and 6’ are both even. If m 
is congruent to 1 modulo 4, then it is easily verified that our condition is 
satisfied if and only if a’ and 0’ are either both even or both odd. Note 
that m cannot be = 0 (mod 4) as it is square-free. To summarize: the 
ring R of algebraic integers has the following bases over the ring J of 
rational integers: 


m = 2 or 3 (mod 4): (I, e} is a basis; 

m = 1 (mod 4): {1, $(1 + e)) 2s a basis. 
By Theorems 29 and 30 the different and the discriminant of R over J 
are the ideals: 

m = 2 or 3 (mod 4): different = 2eR, discriminant = Am / 

m = 1 (mod 4): different = eR, discriminant = mJ. 

Extending the terminology introduced for the gaussian integers 

(§ 9, p. 288), we first see that the ramified prime numbers p are those 
which divide the discriminant. In particular, the prime 2 is always 


ramified if m = 2 or 3 (mod 4), and in no other case. 
Among the unramified odd primes, some are decomposed and some 
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are inertial. As in the case of gaussian integers, we see that p is decom- 
posed if m is a square modulo p, and inertial if m is not a square modulo 


p. We introduce the Legendre symbol (=) for every integer s which is 


not a multiple of p: by definition it is + 1 if the p-residue of s is a square 
in 7/ p), and — 1 if the p-residue of s is not a square in 7/ p). As the 
multiplicative group of J/(p) is a cyclic group of order p — 1 (II, § 9), 


the relation (=) = 1 is equivalent to s = 1 (mod p), and the rela- 


tion (=) = — 1 to si- = — 1 (mod p). It follows that (=) (5) = 


60 a 


It remains to investigate, in the case where 2 is unramified—that is, 
in the case m = 1 (mod 4)—whether the prime 2 is inertial or decom- 
posed. Since {1, }(1 + e)] is a basis of R over J, the residues modulo 
2R of these elements form a basis of R/2R over J|(2). As the minimal 
polynomial of 4(1 + e) over O is X? — X — (m — 1)/4, we have to 
investigate whether this polynomial is irreducible or not over J/(2). It 
is clear that it is reducible over J/(2) if and only if (m — 1)/4 is even. 

We can now state our results: 

THEOREM 32. In the quadratic field K = Q(Vm) (m, a square-free 
integer), 

a) the ramified primes are the odd prime divisors of m, and also 2 if 

m = 2 or 3 (mod 4); 
b) the inertial primes are the odd primes p which do not divide m and 


which are such that (0 = — 1, und also 2 if m = (mod 8); 
c) the decomposed primes are the odd primes p which do not divide m 
and which are such that 650 = 1, and also 2 if m = 1 (mod 8). 
m 


One usually sets 2) = 1 if m = 1, 7 (mod 8), and ( 4 = — ] if 


m = 3,5 (mod 8). In other words, for an odd m, we have (3) = 


— 1)\(m-1)/8, 
l We now study, for an odd prime p, the cyclotomic field of the p-th 
roots of unity, that is, the splitting field of the polynomial Z — 1 over 
the field Q of rational numbers. The roots of this polynomial form a 
group under multiplication, of prime order p. Hence if 2 is any root 
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of Z’? — 1, other than 1, then the other roots of Z. 1 will be then 
2®, 23, . „ 2-1 and z? = 1. Therefore the cyclotomic field of p-th 
roots of unity ts the simple extension Q(z) of Q. For computing the 
degree (Q(z): Ol, we first notice that z, 2%, ---, 26-1 are the roots of the 
polynomial F(Z) = Z —-¹1 + ---+ Z+ 1, whence we have F(Z) = 
(Z — 2)((Z — 22) (Z — 35-1). Let R' be the ring of algebraic 
integers in Q(z); we have ze R’. For r = 2,3,---,p — 1, the ele- 
ment (1 — 27)/(1 — 2) is in R’, since it is equal to 1 + 2+ --- + 27-1, 
Its inverse (1 — 2)/(1 — 2”) is also in R', for if we denote by r’ an integer 
such that rr’ = 1 (mod p), we have z = (2, whence (1 — 2)/(1 — 27) 
ITS +z” +--+ 20'-)r, Therefore (1 — 2)/(1— z) is a 
unit in R'. This being so, the formula p = F(1) = (1 — 3)(1 — 2?) 
-++(1 — 2-1) shows that the ideal R'p is equal to R'(1 — 3) 1. The 
formula Se,f; = [Q(z):Q] (Corollary to Theorem 21 of § 9) about the 
decomposition of Rp in R' thus shows that p — 1 < [O(z):Q]. As 2 
is a root of the polynomial F(Z) of degree p — 1, the degree [O(z):Q] is 
exactly p — 1. Hence the polynomial F(Z) = Z6-1 + ---+ 2 ＋ lis 
irreducible. Also the formulae e( p)/(p)g(~) = p — 1 (§ 9, Theorem 22) 
and R’p = R'(1 — z 1 show that e(p) = p — 1, (p) = gp = 1 
(one says then that p is completely ramified” in R’) and that R'(1 — 2) 
is a prime ideal. 

Since Q(z) is a normal extension of degree p — 1 of O, there are 
p — 1 conjugates of z over Q, and these conjugates are obviously 
z, 2*,---,3°-', The Galois group of Q(z) over Q, whose elements s, 
are defined by s (2) = 2/ for j = 1, „5p — 1 and obviously satisfy 
the relations 5,8, = są if k = ij (mod p), is therefore isomorphic to the 
multiplicative group of J/(p); hence it is a cyclic group of order p — 1. 

Let us now compute the discriminant of R over J. We have 
(Z I) NZ) = Z? — 1 and hence F'(z) = p- J/(2 — 1). As 2 is in 
R’, this number ps?-!/(z — 1) is contained in the different of R’ over J 
(Theorem 29). As the minimal polynomial of z—1 over Q is 
(X TI) -T... + (X +1) +1, the norm N(z — 1) is p; since 
N(z) = 1, we have N(F’(z)) = p- = p 2. Thus the discriminant 
of R’ over J divides p, and p is the only prime number which may 
ramify in R’. On the other hand we have seen that p is completely 
ramified” in R', and that R'(1 — 2) is the unique prime divisor of 
R'p in R'. Then Lemma 4 (§11) shows that the powers (1 — 2) 
(j = O, I. „- 2), whence also the powers 2/, form a basis of 
R'. (1-9 OVET Jo Thus, by Theorem 30, the discriminant of RN. 12 
over //) is the discriminant of this basis, that is, pꝰ -A, as has already been 
computed. Therefore, since p is the only prime number which rami- 
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fies in R', p?—* is also the discriminant of R over J; and {1, 2. , 2) 
is an integral basis of N (Theorem 30). 

Since p is odd, the Galois group of Q(z), which is a cyclic group of 
order p — 1, contains one and only one subgroup of index 2. To this 
subgroup corresponds a quadratic subfield K of Q(z), uniquely deter- 
mined by p. By the transistivity formula for discriminants (Theorem 
31), the discriminant of the ring R of algebraic integers of K over J 
divides p?-?. Then the formulae for the discriminant of a quadratic 
field imply that K = Q(vp) if p = 1 (mod 4) and K = Q(V — p) if 
p = (mod 4). At any rate the discriminant of R over J is p. 

We now study the decomposition of a prime q Æ p in Q(z). Let g be 
the number of its prime factors, and f their common relative degree 
(Theorem 22 of § 9). We have fg = p l, as 9 is unramified. If Q 
is any prime ideal of R’ lying over (q), then R / O is obtained by adjoining 
to J/(q) the p-th roots of unity. This implies that f is the smallest 
positive integer for which gf = 1 (mod p): in fact if a p-th root 2 of unity 
belongs to the field with gf elements, we have 3/1 = 1, whence p 
divides gf — 1; conversely, if 9 = 1 (mod p) for f’ < f, any p-th root 
2 of unity (over J/(q)) satisfies S 1 = 1, hence belongs to the field with 
elements. The decomposition field L of ꝗ is of degree g = (p — 1)/f 
over O. Since Q(z) is an abelian extension of O, all prime ideals of R’ 
lying over (q) have the same decomposition group and the same decom- 
position field; we can thus talk of the decomposition group and the 
decomposition field of (q), or of q, by a remark made in the beginning 
of § 10. As the quadratic field K has only Q as proper subfield, we have 
either KNL Y, or KNL = K, that is, KCL. If q is inertial in K, 
then K cannot be contained in L, as is easily seen by examining the 
residue fields; thus K N L = Q in this case. Conversely if KNL = , 
then the compositum L(K) is a quadratic extension of L; if Q is a prime 
ideal of L lying over (q), then © is inertial in L(K) since it can be neither 
decomposed nor ramified (Theorem 24, § 10); if we denote by ©’ the 
only prime ideal of L(K) lying over Q, by O” the prime ideal O’ N K, 
and by Rp, k, &, R” the residue fields corresponding to the prime ideals 
(q), Q, O', Q“, then k = ko, [k’:k] = 2, and x is the compositum of k 
and k”; therefore k” = hk’, and q is inertial in K. If the prime g is 
decomposed into two prime ideals q, q” in the quadratic field K, q’ 
and q” are conjugate over Q; thus they decompose into the same num- 
ber of prime ideals in Q(z), and the number g must be even. Con- 
versely, if g is even, the decomposition group of 9 is a subgroup of 
even index in the cyclic Galois group G of Q(z) over Q; therefore it 
must be contained in the unique subgroup of index 2 of G; in other 
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words the decomposition field L contains the quadratic field K, and 
the prime g is decomposed in K. 

We now compare these results with those given in Theorem 32. In 
the notation of this theorem, we have m = (— I) t- p. If ꝗ is decom- 


a a, 


= 1; on the other hand g is even, 


whence gu- = (g/)l# = 1 (mod p), and therefore (2) = 1 as has 


posed in K, we have 


been seen just after the definition of Legendre’s symbol. If q is 
(— hie- 


odd and p — 1 even, f must the even, whence g#(’—) = (9), but by the 
above given characterization of f, we have 9 = — 1 (mod p), whence 


inertial in K, then — 1; on the other hand, since g is 


ge- = — 1 (mod p) since g is odd, and (2 = 1. We have 


now almost proved the following theorem: 
THEOREM 33 (“ QuapraTIic RECIPROCITY Law”). If p and q are dis- 
tinct odd primes, we have 


j (2) = (— ho- -v. 


If p ts an odd prime, we have (5) = (— 1)e-v/8, 


PROOF. Just before stating Theorem 33, we saw that 


ae 


for any prime g and any odd prime p. Hence 


WWW 


If q is also odd, we get by permutation of p and q, 


00 -K 


Taking p = 3, and comparing these equalities, we get 


G-E- GY = coe 
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Therefore 
Eg) = (CE) = GY een 


and our first formula is proved. 
On the other hand, for q = 2, we have 


(5) E 


Since, by definition, (5) = (— 1)™-0/8 for any odd number m, and 


since m = (— 1)##-» p in the case which now interests us, we have 


m? — 1 = p? — 1, whence (=) = (- 1) %.. Q.E.D. 


§ 13. A theorem of Kummer. In the last section, we have seen 
that, both in the quadratic and in some cyclotomic fields, the rings of 
algebraic integers admit integral bases of the form 1, y.. „I] over 
the ring J of rational integers. We have also been able to get useful 
information about the decomposition of prime numbers in these fields. 
We shall now prove a theorem which shows how some information about 
the decomposition of prime ideals may be derived from the existence of 
an integral basis of the above-mentioned type: 

THEOREM 34 (KuMMER). Let R be an integrally closed domain, K 
its quotient field, K a finite algebraic extension of K, R' the integral 
closure of Rin K'. We suppose that there exists an element y of R' such 
that R = R + Ry T. T Ry! (n = [K':K]) (y is then a primitive 
element of K over K). Let F(Y) be the minimal polynomial of y over 
K. (F(Y) has its coefficients in R, by Theorem 4 of § 3.) Let p be a 
maximal ideal in R; for every polynomial G(X) over R, we denote by 
G(X) the polynomial over R/ p whose eee are the p-residues of the 


corresponding coefficients of G. Let F(X) = I] (f(X))e be the fac- 


torization of F(X) into distinct irreducible n fX) over Rip; for 
i = 1,---, g we denote by F(X) a polynomial over R such that F(X) = 
JAX). T hen the ring R has exactly g maximal ideals P; which lie over p, 
and we have 
P, = R'p + RF O). 
Furthermore we have 
R'p = Qi MQ. Q, = Qi QZ Q,; 


where ©, = Rp + R. F. (Y-. 
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PROOF. We denote by k the field R / p. We consider the homo- 

morphisms 

R[X] = kX] AAV) 

(the first homomorphism being defined by G(X) — G(X)). The kernel 
of the composite homomorphism is (pR[X], F(X )) and obviously con- 
tains F(X). By passage to residue class rings, we have thus defined a 
homomorphism hk; of R = R[y] = R[X]/F(X) onto the ring 
k[.X]/(f(X)), this ring being a field, since f(X) is irreducible over k. 
The kernel P, of h; is therefore a maximal ideal of R. As P, contains 
p, and as p is maximal, we have P, NR = p. Since the g irreducible 
polynomials f,(X) are distinct, the fields AIX] / (X)) are also distinct, 
and so are the g maximal ideals Pr.. The kernel P, is clearly 
equal to Rp + F. )R . 

When the coefficients of the product of the g polynomials (F, (A)) 
are reduced modulo p, the resulting polynomial is equal to F(X). 
Since FCO) = 0, it follows that the product of the h elements (F,())* 
belongs to Rp. Hence the product Qi - Q . Q, is contained in 
Rp, if we set O; = R'p + R“ · (F. ( H On the other hand the inter- 
section ©,M---MQ, contains Rp. In order to prove our second 
assertion, it will be sufficient to show that the intersection and the pro- 
duct of the Q, coincide, and for this it ‘suffices to prove that Q, and Q, 
are comaximal for i * j. But in this case we have an identity of the 
form a(X)\(f(X)) + a, (A) SAXA = 1, where a, A) and 4, A) 
are polynomials over k. Hence if A, (A) and A,X) are polynomials 
over R such that A(X) = d,) and A(X) = a,{X), then 

A. OF. OD + AMF) 
is congruent to 1 modulo Rp. But this is an element of Q, + Q,. 
As R'p is contained in Q, + Q,, this proves that Q, + ©; = R’, and 
consequently our second assertion 1s proved. 

Every maximal ideal P of R’ which contracts to p contains Rp. Thus 
it must contain one of the ideals Q,. But, since P. C Q,, P must 
also contain P.. As the P, are maximal ideals, P must be one of them. 
This completes the proof of Theorem 34. 


EXAMPLES, 

1) Case of a Dedekind ring. The degree f(t) of f(X) is obviously 
the relative degree of P. Since P; C Q,, we have e(i) > ei), where 
e'(i) is the reduced ramification index of P. But as R is a finite 
R-module, we have Ce'(i) Fi) = n (Theorem 21 of § 9); since we 
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obviously have dee Fi) = n, we conclude that e(i) is the reduced 


ramification index of P. 

2) Case of a quadratic field NV (m = 2 or 3 (mod 4)). We know 
that (I, e} (e? = m) is an integral basis of this field. Hence F(X) = 
X? — m, and we have to study its decomposition in J /(p) (D: prime). 
The only cases in which it is a square are p = 2 (since J /(2) is perfect), 
and pm. In the other cases (p an odd prime, pim), the polynomial 
X? — m factors into two distinct factors over J /(p) or is irreducible over 
Jp), according as m is or is not a square modulo p. 


3) Case of a quadratic field (Vm) (m = 1 (mod 4)). We know that 
{1, (1 + e)} (e? =m) is an integral basis for this field. Hence 
F(X) = X? — X — (m — 1)/4. For F(X) to be a square in 
(J /(p))[X] it is necessary and sufficient that the only root s of its 
derivative F'(X) = 2X — 1 bea root of f(X); this implies p # 2, and, 
in this case, we must have 4F(s) = 2(2s) — (m — 1) = -m =Q, 
whence p |m; in other words the ramified primes are those which divide 
m. Given any other prime p, for deciding whether it is inertial or de- 
composed, we have to decide whether the polynomial X? — X 
—(m — 1)/4 is or is not irreducible over J/(p). In case p = 2 it is 
irreducible if and only if (m — 1)/4 is even. If p is odd, the classroom 
method for solving quadratic equations reduces the question about the 
irreducibility of X? — X — (m — 1)/4 to the same question about 
Z2 — m. Thus p is inertial if and only if m is a square modulo p. 

4) Case of a cyclotomic field Q(z) (z? = 1, z Æ 1). To make the 
method more elementary, we shall prove that (I, z, - , 20-4) is an in- 
tegral basis without using the theory of differents and discriminants. 
We set F(Z) = Z-t! 4+ -+4 241 = (Z — 2) (2 — 2-4), 
We first see that p = F(1) is a multiple of (1 — z) in the ring R’ of 
integers of Q(z), and is equal to N(1 — z). Thus (1 — z) cannot be a 
unit in R', and R'(1 — z) contracts to (p) in J. Now, if x ER“, 
T((z — 1)x) = (z — 1)x + (2? — 1)x, 1. +(2#-1 — 1)x,_, (where 
x, is the conjugate of x defined by s; (x) = x; s; being the auto- 
morphism of Q(z) defined by s,(z) = 21) belongs to R'(z — 1)NJ, 
and is therefore a multiple of p. Finally, if we write any x in R 
in the form x = dy + ais T + ez a simple rang ee 


using T(z) = T(z?) „ = T(z?-') = — l and T(1) = = p — 1, shows 
that T((z — 1)x) = — pao, whence ay is a rational 5 Replacing 
x by x22, . „z 1, which are also algebraic integers, we see that 


a2, 4-3, „ 41 are also rational integers. Thus (I, z. . . , 22 
is a basis of R over J. 
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Now, for studying the decomposition of a prime g in R’, we have to 
study the factorization of Xi .. + X + 1 over the field J /(q), or 
what amounts trivially to the same thing, the factorization of X’ — 1. 
The only case in which this polynomial has a multiple factor (that is, in 
which it is not relatively prime to its derivative pX?—!) is the case q = p. 
For 9 * p the p-th roots of unity over J /(qg) lie in the field with g/ ele- 
ments, where f is the smallest positive integer such that gf = 1 (mod p) 
(proof as in §12, p. 315). Then the polynomical & 1 +... +X +1 
factors over J /(q), into (p — 1)/f distinct irreducible factors of degree f. 
The remaining part of the study is as in § 12. 
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Composition series, III, 11, 159 

Composition series between M ahd N, 
III, 11, 163 

Conductor, V, 5, 269 

Congruence, congruence modulo N, 
III, 5, 142 

Conjugate elements, II, 2, 57 

Constants, I, 16, 27 

Content (of a polynomial), I, 17, 32 

Contracted ideal, IV, 8, 218 

Contraction of an ideal, IV, 8, 218 

Coset, I, 3, 5 

Cyclic group, 1, 2, 4 

Cyclic module, III, 10, 157 


Decomposed prime number, V, 9, 288 

Decomposition field, V, 10, 290 

Decomposition group, V, 10, 290 

Dedekind domain, V, 6, 270 

Dedekind-Noether isomorphism theo- 
rems, III, 4, 140 

Dedekind ring, V, 6, 270 

Degree (of a field extension), II, 3, 
60 

Degree (of a monomial), I, 18, 35 

Degree (of a polynomial in one inde- 
terminate), I, 16, 25 

Degree (of a polynomial in several in- 
determinates), I, 18, 35 
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Degree of inseparability (of a field 
extension), II, 5, 71 

Degree of inseparability (of a poly- 
nomial), II, 5, 67 

Degree of separability (of a polyno- 
mial), II, 5, 67 

Degree of separability (of a field ex- 
tension), II, 5, 71 

Depth (of a praper prime ideal), IV, 
14, 240 

Derivation, II, 17, 120 

Derivative (of a. polynomial), II, 5, 
65 

Descending chain condition (or 
d. c. c.), III, 10, 155 

Difference, I, 4, 7 

Difference module, III, 3, 140 

Different (of R with respect to R), 
V, 11, 298 

Differential exponent, V, II, 298 

Dimension (of a vector space), I, 21, 
53 

Direct product, III, 12bis, 173 

Direct sum, III, 12bis, 173 

Direct sum of ideals, III, 13, 174 

Direct sum of modules, III, 12, 163 

Discrete valuation ring, V, 6, 278 

Discriminant of a basis, II, 11, 92 

Discriminant (as an ideal), V, 4, 266 
and V, 11, 306 

Distsibutive law, I, 5, 7 

Divisible, I, 14, 21 

Division, I, 8, 10 

Divisor, 1, 14, 21 

Domain (integral d.), I, 6, 9 

Dual basis, V, 4, 265 


Endomorphism (of a group), I, 11, 14 

Endomorphism (of a module), III, 3, 
138 

Endomorphism (of a vector space), I, 
21, 53 
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Equation of integral, dependence, V, 
1, 254 

Equivalent free joins, III, 15, 188 

Equivalent normal series, III, 11, 162 

Equivalent products of two algebras, 
III, 14, 179 

Euclidean domain, I, 15, 22 

Exchange property, I, 21, 50 

Exponent (of a primary ideal), III, 9, 
153 

Exponent of inseparability (of a poly- 
nomial), II, 5,67 

Extended ideal, IV, 8, 218 

Extension field, II, 1, 55 

Extension of an ideal, IV, 8, 218 


Factor group, I, II, 15 

Factor module, III, 3, 140 

Field, I, 8, 10 

Field discriminant, II, 11, 93 

Field extension, II, 1, 55 

Field of characteristic zero (or p), Il, 
4, 62, 63 

Field of algebraic functions, II, 13, 
102 

Field of rational functions in # inde- 
terminates, II, 12, 95 

Field polynomial, II, 10, 87 

Finite basis, III, 10, 157 

Finite basis condition, IV, I, 199 

Finite extension, II, 3, 60 

Finite group, I, 2, 4 

Finite integral domain (over a field), 
V, 4, 266 

Finitely generated field extension, II, 
1, 55 

Fixed field (of a group of automor- 
phisms), II, 7, 80 

Form, I, 18, 35 

Fractionary ideal, V, 6, 271 

Free (subset of a vector space), I, 21, 
50 


325 
Free extension (of & relative to & )), 
II, 16, 117 
Free join of two fields, III, 15, 187 
Free join of two integral domains, III, 
15, 187 
Free over (rings free over a field), II, 
16, 117 


Galois field, II, 4, 64 

Galois group (of K over 4), II, 7, 80 

Gauss (lemma of), I, 17, 32 

Gaussian integers, V, 9, 287 

Generating set (of a polynomial ring), 
I, 18, 37 

Generator (of a polynomial ring), I, 
17, 28 

Greatest common divisor (or GCD), 
I, 14, 22 

Group, I, 2, 3 

Group with a ring of operators, III, 
1, 135 


Height (of a proper prime ideal), IV, 
14, 240 

Hilbert basis theorem, IV, 1, 200 

Homogeneous polynomial, 1, 18, 35 

Homomorphism (for groups), I, 11, 
13 

Homomorphism (for modules), III, 3, 
138 

Homomorphism (for rings), I, 12, 16 

Homomorphism (for vector spaces), I, 
21, 53 


Ideal, III, 1, 132 

Ideal-length of an ideal, IV, 13, 233 
Idempotent, III, 13, 176 
Identification, I, 13, 20 

Identity (of a ring), I, 6, 8 

Identity element, I, 1, 2 

Identity mapping, I, 10, 13 

Image, I, 10, 12 
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Imbedded primary component (of an 
ideal), IV, 5, 211 

Imbedded prime ideal (of an ideal), 
IV, 5, 211 

Improper divisor, I, 14, 21 

Improper refinement of à normal 
series, III, 11, 159 

Indecomposable module, III, 12, 169 

Independent (polynomial ind. of some 
variable), I, 18, 36 

Independent submodules, III, 12, 163 

Indeterminate, I, 16, 26 a 

Index of nilpotency, IV, 15, 245 

Indexed by a set A, III, 12bis, 172 

Inductive set, II, 12, 98 

Inertia field, V, 10, 292 

Inertia group, V, 10, 292 

Inertial prime number, V, 9, 288 

Inseparable element (over &), II, 5, 
67 

Inseparable factor of the degree, II, 5, 
71 

Inseparable field extension, II, 5, 68 

Inseparable polynomial (over 4), II, 5, 
65 

Integral (over a ring), V, 1, 254 

Integral basis, V, 4, 266 

Integral closure (of A in B), V, 1, 256 

Integral domain, I, 6, 9 

Integral function (in a function field), 
V, 4, 265 

Integral ideal, V, 6, 271 

Integrally closed (in an overring), V, 
1, 256 

Integrally closed domain, V, 1, 256 

Integrally dependent element, V, 1, 
254 

Invariant subgroup, I, 3, 5 

Inverse, I, 1, 2 

Inverse transformation, I, 10, 13 

Invertible ideal, V, 6, 271 

Irreducible element (of a ring), I, 14, 
21 
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Irreducible ideal, IV, 4, 208 

Irreducible module, III, 11, 159 

Irredundant primary representation, 
IV, 4, 209 

Isolated ideal component, IV, 5, 212 

Isolated primary component, IV, 5, 
211 

Isolated prime ideal, IV, 5, 211 

Isolated system of prime ideals, IV, 5, 
212 

Isomorphic extensions (over 4), II, I, 
55 

Isomorphism (case of groups), I, 11, 
14 

Isomorphism (case of modules), III, 3, 
138 

Isomorphism (case of vector spaces), I, 
21, 53 


Jordan theorem, III, 11, 159 


Kernel (of a homomorphism), I, 11, 
14 


Lasker-Noether decomposition the- 
orem, IV, 4, 208 

Leading coefficient (of a polynomial 
in one indeterminate), I, 16, 25 

Legendre symbol, V, 12, 313 

Length of an ideal, IV, 13, 233 

Length of a module, III, 11, 160 

Length of a normal series, III, 11, 159 

Linear combination, I, 21, 49 

Linear disjointness, II, 15, 109 

Linear polynomial, I, 17, 29 

Linear transformation, I, 21, 53 and 
III, 3, 138 

Linearly disjoint extensions, II, 15, 
109 

Linearly independent elements, I, 21, 
51 

Local ring, IV, 11, 228 


MacLane theorem, II, 13, 104 

Mapping, I, 10, 13 

Maximal element, II, 12, 98 

Maximal ideal, III, 8, 149 

Maximal separable extension, II, 5, 71 

Maximally algebraic in K (or m.a.), 
III, 15, 196 

Maximum condition, III, 10, 156 

Minimal polynomial, II, 2, 56 and 
V, 3, 261 

Minimum condition, III, 10, 156 

Modular law, III, 2, 137 

Module, III, I, 134 

Module basis, III, 10, 157 

Monic polynomial, I, 16, 25 

Monomial, I, 18, 35 

Multiple, I, 14, 21 

Multiple root, II, 5, 68 

Multiplication, I, 1, 1 

Multiplicative system (or m.s.), I, 20, 
46 

Multiplicity of a root, II, 5, 68 


Natural homomorphism (of a group 
onto a factor group), I, 11, 15 

Natural homomorphism (for modules), 
HI, 3, 140 

Natural homomorphism (for rings), 
III, 5, 143 

Natural homomorphism (of a ring into 
a quotient ring), IV, 9, 222 

Negative (of a subset of a module), 
HI, 2, 136 

Nilpotent element, III, 7, 148 

Nilpotent ideal, IV, 3bis, 207 

Noetherian ring (or domain), IV, 1, 
199 

Noetherian module, IV, App., 252 

Norm of an element, II, 10, 87 

Norm of an ideal, V, 11, 305 

Normal! differences, III, 11, 162 

Normal extension, II, 6, 74 

Normal series, III, 11, 159 
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Normal series between a module and 
a submodule, III, 11, 163 

Normal subgroup, J, 3, 5 

n-th upper Loewy invariant of an 
ideal, IV, 16, 251 

Nullring, I, 5, 8 


One to one, I, 10, 13 

Onto (transformation onto), l, 10, 12 

Operator, III, 1, 135 

Operator homomorphism, III, 3, 138 

Order of a finite group, I, 2, 4 

Order of an element in a group, I, 3, 
6 

Order of a subset of a module, III, 6, 
144 

Order of inseparability, 11, 16, 116 

Orthogonal idempotents, III, 13, 176 

Overring, I, 9, 11 


p-basis, II, 17, 129 

p-independent set, II, 17, 129 

Pairwise comaximal ideals, III, 13, 
176 

Pairwise compatible congruences, V, 7, 
279 

Partial derivation, II, 17, 121 

Partial derivative, II, 17, 121 

Partially ordered set, II, 12, 98 

Perfect closure of a field, II, 14, 108 

Perfect field, II, 4, 64 

Polynomial in one indeterminate, I, 
16, 25 

Polynomial in several indeterminates, 
J, 18, 34 

Polynomial ring, I, 17, 28 and I, 18, 
37 

Primary ideal, III, 9, 152 

Primary ideal belonging to a prime 
ideal, IH, 9, 152 

Primary representation of an ideal, IV, 
4, 209 


Primary ring, IV, 3, 204 
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Primary submodule, IV, App., 252 

Prime field, II, 4, 62 

Prime ideal, III, 8, 149 

Prime to an ideal (element or sub- 

.), IV, 10, 223 

Primitive element, II, 9, 84 

Primitive polynomial, I, 17, 32 

Principal ideal, III, I, 132 

Principal ideal domain (or PID), IV, 
15, 242 

Principal ideal ring (or PIR), IV, 15, 
242 

Product, I, 1, 

Product (in a module), III, 1, 134 

Product of ideals in a ring, III, 7, 146 

Product of subsets of a ring and a 
module, III, 2, 137 

Product of two algebras, III, 14, 179 

Product of two transformations, I, 10, 
12 

Proper ideal, III, 1, 132 

Proper submodule, III, 2, 136 

Proper subset, I, 10, 12 

Proper zero divisor, I, 5, 8 

Pure transcendental extension, II, 12, 
95 

Purely inseparable element, II, 5, 68 

Purely inseparable extension, II, 5, 68 


Quadratic field, V, 12, 312 

Quadratic reciprocity law, V, 12, 316 

Quasi algebraically closed in an exten- 
sion field, II, 5, 71 

Quasi linearly disjoint extensions, III, 
15, 191 

Quasi maximally algebraic (or q.m.a.), 
HI, 15, 196 

Quotient, I, 8, 10 

Quotient field, I, 19, 43 

Quotient group, I, 11, 15 

Quotient of ideals in a ring, III, 7, 
147 
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Quotient ring with respect to a multi- 
plicative system, I, 20, 46 and IV, 
9, 221 

Quotient ring with respect to a prime 
ideal, IV, 11, 228 


Radical of an ideal, III, 7, 147 

Radical of a ring, III, 7, 148 

Radical of a submodule, IV, App., 252 

Ramification groups, V, 10, 294 

Ramification index, V, 9, 284 and V, 
10, 294 

Ramification numbers, V, 10, 294 

Ramified prime ideal, V, 10, 294 

Ramified prime number, V, 9, 288 

Reduced degree, II, 5, 67 

Reduced primary representation, IV, 
4, 209 

Reduced ramification index, V, 9, 284 

Reduced relative degree, V, 10, 294 

Refinement of a normal series, III, 11, 
159 

Regular element of a ring, I, 5, 8 

Relative degree (of a prime ideal over 
another), V, 9, 285 

Relative homomorphism, I, 12, 19 

Relatively prime elements, I, 14, 22 

Residue class, III, 5, 143 

Residue class ring, III, 5, 143 

Restriction of a transformation, I, 10, 
12 

Ring, I, 5, 7 

Ring of operators, III, 1, 135 

Root of a polynomial, I, 17, 31 


Separable element, II, 5, 67 

Separable factor of the degree, II, 5, 
71 

Separable field extension, II, 5, 68 and 
II, 15, 113 

Separable polynomial, II, 5, 65 

Separably generated extension, II, 13, 
102 
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Separating element, II, 13, 102 

Separating transcendence, basis, II, 13, 
102 

Set product, III, 12bis, 172 

Set of generators of an ideal, IV, 1, 
199 

Simple extension, II, 1, 55 

Simple module, III, 11, 159 

Simple root, II, 5, 68 

Span, I, 21, 49 

Special principal ideal ring, IV, 15, 
245 

Splitting field, II, 6, 72 

Strongly primary ideal, III, 9, 153 

Subfield, I, 9, 11 

Subgroup, I, 3, 4 

Submodule, III, 2, 136 

Subring, I, 9, 10 

Subspace, I, 21, 49 

Substitution (in a polynomial), 1, 16, 
26 

Subtraction, I, 4, 7 

Sum, I, 4, 6 

Sum of ideals in a ring, III, 7, 146 

Sum of submodules, III, 2, 136 

Symbolic powers of a primary ideal, 
IV, 12, 232 

System of generators of a vector space, 
I, 21, 50 


Tensor product of two algebras, III, 
14, 179 

Total quotient ring, I, 19, 43 

Totally ordered set, II, 12, 98 

Trace, II, 10, 87 

Transcendence basis, II, 12, 96 

Transcendence degree (of a field or of 
an integral domain), II, 12, 100 

Transcendence set, II, 12, 95 
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Transcendental element (over a ring), 
I, 17, 28 

Transcendental extension, II, 3, 60 
and II, 12, 97 

Transform (of an element, of a sub- 
set), I, 10, 12 

Transformation, I, 10, 12 

Transitivity law for norms and traces, 
II, 10, 92 

Trivial derivation, II, 17, 120 

Trivial module, III, 1, 134 


Unique factorization domain (or 
UFD), I, 14, 21 

Unit (in a ring), I, 6, 8 

Unitary module, III, 1, 134 

Unitary overring, I, 9, 11 

Unitary subring, I, 9, 11 

Univalent mapping, I, 10, 13 

Universal mapping property of quo- 
tient rings, IV, 9, 222 

Universal mapping property of tensor 
products, III, 14, 180 

Upper bound, II, 12, 98 

Upper Loewy series of an ideal, IV, 
16, 251 


Valuation (of a field), V, 6, 275 
Vandermonde determinant, II, 11, 94 
Vector, I, 21, 49 

Vector basis, III, 12, 171 

Vector space, i, 21, 49 

Vector subspace, I, 21, 49 


Weak direct product, III, 12bis, 173 
Weak direct sum, III, 12bis, 173 


Zero divisor, I, 5, 8 
Zorn’s lemma, II, 12, 98 


